
Lecture Notes in Computer Science 1848
Edited by G. Goos, J. Hartmanis and J. van Leeuwen



3
Berlin
Heidelberg
New York
Barcelona
Hong Kong
London
Milan
Paris
Singapore
Tokyo



Raffaele Giancarlo David Sankoff (Eds.)

Combinatorial
Pattern Matching

11th Annual Symposium, CPM 2000
Montreal, Canada, June 21-23, 2000
Proceedings

1 3



Series Editors

Gerhard Goos, Karlsruhe University, Germany
Juris Hartmanis, Cornell University, NY, USA
Jan van Leeuwen, Utrecht University, The Netherlands

Volume Editors

Raffaele Giancarlo
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Foreword

The papers contained in this volume were presented at the 11th Annual Sympo-
sium on Combinatorial Pattern Matching, held June 21-23, 2000 at the Univer-
sité de Montréal. They were selected from 44 abstracts submitted in response
to the call for papers. In addition, there were invited lectures by Andrei Broder
(AltaVista), Fernando Pereira (AT&T Research Labs), and Ian H. Witten (Uni-
versity of Waikato).

The symposium was preceded by a two-day summer school set up to at-
tract and train young researchers. The lecturers at the school were Greg Butler,
Clement Lam, and Gus Grahne: BLAST! How do you search sequence databases?,
David Bryant: Phylogeny, Raffaele Giancarlo: Algorithmic aspects of speech recog-
nition, Nadia El-Mabrouk: Genome rearrangement, Laxmi Parida: Flexible-
pattern discovery, and Ian H. Witten: Adaptive text mining: inferring structure
from sequences.

Combinatorial Pattern Matching (CPM) addresses issues of searching and
matching strings and more complicated patterns such as trees, regular expres-
sions graphs, point sets, and arrays. The goal is to derive non-trivial combina-
torial properties of such structures and to exploit these properties in order to
achieve superior performance for the corresponding computational problems.

Over recent years a steady flow of high-quality research on this subject has
changed a sparse set of isolated results into a fully-fledged area of algorithmics.
This area is continuing to grow even further due to the increasing demand for
speed and efficiency that comes from important and rapidly expanding appli-
cations such as the World Wide Web, computational biology, and multimedia
systems, involving requirements for information retrieval, data compression, and
pattern recognition. The objective of the annual CPM gatherings is to provide an
international forum for research in combinatorial pattern matching and related
applications.

The first ten meetings were held in Paris (1990), London (1991), Tucson
(1992), Padova (1993), Asilomar (1994), Helsinki (1995), Laguna Beach (1996),
Aahrus (1997), Piscataway (1998), and Warwick (1999). After the first meeting, a
selection of papers appeared as a special issue of Theoretical Computer Science in
Volume 92. The proceedings of the third to tenth meetings appeared as volumes
644, 684, 807, 937, 1075, 1264, 1448, and 1645 of the Springer LNCS series.

The general organization and orientation of CPM conferences is coordinated
by a steering committee composed of:

Alberto Apostolico,
University of Padova
& Purdue University

Maxime Crochemore,
Université de Marne-la-Vallée

Zvi Galil,
Columbia University

Udi Manber,
Yahoo! Inc.



VI Foreword

The program committee of CPM 2000 consisted of:

Amihood Amir,
Bar Ilan University

Bonnie Berger,
MIT

Byron Dom,
IBM Almaden

Raffaele Giancarlo, Co-chair,
University of Palermo

Dan Gusfield,
University of California, Davis

Monika Henzinger,
Google, Inc.

John Kececioglu,
University of Georgia

Gad Landau,
University of Haifa
& Polytechnic University

Wojciech Rytter,
University of Warsaw
& University of Liverpool

Marie-France Sagot,
Institut Pasteur

Cenk Sahinalp,
Case Western Reserve University

David Sankoff, Co-chair,
Université de Montréal

Jim Storer,
Brandeis University

Esko Ukkonen,
University of Helsinki

The local organizing committee, all from the Université de Montréal,
consisted of:

Nadia El-Mabrouk
Louis Pelletier

David Sankoff
Sylvain Viart

The conference was supported by the Centre de recherches mathéma-
tiques of the Université de Montréal, in the context of a thematic year on
Mathematical Methods in Biology and Medecine (2000-2001).

April 2000 Raffaele Giancarlo
David Sankoff
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Identifying and Filtering Near-Duplicate

Documents

Andrei Z. Broder?

AltaVista Company, San Mateo, CA 94402, USA
andrei.broder@av.com

Abstract. The mathematical concept of document resemblance cap-
tures well the informal notion of syntactic similarity. The resemblance
can be estimated using a fixed size “sketch” for each document. For a
large collection of documents (say hundreds of millions) the size of this
sketch is of the order of a few hundred bytes per document.

However, for efficient large scale web indexing it is not necessary to de-
termine the actual resemblance value: it suffices to determine whether
newly encountered documents are duplicates or near-duplicates of docu-
ments already indexed. In other words, it suffices to determine whether
the resemblance is above a certain threshold. In this talk we show how
this determination can be made using a ”sample” of less than 50 bytes
per document.

The basic approach for computing resemblance has two aspects: first,
resemblance is expressed as a set (of strings) intersection problem, and
second, the relative size of intersections is evaluated by a process of
random sampling that can be done independently for each document.
The process of estimating the relative size of intersection of sets and the
threshold test discussed above can be applied to arbitrary sets, and thus
might be of independent interest.

The algorithm for filtering near-duplicate documents discussed here has
been successfully implemented and has been used for the last three years
in the context of the AltaVista search engine.

1 Introduction

A Communist era joke in Russia goes like this: Leonid Brezhnev (the Party
leader) wanted to get rid of the Premier, Aleksey Kosygin. (In fact he did, in
1980.) So Brezhnev, went to Kosygin and said: “My dear friend and war comrade
Aleksey, I had very disturbing news: I just found out that you are Jewish: I have
no choice, I must ask you to resign.” Kosygin, in total shock says: “But Leonid,
as you know very well I am not Jewish!”; then Brezhnev says: “Well, Aleksey,
then think about it...”
? Most of this work was done while the author was at Compaq’s System Research

Center in Palo Alto. A preliminary version of this work was presented (but not
published) at the “Fun with Algorithms” conference, Isola d’Elba, 1998.

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 1–10, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



2 Andrei Z. Broder

What this has to do with near-duplicate documents? In mid 1995, the Al-
taVista web search engine was built at the Digital research labs in Palo Alto (see
[10]). Soon after the first internal prototype was deployed, a colleague, Chuck
Thacker, came to me and said: “I really like AltaVista, but it is very annoying
that often half the first page of answers is just the same document in many
variants.” “I know” said I. “Well,” said Chuck, “you did a lot of work on fin-
gerprinting documents; can you make up a fingerprinting scheme such that two
documents that are near-duplicate get the same fingerprint?” I was of course
indignant: “No way!! You miss the idea of fingerprints completely: fingerprints
are such that with high probability two distinct documents will have different
fingerprints, no matter how little they differ! Similar documents getting the same
fingerprint is entirely against their purpose.” So, of course, Chuck said: “Well,
then think about it...” ...and as usual, Chuck was right.

Eventually I found found a solution to this problem, based on a mathematical
notion called resemblance [4]. Surprisingly, fingerprints play an essential role in
it.

The resemblance measures whether two (web) documents are roughly the
same, that is, they have the same content except for modifications such as for-
matting, minor corrections, capitalization, web-master signature, logo, etc. The
resemblance is a number between 0 and 1, defined precisely below, such that
when the resemblance is close to 1 it is likely that the documents are roughly
the same. To compute the resemblance of two documents it suffices to keep for
each document a “sketch” of a few (three to eight) hundred bytes consisting
of a collection of fingerprints of “shingles” (contiguous subsequences of words,
sometimes called “q-grams”). The sketches can be computed fairly fast (linear in
the size of the documents) and given two sketches the resemblance of the corre-
sponding documents can be computed in linear time in the size of the sketches.
Furthermore, clustering a collection of m documents into sets of closely resem-
bling documents can be done in time proportional to m log m rather than m2.

This first use of this idea was in a joint work with Steve Glassman, Mark
Manasse, and Geoffrey Zweig to cluster a collection of over 30,000,000 docu-
ments into sets of closely resembling documents (above 50% resemblance). The
documents were retrieved from a month long “full” crawl of the World Wide
Web performed by AltaVista in April 96. (See [7].) (It is amusing to note that
three years later, by mid 1999, AltaVista was crawling well over 20 million pages
daily.)

Besides fingerprints, another essential ingredient in the computation of re-
semblance is a pseudo-random permutation of a large set, typically the set
[0, . . . , 264 − 1]. In turns out that to achieve the desired result, the permuta-
tion must be drawn from a min-wise independent family of permutations. The
concept of min-wise independence is in the same vein as the well known concept
of pair-wise independence, and has many interesting properties. Moses Charikar,
Alan Frieze, Michael Mitzenmacher, and I studied this concept in a paper [5].

The World Wide Web continues to expand at a tremendous rate. It is esti-
mated that the number of pages doubles roughly every nine moths to year [2,14].
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Hence the problem of eliminating duplicates and near-duplicates from the index
is extremely important. The fraction of the total WWW collection consisting of
duplicates and near-duplicates has been estimated at 30 to 45%. (See [7] and
[13].) These documents arise innocently (e.g. local copies of popular documents,
mirroring), maliciously (e.g., “spammers” and “robot traps”), and erroneously
(crawler or server mistakes). In any case they represent a serious problem for
indexing software for two main reasons: first, indexing of duplicates wastes ex-
pensive resources and second, users are seldom interested in seeing documents
that are “roughly the same” in response to their queries.

However, when applying the sketch computation algorithm to the entire cor-
pus indexed by AltaVista then even the modest storage costs described above
become prohibitive. On the other hand, we are interested only whether the re-
semblance is above a very high threshold; the actual value of the resemblance
does not matter.

This paper describes how to apply further processing to the sketches men-
tioned above to construct for each document a short vector of “features.” With
high probability, two documents share more than a certain number of features
if and only if their resemblance is very high. For instance, using 6 features of 8
bytes, that is, 48 bytes/document, for a set of 200,000,000 documents:

– The probability that two documents that have resemblance greater than
97.5% do not share at least two features is less than 0.01. The probability
that two documents that have resemblance greater than 99% do not share
at least two features is less than 0.00022.

– The probability that two documents that have resemblance less than 77%
do share two or more features is less than 0.01 The probability that two
documents that have resemblance less than 50% share two or more features
is less than 0.6× 10−7.

Thus the feature based mechanism for near-duplicate detection has excellent
filtering properties. The probability of acceptance for this example (that is more
than 2 common features) as a function of resemblance is graphed in Figure 1 on
a linear scale and in Figure 2 on a logarithmic scale.

2 Preliminaries

We start by reviewing some concepts and algorithms described in more detail in
[4] and [7].

The basic approach for computing resemblance has two aspects: First, re-
semblance is expressed as a set intersection problem, and second, the relative
size of intersections is evaluated by a process of random sampling that can be
done independently for each document. (The process of estimating the relative
size of intersection of sets can be applied to arbitrary sets.)

The reduction to a set intersection problem is done via a process called
shingling. Via shingling each document D gets an associated set SD. This is
done as follows:
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We view each document as a sequence of tokens. We can take tokens to be
letters, or words, or lines. We assume that we have a parser program that takes
an arbitrary document and reduces it to a canonical sequence of tokens. (Here
“canonical” means that any two documents that differ only in formatting or
other information that we chose to ignore, for instance punctuation, formatting
commands, capitalization, and so on, will be reduced to the same sequence.) So
from now on a document means a canonical sequence of tokens.

A contiguous subsequence of w tokens contained in D is called a shingle.
A shingle of length q is also known as a q-gram, particularly when the tokens
are alphabet letters. Given a document D we can associate to it its w-shingling
defined as the set of all shingles of size w contained in D. So for instance the
4-shingling of

(a,rose,is,a,rose,is,a,rose)

is the set

{(a,rose,is,a), (rose,is,a,rose), (is,a,rose,is)}

(It is possible to use alternative definitions, based on multisets. See [4] for de-
tails.)

Rather than deal with shingles directly, it is more convenient to associate to
each shingle a numeric uid (unique id). This done by fingerprinting the shingle.
(Fingerprints are short tags for larger objects. They have the property that if two
fingerprints are different then the corresponding objects are certainly different
and there is only a small probability that two different objects have the same
fingerprint. This probability is typically exponentially small in the length of the
fingerprint.)

For reasons explained in [4] it is particularly advantageous to use Rabin
fingerprints [15] that have a very fast software implementation [3]. Rabin finger-
prints are based on polynomial arithmetic and can be constructed in any length.
It is important to choose the length of the fingerprints so that the probability of
collisions (two distinct shingles getting the same fingerprint) is sufficiently low.
(More about this below.) In practice 64 bits Rabin fingerprints are sufficient.

Hence from now on we associate to each document D a set of numbers SD

that is the result of fingerprinting the set of shingles in D. Note that the size of
SD is about equal to the number of words in D and thus storing SD on-line for
every document in a large collection is infeasible.

The resemblance r(A, B) of two documents, A and B, is defined as

r(A, B) =
|SA ∩ SB |
|SA ∪ SB | .

Experiments seem to indicate that high resemblance (that is, close to 1) captures
well the informal notion of “near-duplicate” or “roughly the same”. (There are
analyses that relate the “q-gram distance” to the edit-distance – see [16].)

Our approach to determining syntactic similarity is related to the sampling
approach developed independently by Heintze [8], though there are differences
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in detail and in the precise definition of the measures used. Related sampling
mechanisms for determining similarity were also developed by Manber [9] and
within the Stanford SCAM project [1,11,12].

To compute the resemblance of two documents it suffices to keep for each
document a relatively small, fixed size sketch. The sketches can be computed
fairly fast (linear in the size of the documents) and given two sketches the re-
semblance of the corresponding documents can be computed in linear time in
the size of the sketches.

This is done as follows. Assume that for all documents of interest SD ⊆
{0, . . . , n−1} def

= [n]. (As noted, in practice n = 264.) Let π be chosen uniformly
at random over Sn , the set of permutations of [n]. Then

Pr
(
min{π(SA)} = min{π(SB)}) =

|SA ∩ SB |
|SA ∪ SB | = r(A, B). (1)

Proof. Since π is chosen uniformly at random, for any set X ⊆ [n] and any
x ∈ X, we have

Pr
(
min{π(X)} = π(x)

)
=

1
|X| . (2)

In other words all the elements of any fixed set X have an equal chance to
become the minimum element of the image of X under π.

Let α be the smallest image in π(SA∪SB). Then min{π(SA)} = min{π(SB)},
if and only if α is the image of an element in SA ∩ SB . Hence

Pr
(
min{π(SA)} = min{π(SB)}) = Pr(π−1(α) ∈ SA ∩ SB)

=
|SA ∩ SB |
|SA ∪ SB | = rw(A, B).

Hence, we can choose, once and for all, a set of t independent random per-
mutations π1, . . . , πt. (For instance we can take t = 100.) For each document D,
we store a sketch, which is the list

S̄A = (min{π1(SA)}, min{π2(SA)}, . . . , min{πt(SA)}).

Then we can readily estimate the resemblance of A and B by computing how
many corresponding elements in S̄A and S̄B are equal. (In [4] it is shown that
in fact we can use a single random permutation, store the t smallest elements
of its image, and then merge-sort the sketches. However for the purposes of this
paper independent permutations are necessary.)

In practice, we have to deal with the fact it is impossible to choose and
represent π uniformly at random in Sn for large n. We are thus led to consider
smaller families of permutations that still satisfy the min-wise independence
condition given by equation (2), since min-wise independence is necessary and
sufficient for equation (1) to hold. This is further explored in [5] where it is shown
that random linear transformations are likely to suffice in practice. See also [6]
for an alternative implementation. We will ignore this issue in this paper.
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So far we have seen how to estimate the resemblance of a pair of documents.
For this purpose the shingle fingerprints can be quite short since collisions have
only a modest influence on our estimate if we first apply a random permutation
to the shingles and then fingerprint the minimum value.

However sketches allow us to group a collection of m documents into sets of
closely resembling documents in time proportional to m log m rather than m2,
assuming that the clusters are well separated which is the practical case.

We perform the clustering algorithm in four phases. In the first phase, we
calculate a sketch for every document as explained. This step is linear in the
total length of the documents.

To simplify the exposition of the next three phases we’ll say temporarily
that each sketch is composed of shingles, rather than images of the fingerprint
of shingles under random permutations of [n].

In the second phase, we produce a list of all the shingles and the documents
they appear in, sorted by shingle value. To do this, the sketch for each document
is expanded into a list of 〈shingle value, document ID〉 pairs. We simply sort this
list. This step takes time O(m log m) where m is the number of documents.

In the third phase, we generate a list of all the pairs of documents that share
any shingles, along with the number of shingles they have in common. To do
this, we take the file of sorted 〈shingle, ID〉 pairs and expand it into a list of
〈ID, ID, count of common shingles〉 triplets by taking each shingle that appears
in multiple documents and generating the complete set of 〈ID, ID, 1〉 triplets
for that shingle. We then apply a merge-sort procedure (adding the counts for
matching ID - ID pairs) to produce a single file of all 〈ID, ID, count〉 triplets
sorted by the first document ID. This phase requires the greatest amount of disk
space because the initial expansion of the document ID triplets is quadratic in
the number of documents sharing a shingle, and initially produces many triplets
with a count of 1. Because of this fact we must choose the length of the shingle
fingerprints so that the number of collisions is small. To ensure this we can take
it to be say 2 log2 m + 20. In practice 64 bits fingerprints suffice.

In the final phase, we produce the complete clustering. We examine each
〈ID, ID, count〉 triplet and decide if the document pair exceeds our threshold
for resemblance. If it does, we add a link between the two documents in a union-
find algorithm. The connected components output by the union-find algorithm
form the final clusters.

3 Filtering Near-Duplicates

Consider two documents, A and B, that have resemblance ρ. If ρ is close to 1,
then almost all the elements of S̄A and S̄B will be pairwise equal. The idea of
duplicate filtering is to divide every sketch into k groups of s elements each. The
probability that all the elements of a group are pair-wise equal is simply ρs and
the probability that two sketches have r or more equal groups is

Pk,s,r =
∑

r≤i≤k

(
k

i

)
ρs·i(1− ρs)k−i.
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The remarkable fact is that for suitable choices of [k, s, r] the polynomial
Pk,s,r behaves as a very sharp high-band pass filter even for small values of k.
For instance Figure 1 graphs P6,14,2(x) on a linear scale and Figure 2 graphs it
on a logarithmic scale. The sharp drop-off is obvious.

To use this fact, we first compute for each document D the sketch S̄D as
before, using k·s independent permutations. (We can now be arbitrarily generous
with the length of the fingerprints used to create shingle uid’s; however 64 bits
are plenty for our situation.) We then split S̄D into k groups of s elements and
fingerprint each group. (To avoid dependencies, we use a different irreducible
polynomial for these fingerprints.) We can also concatenate to each group a
group id number before fingerprinting.

Now all we need to store for each document is these k fingerprints, called
“features”. Because fingerprints could collide the probability that two features
are equal is

ρs + pf ,

where pf is the collision probability. This would indicate that it suffices to use
fingerprints long enough to so that pf is less than say 10−6. However, when
applying the filtering mechanism to a large collection of documents, we again
use the clustering process described above, and hence we must avoid spurious
sharing of features. Nevertheless, for our problem 64 bits fingerprints are again
sufficient.

It is particularly convenient, if possible, to choose the threshold r to be 1 or
2. If r = 2 then the third phase of the merging process becomes much simpler
since we don’t need to keep track of how many features are shared by various
pairs of documents: we simply keep a list of pairs known to share at least one
feature. As soon as we discover that one of these pairs shares a second feature,
we know that with high probability the two documents are near-duplicates, and
thus one of them can be removed from further consideration. If r = 1 the third
phase becomes moot. In general it is possible to avoid the third phase if we
again group every r features into a super-feature, but this forces the number of
features per document to become

(
k
r

)
.

4 Choosing the Parameters

As often the case in filter design, choosing the parameters is half science, half
black magic. It is useful to start from a target threshold resemblance ρ0. Ideally

Pk,s,r(ρ) =
{

1, for ρ ≥ ρ0;
0, otherwise.

Clearly, once s is chosen, r should be approximately k · ρs
0 and the larger k (and

r) the sharper the filter. (Of course, we are restricted to integral values for k, s,
and r.)

If we make the (unrealistic) assumption that resemblance is uniformly dis-
tributed between 0 and 1 within the set of pairs of documents to be checked,



Identifying and Filtering Near-Duplicate Documents 9

then the total error is proportional to
∫ ρ0

0

Pk,s,r(x) dx +
∫ 1

ρ0

(
1− Pk,s,r(x)

)
dx

Differentiating with respect to ρ0 we obtain that this is minimized when P (ρ0) =
1/2. To continue with our example we have P6,14,2(x) = 1/2 for x = 0.909... .

A different approach is to chose s so that the slope of xs at x = ρ0 is
maximized. This happens when

∂

∂s

(
sρs−1

0

)
= 0 (3)

or s = 1/ ln(1/ρ0). For s = 14 the value that satisfies (3) is ρ0 = 0.931... .
In practice these ideas give only a starting point for the search for a filter

that provides the required trade-offs between error bounds, time, and space. It
is necessary to graph the filter and do experimental determinations.

5 Conclusion

We have presented a method that can eliminate near-duplicate documents from
a collection of hundreds of millions of documents by computing independently
for each document a vector of features less than 50 bytes long and comparing
only these vectors rather than entire documents. The entire processing takes
time O(m logm) where m is the size of the collection. The algorithm described
here has been successfully implemented and is in current use in the context of
the AltaVista search engine.
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Abstract. Much of computational linguistics in the past thirty years
assumed a ready supply of general and linguistic knowledge, and limit-
less computational resources to use it in understanding and producing
language. However, accurate knowledge is hard to acquire and compu-
tational power is limited. Over the last ten years, inspired in part by
advances in speech recognition, computational linguists have been in-
vestigating alternative approaches that take advantage of the statistical
regularities in large text collections to automatically acquire efficient ap-
proximate language processing algorithms. Such machine-learning tech-
niques have achieved remarkable successes in tasks such as document
classification, part-of-speech tagging, named-entity recognition and clas-
sification, and even parsing and machine translation.
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Abstract. What will it be like to work in tomorrow’s digital library? We
begin by browsing around an experimental digital library of the present,
glancing at some collections and showing how they are organized. Then
we look to the future. Although present digital libraries are quite like
conventional libraries, we argue that future ones will feel qualitatively
different. Readers—and writers—will work in the library using a kind of
context-directed browsing. This will be supported by structures derived
from automatic analysis of the contents of the library—not just the cat-
alog, or abstracts, but the full text of the books and journals—using new
techniques of text mining.

1 Introduction

Over sixty years ago, science fiction writer H.G. Wells was promoting the con-
cept of a “world brain” based on a permanent world encyclopedia which “would
be the mental background of every intelligent [person] in the world. It would
be alive and growing and changing continually under revision, extension and re-
placement from the original thinkers in the world everywhere. ... even journalists
would deign to use it” [14]. Eight years later, Vannevar Bush, the highest-ranking
scientific administrator in the U.S. war effort, invited us to “consider a future
device for individual use, which is a sort of mechanized private file and library
... a device in which an individual stores all his books, records, and communi-
cations, and which is mechanized so that it may be consulted with exceeding
speed and flexibility” [2]. Fifteen years later, J.C.R. Licklider, head of the U.S.
Department of Defense’s Information Processing Techniques Office, envisioned
that human brains and computing machines would be coupled together very
tightly, and imagined this to be supported a “network of ‘thinking centers’ that
will incorporate the functions of present-day libraries together with anticipated
advances in information storage and retrieval” [8]. Thirty-five years later we be-
came accustomed to hearing similar pronouncements from the U.S. Presidential
office.

Digital libraries, conceived by visionary thinkers and fertilized with resources
by today’s politicians, are undergoing a protracted labor and birth. Libraries are
society’s repositories for knowledge, and digital libraries are of the utmost strate-
gic importance in a knowledge-based economy. Not surprisingly, many countries

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 12–26, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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have initiated large-scale digital library projects. Some years ago the DLI initia-
tive was set up in the U.S. (and has now entered a second phase); in the U.K.
the Elib program was set up at about the same time; other countries in Europe
and the Pacific Rim have followed suit. Digital libraries will likely figure amongst
the most important and influential institutions of the 21st Century.

But what is a digital library? Ten definitions of the term have been culled
from the literature by Fox [4], and their spirit is captured in the following brief
characterization [1]:

A focused collection of digital objects, including text, video, and audio,
along with methods for access and retrieval, and for selection,
organization, and maintenance of the collection.

This definition gives equal weight to user (access and retrieval) and librarian
(selection, organization and maintenance). Other definitions in the literature,
emanating mostly from technologists, omit—or at best downplay—the librar-
ian’s role, which is unfortunate because it is the selection, organization, and
maintenance that will distinguish digital libraries from the anarchic mess that
we call the World Wide Web. However, digital libraries tend to blur what used
to be a sharp distinction between user and librarian—because the ease of aug-
menting, editing, annotating and re-organizing electronic collections means that
they will support the development of new knowledge in situ.

What’s it like to work in a digital library? Will it feel like a conventional
library, but more computerized, more networked, more international, more all-
encompassing, more convenient? I believe the answer is no: it will feel qualita-
tively different. Not only will it be with you on your desktop (or at the beach,
or in the plane), but information workers will work “inside” the library in a
way that is quite unlike how they operate at present. It’s not just that knowl-
edge and reference services will be fully portable, operating round the world,
around the clock, throughout the year, freeing library patrons from geographic
and temporal constraints—important and liberating as these are. It’s that when
new knowledge is created it will be fully contextualized and both sited within
and cited by existing literature right from its conception.

In this paper, we browse around a digital library, looking at tools and tech-
niques under development. “Browse” is used in a dual sense. First we begin by
browsing a particular collection, and then look briefly at some others. Second,
we examine the digital library’s ability to support novel browsing techniques.
These situate browsing within the reader’s current context and unobtrusively
guide them in ways that are relevant to what they are doing. Context-directed
browsing is supported by structures derived from automatic analysis of the li-
brary’s contents—not just the catalog, or abstracts, but the full text of the
documents—using techniques that are being called “text mining.” Of course,
other ways of finding information are important too—user searching, librarian
recommendations, automatic notification, group collaboration—but here we fo-
cus on browsing. The work described was undertaken by members of the New
Zealand Digital Library project.
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Fig. 1. (a) Village Level Brickmaking, (b) The collection’s home page

2 The Humanity Development Library

Figure 1a shows a book in the Humanity Development Library, a collection of
humanitarian information put together by the Global Help Project to address
the needs of workers in developing countries (www.nzdl.org/hdl). This book
might have been reached by a directed full-text search, or by browsing one of
a number of access structures, or by clicking on one of a gallery of images. On
opening the book, which is entitled Village Level Brickmaking, a picture of its
cover appears at the top, beside a hierarchical table of contents. In the figure,
the reader has drilled down into a chapter on moulding and a subsection on sand
moulding, whose text appears below. Readers can expand the table of contents
from the section to the whole book; and expand the text likewise (which is very
useful for printing). The ever-present picture of the book’s cover gives a feeling
of physical presence and a constant reminder of the context.

Readers can browse the collection in several different ways, as determined by
the editor who created it. Figure 1b shows the collection’s home page, at the top
of which (underneath the logo) is a bar of five buttons that open up different
access mechanisms. A subject hierarchy provides a tree-structured classification
scheme for the books. Book titles appear in an alphabetical index. A separate
list gives participating organizations and the material that they contributed. A
“how-to” list of helpful hints, created by the collection’s editor, allows a par-
ticular book to be accessed from brief phrases that describe the problems the
book addresses. However a book is reached, it appears in the standard form il-
lustrated in Figure 1a, along with the cover picture to give a sense of presence.
The different access mechanisms help solve the librarian’s dilemma of where to

www.nzdl.org/hdl
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shelve books [9]: each one appears on many different virtual shelves, shelves that
are organized in different ways.

Full-text search of titles and entire documents provide important additional
access mechanisms. The search engine that we use, MG [15], supports search-
ing over the full text of the document—not merely a document surrogate as
in conventional digital library retrieval systems. User feedback from an earlier
version of this collection indicated that Boolean searching was more confusing
than helpful for the targeted users. Previous research suggests that difficulties
with Boolean syntax and semantics are widespread, and transaction log anal-
ysis of several library retrieval systems indicates that by far the most popular
Boolean operator is AND; the others are rarely used. For all these reasons, the
interface default for this collection is ranked queries. However, to enable users to
construct high-precision conjunctive searches where necessary, selecting “search
... for all the words” in the query dialog produces the syntax-free equivalent of
a conjunctive query.

Just as libraries display new acquisitions or special collections in the foyer
to pique the reader’s interest, this collection’s home page (Figure 1b) highlights
a particular book that changes every few seconds: it can be opened by clicking
on the image. This simple display is extraordinarily compelling. And just as
libraries may display a special book in a glass case, open at a different page
each day, a “gallery” screen can show an ever-changing mosaic of images from
pages of the books, remarkably informative images that, when clicked, open the
book to that page. Or a scrolling “Times Square” display of randomly selected
phrases that, when clicked, take you to the appropriate book. The possibilities
are endless.

The Humanity Development Library is a focused collection of 1250 books—
miniscule by library standards, but nevertheless comprehensive within the tar-
geted domain. It contains 53,000 chapters, 62 million words, and 32,000 pic-
tures. Although the text occupies 390 MB, it compresses to 102 MB and the
two indexes—for titles and chapters respectively—compress to less than 80 MB.
The images (mostly in PNG format) occupy 290 MB. Associated files bring the
total size of the collection to 505 MB. Even if there were twice as much text,
and the same images, it would still fit comfortably on a CD-ROM, along with
all the necessary software. A single DVD-ROM would hold a collection twenty
times the size—still small by library standards, but immense for a fully portable
collection.

3 An Experimental Testbed: The NZDL

The Humanity Development Library is just one of two dozen publicly-available
collections produced by the New Zealand Digital Library (NZDL) project and
listed on the project’s home page (www.nzdl.org), part of which is shown in
Figure 2a—this illustrates the the wide range of collections. This project aims
to develop the underlying infrastructure for digital libraries and provide exam-
ple collections that demonstrate how it can be used. The library is international,

www.nzdl.org
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Fig. 2. (a) Some of the NZDL collections, (b) Reading a Chinese book

and the Unicode character set is used throughout: there are interfaces in En-
glish, Maori, French, German, Arabic, and Chinese, and collections have been
produced in all these languages. Digital libraries are particularly empowering
for the disabled, and there is a text-only version of the interface intended for
visually impaired users.

The editors of the Humanity Development Library have gone to great lengths
to provide a rich set of access structures. However, this is a demanding, labor-
intensive task, and most collections are not so well organized. The basic access
tool in the NZDL is full-text searching, which is available for all collections and
is provided completely automatically when a collection is built. Some collections
allow, in addition, traditional catalog searching based on author, title, and key-
words, and full-text search within abstracts. Our experience is that while the user
interface is considerably enhanced when traditional library cataloging informa-
tion is available, it is often prohibitively expensive to create formal cataloging
information for electronically-gathered collections. With appropriate indexes,
full-text retrieval can be used to approximate the services provided by a formal
catalog.

3.1 Collections

The core of any library is the collections it contains. A few examples will illustrate
the variety and scope of the services provided.

The historically first collection, Computer Science Technical Reports , now
contains 46,000 reports—1.3 million pages, half a billion words—extracted auto-
matically from 34 GB of raw PostScript. There is no bibliographic or “metadata”
information: we have only the contents of the reports (and the names of the FTP
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sites from which they were gathered). Many are Ph.D. theses which would other-
wise be effectively lost except to a miniscule community of cognoscenti: full-text
search reaches right inside the documents and makes them accessible to anyone
looking for information on that topic.

As well as the simplified searching interface for the Humanity Development
Library described above, users can choose a more comprehensive query interface
(via a Preferences page). Case-folding and stemming can be independently en-
abled or disabled, and full Boolean query syntax is supported as well as ranked
queries. Moreover, in the Computer Science Technical Reports searches can be
restricted to the first page of reports, which approximates an author/title search
in the absence of specific bibliographic details of the documents. Although this
is a practical solution, the collection nevertheless presents a raw, unpolished
appearance compared with the Humanity Development Library, reflecting the
difference between a carefully-edited set of documents, including hand-prepared
classification indexes and other metadata, and a collection of information pulled
mechanically off the Web and organized without any human intervention at all.

There are several collections of books, including, for example, the English
books entered by the Gutenberg project. Figure 2b shows a book in a collection
of classical Chinese literature. The full text was available on the Web; we auto-
matically extracted the section headings to provide the table of contents visible
at the upper right, and scanned the book’s cover to generate the cover image.
One can perform full-text search on the complete contents or on section headings
alone, using the Chinese language (of course your Web browser must be set up
correctly to work in Chinese). There is also a browsable list of book titles.

An expressly bilingual collection of Historic New Zealand Newspapers con-
tains issues of forty newspapers published between 1842 and 1933 for a Maori
audience. Collected on microfiche, these constitute 12,000 page images. Although
they represent a significant resource for historians, linguists and social scien-
tists, their riches remain largely untapped because of the difficulty of accessing,
searching and browsing material in unindexed microfiche form. Figure 3 shows
the parallel English-Maori text retrieved from the newspaper Te Waka Maori of
August 1878 in response to the query Rotorua, a small town in New Zealand.
Searching is carried out on electronic text produced using OCR; once the target
is identified, the corresponding page image can be displayed.

3.2 The Greenstone Software

All these collections are created using the Greenstone software developed by the
NZDL project [17]. Information collections built by Greenstone combine exten-
sive full-text search facilities with browsing indexes based on different metadata
types. There are several ways for users to find information, although they dif-
fer between collections depending on the metadata available and the collection
design. You can search for particular words that appear in the text, or within
a section of a document, or within a title or section heading. You can browse
documents by title: just click on the displayed book icon to read it. You can
browse documents by subject . Subjects are represented by bookshelves: just click
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Fig. 3. Searching the Historic New Zealand newspapers collection

on a shelf to see the books. Where appropriate, documents come complete with
a table of contents (constructed automatically): you can click on a chapter or
subsection to open it, expand the full table of contents, or expand the full doc-
ument.

A distinction is made between searching and browsing. Searching is full-
text, and—depending on the collection’s design—the user can choose between
indexes built from different parts of the documents, or from different metadata.
Some collections have an index of full documents, an index of sections, an index
of paragraphs, an index of titles, and an index of section headings, each of
which can be searched for particular words or phrases. Browsing involves data
structures created from metadata that the user can examine: lists of authors,
lists of titles, lists of dates, hierarchical classification structures, and so on. Data
structures for both browsing and searching are built according to instructions in
a configuration file, which controls both building and serving the collection.

Rich browsing facilities can be provided by manually linking parts of docu-
ments together and building explicit indexes and tables of contents. However,
manually-created linking becomes difficult to maintain, and often falls into disre-
pair when a collection expands. The Greenstone software takes a different tack: it
facilitates maintainability by creating all searching and browsing structures au-
tomatically from the documents themselves. No links are inserted by hand. This
means that when new documents in the same format become available, they can
be added automatically. Indeed, for some collections this is done by processes
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that wake up regularly, scout for new material, and rebuild the indexes—all
without manual intervention.

Collections comprise many documents: thousands, tens of thousands, or even
millions. Each document may be hierarchically organized into sections (subsec-
tions, sub-subsections, and so on). Each section comprises one or more para-
graphs . Metadata such as author, title, date, keywords, and so on, may be as-
sociated with documents, or with individual sections of documents. This is the
raw material for indexes. It must either be provided explicitly for each document
and section (for example, in an accompanying spreadsheet) or be derivable au-
tomatically from the source documents. Metadata is converted to Dublin Core
and stored with the document for internal use.

In order to accommodate different kinds of source documents, the software
is organized so that “plugins” can be written for new document types. Plug-
ins exist for plain text documents, HTML documents, email documents, and
bibliographic formats. Word documents are handled by saving them as HTML;
PostScript ones by applying a preprocessor [12]. Specially written plugins also
exist for proprietary formats such as that used by the BBC archives department.
A collection may have source documents in different forms: it is just a matter
of specifying all the necessary plugins. In order to build browsing indexes from
metadata, an analogous scheme of ”classifiers” is used: classifiers create indexes
of various kinds based on metadata. Source documents are brought into the
Greenstone system through a process called importing, which uses the plugins
and classifiers specified in the collection configuration file.

The system includes an “administrative” function whereby specified users
can examine the composition of all collections, protect documents so that they
can only be accessed by registered users on presentation of a password, and so on.
Logs of user activity are kept that record all queries made to every Greenstone
collection (though this facility can be disabled).

Although primarily designed for Internet access over the World-Wide Web,
collections can be made available, in precisely the same form, on CD-ROM. In
either case they are accessed through any Web browser. Greenstone CD-ROMs
operate on a standalone PC under Windows 3.X, 95, 98, and NT, and the inter-
action is identical to accessing the collection on the Web—except that response
is faster and more predictable. The requirement to operate on early Windows
systems is a significant practical impediment to the software design, but is crucial
for many users—particularly those in underdeveloped countries seeking access
to humanitarian aid collections. If the PC is connected to a network (intranet
or Internet), a custom-built Web server provided on each CD makes exactly the
same information available to others through their standard Web browser. The
use of compression ensures that the greatest possible volume of information can
be packed on to a CD-ROM.

The collection-serving software operates under Unix and Windows NT, and
works with standard Web servers. A flexible process structure allows different
collections to be served by different computers, yet be presented to the user in
the same way, on the same Web page, as part of the same digital library [10].
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Existing collections can be updated and new ones brought on-line at any time,
without bringing the system down; the process responsible for the user interface
will notice (through periodic polling) when new collections appear and add them
to the list presented to the user.

4 Browsing in the Digital Library of the Future

Current digital library systems often contain handcrafted indexes and links to
provide different entry points into the information, and to bind it together into
a coherent whole. This can produce high-quality, focused collections—but it is
basically unscalable. Excellent new material will, of course, continue to be pro-
duced using manual techniques, but it is infeasible to suppose that the mass of
existing, archival material will be manually “converted” into high-quality digi-
tal collections. The only scalable solution that is used currently for amorphous
information collections is the ubiquitous search engine—but browsing is poorly
supported by standard search engines. They operate at the wrong level, indexing
words whereas people think in terms of topics, and returning individual docu-
ments whereas people often seek a more global view.

Suppose you are browsing a large collection of information such as a digital
library—or a large Web site. Searching is easy, if you know what you are looking
for—and can express it as a query at the lexical level. But current search mecha-
nisms are not much use if you are not looking for a specific piece of information,
but are generally exploring the collection. Studies of browsing have shown that it
is a rich and fundamental human information behavior, a multifaceted and mul-
tidimensional human activity [3]. But it is not well-supported for large digital
collections.

We look at three browsing interfaces that capitalize on automatically-gener-
ated phrases and keyphrases for a document collection. The first of these is a
phrase-based browser that is specifically designed to support subject-index-style
browsing of large information collections. The second uses more specific phrases
and concentrates on making it convenient to browse closely-related documents.
The third is a workbench that facilitates skimming, reading, and writing docu-
ments within a digital library—a qualitatively different experience from working
in a library today. All three are based on phrases and keyphrases extracted
automatically from the document text itself.

4.1 Emulating Subject Indexes: Phrase Browsing

Phrases extracted automatically from a large information collection form an
excellent basis for browsing and accessing it. We have developed a phrase-based
browser that acts an interactive interface to a phrase hierarchy that has been
extracted automatically from the full text of a document collection. It is designed
to resemble a paper-based subject index or thesaurus.

We illustrate the application of this scheme to a large Web site: that of the
United Nations Food and Agriculture Organization (www.fao.org), an interna-
tional organization whose mandate is to raise levels of nutrition and standards

www.fao.org
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Fig. 4. (a) Browsing for information about forest , (b) Expanding on forest prod-
ucts

of living, to improve agricultural productivity, and to better the condition of
rural populations. The site contains 21,700 Web pages, as well as around 13,700
associated files (image files, PDFs, etc). This corresponds to a medium-sized
collection of approximately 140 million words of text. It exhibits many problems
common to large, public Web sites. It has existed for some time, is large and
continues to grow rapidly. Despite strenuous efforts to organize it, it is becoming
increasingly hard to find information. A search mechanism is in place, but while
this allows some specific questions to be answered it does not really address the
needs of the user who wishes to browse in a less directed manner.

Figure 4a shows the phrase browsing interface in use. The user enters an
initial word in the search box at the top. On pressing the Search button the
upper panel appears. This shows the phrases at the top level in the hierarchy
that contain the search word-in this case the word forest . The list is sorted by
phrase frequency; on the right is the number of times the phrase appears, and
to the left of that is the number of documents in which it appears.

Only the first ten phrases are shown, because it is impractical with a Web
interface to download a large number of phrases, and many of these phrase
lists are very large. At the end of the list is an item that reads Get more phrases
(displayed in a distinctive color); clicking this will download another ten phrases,
and so on. A scroll bar appears to the right for use when more than ten phrases
are displayed. The number of phrases appears above the list: in this case there
are 493 top-level phrases that contain the term forest .

So far we have only described the upper of the two panels in Figure 4a. The
lower one appears as soon as the user clicks one of the phrases in the upper list. In
this case the user has clicked forest products (that is why that line is highlighted
in the upper panel) and the lower panel, which shows phrases containing the
text forest products , has appeared.
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If one continues to descend through the phrase hierarchy, eventually the
leaves will be reached. A leaf corresponds to a phrase that occurs in only one
document of the collection (though the phrase may appear several times in that
document). In this case, the text above the lower panel shows that the phrase
forest products appears in 72 phrases (the first ten are shown), and, in addition,
appears in a unique context in 382 documents. The first ten of these are available
too, though the list must be scrolled down to make them appear in the visible
part of the panel. Figure 4b shows this. In effect, the panel shows a phrase
list followed by a document list. Either of these lists may be null (in fact the
document list is null in the upper panel, because the word forest appears only
in other phrases or in individual unique contexts). The document list displays
the titles of the documents.

It is possible, in both panels of Figures 4a and b, to click Get more phrases
to increase the number of phrases that are shown in the list of phrases. It is also
possible, in the lower panels, to click Get more documents (again it is displayed
at the end of the list in a distinctive color, but to see that entry it is necessary
to scroll the panel down a little more) which increases the number of documents
that are shown in the list of documents.

Clicking on a phrase will expand it. The page holds only two panels, and if
a phrase in the lower panel is clicked the contents of that panel move up into
the top one to make space for the phrase’s expansion. Alternatively, clicking
on a document will open that document in a new window. In fact, the user in
Figure 4b has clicked on IV FORESTS AND TRADE AND THE ENVIRON-
MENT , and this brings up a Web page with that title. As Figure 4b indicates,
that page contains 15 occurrences of the phrase forest products .

We have experimented with several different ways of creating a phrase hi-
erarchy from a document collection. An algorithm called Sequitur builds a
hierarchical structure containing every single phrase that occurs more than once
in the document collection [11]. We have also worked on a scheme called Kea
which extracts keyphrases from scientific papers. This produces a far smaller,
controllable, number of phrases per document [5]. The scheme that we use for
the interface in Figure 4 is an amalgam of the two techniques [13].

The phrases extracted represent the topics present in the Food and Agricul-
ture Organization site, as described in the terminology of the document authors.
We have investigated how well this set of phrases matches the standard termi-
nology of the discipline by comparing the extracted phrases with phrases used by
the AGROVOC agricultural thesaurus. There is a substantial degree of overlap
between the two sets of phrases, which provides some confirmation of the quality
of the extracted phrases as subject descriptors.

4.2 Improved Browsing Using Keyphrase Indexes

Another a new kind of search interface that is explicitly designed to support
browsing is based on keyphrases automatically extracted from the documents [6]
using the Kea system [5]. A far smaller number of phrases are selected than in
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Fig. 5. Browsing a keyphrase index to find out about topics involving text

the system described above—only four or five per document. The automatically-
extracted keyphrases form the basic unit of both indexing and presentation, al-
lowing users to interact with the collection at the level of topics and subjects
rather than words and documents. The system displays the topics in the collec-
tion, indicates coverage in each area, and shows all ways a query can be extended
and still match documents.

The interface is shown in Figure 5. A user initiates a query by typing words
or phrases and pressing the Search button, just as with other search engines.
However, what is returned is not a list of documents, but a list of keyphrases
containing the query terms. Since all phrases in the database are extracted
from the source documents, every returned phrase represents one or more doc-
uments in the collection. Searching on the word text , for example, returns a list
of phrases including text editor (a keyphrase for twelve documents), text com-
pression (eleven documents), and text retrieval (ten documents), as shown in
Figure 5. The phrase list provides a high-level view of the topics represented in
the collection, and indicates, by the number of documents, the coverage of each
topic.

Following the initial query, a user may choose to refine the search using one
of the phrases in the list, or examine a topic more closely. Since they are derived
from the collection itself, any further search with these phrases is guaranteed to
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produce results—and furthermore, the user knows exactly how many documents
to expect. To examine the documents associated with a phrase, the user selects it
from the list, and previews of documents for which it is a keyphrase are displayed
in the lower panel of the interface. Selecting any preview shows the document’s
full text.

Experiments with users show that this interface is superior to a traditional
search system for answering particular kinds of questions: evaluating collections
(“what’s in this collection”), exploring areas (“what subtopics are available in
area X”), and general information about queries (“what kind of queries will
succeed in area X”, “how can I specialize or generalize my query”). Note that
many of these questions are as relevant to librarians as they are to library users.
However, this mechanism is not intended to replace conventional search systems
for specific queries about specific documents.

4.3 Reading and Writing in a Digital Library

A third prototype system, developed by Jones [7], shows how phrases can assist
with skimming, reading, and writing documents in the digital library. It uses
the keyphrases extracted from a document collection as link anchors to point to
other documents. When reading a document, the keyphrases in it are highlighted.
When writing one, phrases are dynamically linked, and highlighted, as you type.

Figure 6 shows the interface. To the left is the document being examined
(read or authored); in the center is the keyphrase pane; and to the right is the
library access pane. Keyphrases that appear in documents in the collection are
highlighted; this facilitates rapid skimming of the content because the darker text
points out items that users often highlight manually with a marker pen. Different
gray levels reflect the “relevance” of the keyphrase to the document, and the user
can control the intensity to match how they skim. Each phrase is hyperlinked,
using multiple-destination links, to other documents for which it is a keyphrase
(the anchor is the small spot that follows the phrase). The center panel shows
all the keyphrases that appear in this document, with their frequency and the
number of documents in the library for which they are keyphrases. Controls are
available to sort the list in various different ways. Some of these phrases have
been selected by the user, and on the right is a ranked list of items in the library
that contain them as keyphrases—ranked according to a special metric designed
for use with keyphrases.

With this interface, hurried readers can skim a document by looking at the
highlighted phrases. In-depth readers can instantly access other relevant doc-
uments (including dictionaries or encyclopaedias). They can select a subset of
relevant phrases and instantly have the library searched on that set. Writers—as
they type—can immediately gain access to documents that are relevant to what
they are writing.



Browsing around a Digital Library: Today and Tomorrow 25

Fig. 6. Working on a paper inside the digital library

5 Conclusion

Digital libraries have finally arrived. They are different from the World Wide
Web: libraries are focused collections, and it is the act of selection that gives them
focus. For many practical reasons (including copyright, and the physical difficulty
of digitization), digital libraries will not vie with archival national collections,
not in the foreseeable future. Their role is in specialist, targeted collections of
information.

Established libraries of printed material have sophisticated and well-develop-
ed human and computer-based interfaces to support their use. But they are not
well integrated for working with computer tools: a bridging process is required.
Information workers can immerse themselves physically in the library, but they
cannot take with them their tasks, tools, and desktop workspaces. The digital
library will be different: we will work “inside” it in a sense that it totally new.

But even for a focused collection, creating a high-quality digital library is
a highly labor-intensive process. To provide the richness of access and inter-
connection that makes a digital library comfortable requires enormous editorial
effort. And when the collection changes, maintenance becomes an overriding
issue. Fortunately, techniques of text mining are emerging that offer the possi-
bility of automatic identification of semantic items from plain text. Carefully-
constructed user interfaces can take advantage of the information that they
generate to provide a library experience that is qualitatively different from a
physical library—not just in access and convenience, but in terms of the quality
of browsing and information accessibility. Tomorrow, digital libraries will put
the right information at your fingertips.
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Abstract. Speech recognition is an area with a sizable literature, but
there is little discussion of the topic within the computer science algo-
rithms community. Since many of the problems arising in speech recog-
nition are well suited for algorithmic studies, we present them in terms
familiar to algorithm designers. Such cross fertilization can breed fresh
insights from new perspectives.

This material is abstracted from A. L. Buchsbaum and R. Giancarlo, Al-
gorithmic Aspects of Speech Recognition: An Introduction, ACM Journal
of Experimental Algorithmics, Vol. 2, 1997, http://www.jea.acm.org.

1 Introduction

Automatic recognition of human speech by computers (ASR, for short) has been
an area of scientific investigation for over forty years. (See, for instance, Waibel
and Lee [21].) Its nature is inherently interdisciplinary, because it involves exper-
tise and knowledge coming from such diverse areas as signal processing, artificial
intelligence, statistics, and natural languages. Intuitively, one can see the core
computational problems in ASR in terms of searching large, weighted, spaces.
They therefore naturally lend themselves to the formulation of algorithmic ques-
tions. Historically, however, advances in ASR and in design of algorithms have
found different places in the literature and in fact mostly address separate audi-
ences (with a few exceptions [9]). This is unfortunate, because ASR challenges
algorithm designers to find solutions that are asymptotically efficient and also
practical in real cases.

The general problem areas that are involved in ASR—in particular, graph
searching and automata manipulation—are well known to and have been exten-
sively studied by algorithms experts, sometimes resulting in very tight theoreti-
cal bounds and even good practical implementations (e.g., shortest path finding
? Part of this work was done while the author was an MTS at AT&T Bell Labs and
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and finite state automata minimization). The manifestations of these problems
in ASR, however, are so large as to defy those solutions. The result is that most
of the progress in speech recognition to date is due to clever heuristic methods
that solve special cases of the general problems. Good characterizations of these
special cases, as well as theoretical studies of their solutions, remain for the most
part lacking.

While ASR is well suited for exploration and experimentation by algorithm
theorists and designers, there are obvious obstacles in learning the formalisms
and the design and experimental methodologies developed by the ASR commu-
nity. The aim of this abstract is to present, at a very high level, a few research
areas in ASR, extracted from a sizable body of literature in that area. This work
abstracts an earlier paper [3], in which we present a more detailed view of ASR
from an algorithmic perspective. Here we give only a high-level overview of ASR
and some relevant problems with a technical formalism familiar to algorithm
designers. We refer the reader to the previous paper [3] for a more detailed pre-
sentation of these research areas, as well as a proper identification of the context
from which they have been abstracted.

2 Algorithmic Research Areas in ASR

We present ASR in terms of the maximum likelihood paradigm [1], which has
become dominant in the area. Fig. 1 gives a block diagram and a short description
of each module of a speech recognizer. Intuitively, one can think of a lattice as a
data structure representing a set of strings.

Hidden Markov models (HMMs, for short) are basic building blocks of ASR
systems [17]. HMMs are most commonly used to model phones, which are the ba-
sic units of sound to be recognized. For instance, they are the models underlying
the acoustic-phonetic recognizer of Fig. 1.

A great deal of research has been invested in good algorithms for training the
models and for their subsequent use in ASR systems. In abstract terms, an HMM
is a finite state machine that takes as input a string and produces a probability
for that string matching the model. The probability gives the likelihood that
the input string actually belongs to the set of strings on which the HMM has
been trained. Every path through the machine contributes to the probability
assigned to an input string. The forward procedure [17], a dynamic programming
algorithm, computes that probability in time proportional to the product of
the length of the string and the size of the HMM. In algorithmic terms, the
two parameters of interest here are the speed of the algorithm performing the
“matching” and the size of the model. Given that the HMMs used in ASR have
a very special topology, it is quite natural to consider the two following areas.

Research Area 1. Devise faster methods to compute the probability that an
HMM matches a given input string. In particular, can the topology of the HMM
be exploited towards this end?
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Fig. 1. Block diagram of a speech recognizer. Input speech is digitized into a
sequence of feature vectors. An acoustic-phonetic recognizer transforms the fea-
ture vectors into a time-sequenced lattice of phones. A word recognition module
transforms the phone lattice into a word lattice, with the help of a lexicon. Fi-
nally, in the case of continuous or connected word recognition, a grammar is
applied to pick the most likely sequence of words from the word lattice.

Research Area 2. Devise algorithms to reduce the size of an HMM. This is
analogous to the determinization and minimization problems on finite-state au-
tomata, which will be discussed later.

A simple way to speed the estimation of the probability of a string matching
the model is to resort to an approximation: find the most probable path in the
model that generates the string (rather than the sum of the probabilities of all the
matching paths). One can find the desired path using the Viterbi algorithm [20],
which computes a dynamic programming recurrence referred to as the Viterbi
equation. Close examination reveals that the Viterbi equation is a variant of
the Bellman-Ford equations for computing shortest paths in unweighted graphs
[6], in which the weight of an edge is a function of time. That is, the weight
depends on the time instant (the position being matched in the string) in which
we are actually using the edge. For this latter class of shortest path problems,
not much is known [13].

Research Area 3. Devise faster algorithms to solve the Viterbi equation. As
with Research Area 1, investigate how to characterize and exploit the particular
graph topologies that arise in speech recognition.
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Another avenue of research is to compute iteratively better approximations
to the final values of the Viterbi equation, analogously to the scaling algorithms
used for standard shortest path problems [7].

Research Area 4. Devise an analogue of the scaling technique that would apply
to the computation of the Viterbi Equation.

The models describing the ASR process tend to be large and highly struc-
tured. One can exploit that structure by using heuristics to prune part of the
search space. In these settings, the A∗ algorithm from artificial intelligence is
often used [8]. We are now at the lexicon or grammar level shown in Fig. 1. In
general, the A∗ algorithm will find an “optimal solution” only when the heuris-
tic used is admissible. Unfortunately, most of the heuristics used in ASR cede
admissibility for speed. No analytic guarantees on the quality of the solutions
are available.

Research Area 5. Investigate the potential for admissible heuristics that will
significantly speed computation of the A∗ algorithm, or determine how to measure
theoretically the error rates of fast but inadmissible heuristics.

Pereira et al. [14,15] have recently devised a new paradigm to describe the
entire ASR process. They formalize it in terms of weighted transductions. In fact,
one can see the entire process in Fig. 1 as a cascade of translations of strings
in one “language” into strings of another. This new paradigm is far reaching:
it gives (a) a modular approach to the design of the various components of an
ASR system; and (b) a solid theoretic foundation to which to attach many of
the problems that seemed solvable only by heuristics. Moreover, it has relevant
impact on automata and transduction theory [12]. Essential to this new paradigm
are the problems of determinizing and minimizing weighted automata. Despite
the vast body of knowledge available in formal languages and automata theory,
those two fundamental problems were open until Mohri solved them [11]. As
one might guess, determinization of a weighted automaton is a process that can
take at least exponential time and produce a similar increase in the number of
states of the input automaton. It is remarkable that, when the determinization
algorithm by Mohri is applied to weighted automata coming from ASR, the
resulting deterministic automata are, in most cases, smaller than their non-
deterministic inputs. Given the importance of reducing the size of the automata
produced in ASR, the following two areas are extremely important from the
practical point of view and also challenging from the theoretical point of view.

Research Area 6. Characterize the essential properties of sequential weighted
automata that permit efficient determinization.

We separately [4] report partial progress in Research Area 6, resulting in an
approximation strategy [5] that increases the space reduction of Mohri’s algo-
rithm when applied to weighted automata from ASR.
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Research Area 7. Unify the results of Mohri [10] and Breslauer [2] (provably
optimal minimization for sequential transducers, a special class of transducers)
with those of Roche [19] (minimization of transducers without proven asymptotic
size reductions, but with good practical performance).

In fact, minimization of transducers in general is an open area of research,
although partial progress towards a theoretical foundation exists [18].

3 Sources of Code and Data

One important aspect of designing algorithms for ASR is experimentation. To
be accepted, new algorithms must be compared to a set of standard bench-
marks. Here we give a limited set of pointers to find code and data for proper
assessments; we refer the reader to the full paper [3] for additional sources.

Commercially available speech recognition products are typically designed for
use by applications developers rather than researchers. One product, though,
called HTK, provides a more low-level toolkit for experimenting with speech
recognition algorithms in addition to an application-building interface. It is avail-
able from Entropic Research Lab, Inc., at http://www.entropic.com/htk/.

To obtain the finite-state toolkit developed by Pereira et al. [14] one can send
mail to fsm@research.att.com.

A large variety of speech and text corpora is available from the Linguistic
Data Consortium (http://www.ldc.upenn.edu/). This service is not free, al-
though membership in LDC reduces the cost per item. The following are some
of the commonly used speech corpora available.

TIMIT Acoustic-Phonetic Continuous Speech Corpora.
RM Resource Management Corpora.
ATIS Air Travel Information System.
CSR Continuous Speech Recognition.
SWITCHBOARD Switchboard Corpus of Recorded Telephone Conversations.

For the multilingual experimenter, there is the Oxford Acoustic Phonetic
Database on CDROM [16]. It is a set of two CDs that contain digitized recordings
of isolated lexical items plus isolated monophthongs from each of the following
eight languages/dialects: American English, British English, French, German,
Hungarian, Italian, Japanese, and Spanish.
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Abstract. Given an input sequence of data, a “rigid” pattern is a re-
peating sequence, possibly interspersed with “dont care” characters. In
practice, the patterns or motifs of interest are the ones that also allow
a variable number of gaps (or “dont care” characters): we call these the
flexible motifs. The number of rigid motifs could potentially be exponen-
tial in the size of the input sequence and in the case where the input is
a sequence of real numbers, there could be uncountably infinite number
of motifs (assuming two real numbers are equal if they are within some
δ > 0 of each other). It has been shown earlier that by suitably defin-
ing the notion of maximality and redundancy, there exists only a linear
(or no more than 3n) number of irredundant motifs and a polynomial
time algorithm to detect these irredundant motifs. Here we present a
uniform framework that encompasses both rigid and flexible motifs with
generalizations to sequence of sets and real numbers and show a some-
what surprising result that the number of irredundant flexible motifs still
have a linear bound. However, the algorithm to detect them has a higher
complexity than that of the rigid motifs.

1 Introduction

Given an input sequence of data, a “rigid” pattern is a repeating sequence,
possibly interspersed with “dont care” characters. For example given a string
s = abcdaXcdabbcd, m = a.cd is a pattern that occurs twice in the data at
positions 1 and 5 in s. The data could be a sequence of characters or sets of
characters or even real values. In practice, the patterns or motifs of interest are
the ones that also allow a variable number of gaps (or “dont care” characters): we
call these the flexible motifs. In the above example, the flexible motif would occur
three times at positions 1, 5 and 9. At position 9 the dot character represents two
gaps instead of one. Flexible pattern is an extension of the generalized regular
pattern described in [BJEG98] in the sense that the input here could also be a
sequence of real numbers.

Pattern discovery in biomolecular data has been often closely intertwined
with the problem of alignment of sequences [ZZ96], [Alt89], [CL88], [HTHI95],
[HS88], [MSZM97], [Wat94], [LSB+93], [MVF96] sequences [Roy92], [JCH95],
[NG94], [SV96], [WCM+96], [SNJ95], [BG98], [FRP+99], [GYW+97], [RFO+99],
[RGFp99]. The reader may refer to [RFP+00] for a history in this regard: the

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 33–45, 2002.
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paper traces the interesting journey from inception to the current research in pat-
tern discovery 1. [BJEG98] surveys approaches to the pattern discovery problem
in biological applications and presents a systematic formal framework that en-
ables an easy comparison of the power of the various algorithms/software system
available: the focus is on the different algorithms and the class of patterns being
handled. There also has been work in literature that deals primarily with pattern
discovery [DT93,WCM+94,RF98,Cal00]. A very closely related class of prob-
lems is that of data mining and rule discovery [AS95,AMS+95,Bay92,DGM97].
However, in this paper we intend take a different route to understanding pattern
discovery in the context of any application: be it in biomolecular data, market
survey data, English usage, system log data etcetera. The reader should bear in
mind that the definition of patterns/motifs emerge from the actual usage and
the contexts in which they are used.

The task of discovering patterns must be clearly distinguished from that of
matching a given pattern in a database. In the latter situation we know what we
are looking for, while in the former we do not know what is being sought. Hence
a pattern discovery algorithm must report all patterns. The total number of rigid
motifs could potentially be exponential in the size of the input sequence and in
the case where the input is a sequence of real numbers, there could be uncount-
ably infinite number of motifs (assuming two real numbers are equal if they are
within some δ > 0 of each other). It has been shown earlier [Par99,PRF+00] that
by suitably defining the notion of maximality and redundancy, there exists only
a linear (or no more than 3n) number of irredundant motifs. This is meaningful
also from an algorithmic viewpoint, since a polynomial time algorithm has been
presented to detect these irredundant motifs. This family of irredundant motifs
is also very characteristic of the family of all the motifs: in applications such
as multiple sequence alignment, it has been shown that the irredundant motifs
suffice to obtain the alignment [PFR99a,PFR99b]. This bound on the number of
useful motifs gives validation to motif-based approaches, since the total number
of irredundant motifs does not explode. This result is of significance to most
applications that use pattern discovery as the basic engine such as data mining,
clustering and matching.

Flexible motifs obviously capture more information than rigid motifs and
have been found to be very useful in different applications [BJEG98]. Here we
use a uniform framework that encompasses both rigid and flexible motifs. We
give some very natural definitions of maximality and redundancy for the flexible
motifs and show a somewhat surprising result that the number of irredundant
flexible motifs is still bounded by 3n. However, the algorithm to detect them has
a higher complexity than that of the rigid motifs.

In most of the previous work mentioned above, the discovery process is closely
tied with the applications. Here we separate the two: this is a useful viewpoint
since it allows for a better understanding of the problem and helps capture the
commonality in the different applications. In almost all applications, the size of

1 The reader may also visit http://www.research.ibm.com/bioinformatics for some
current work in this area.

http://www.research.ibm.com/bioinformatics
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the data is very large which justifies the task of automatic or unaided pattern
discovery. Since it is very hard to verify if all the patterns have been discovered,
it becomes all the more important to assure that all patterns (depending on the
definition) have been found. As the definition of a pattern becomes relaxed, the
total number of candidate patterns increases substantially. For instance, the total
number of rigid patterns with no “dont care” characters can be no more than n
on an input of size n. However, if “dont care” characters are allowed the number
of motifs is exponential in n. The next task, which is application specific, is to
prune this large set of patterns by a certain boolean criterion C. Usually C is based
on a real valued function say C ′ and C = TRUE if and only if C ′ ≥ t, for some
threshold t.If C(m) = TRUE, motif m is of interest and if C(m) = FALSE, m
need not be reported. C is a measure of significance depending on the application.
There are at least two issues that need to be recognized here: one is a lack of
proper understanding (or a consensus amongst researchers) of the domain to
define appropriate C and the other is that even if C is overwhelmingly acceptable,
the guarantee that all patterns m with C(m) = TRUE have been detected is
seldom provided. The former issue is a debate that is harder to resolve and the
latter exists because of the inherent difficulty of the models (function C).

In our study of the problem in the following paragraphs, we will assume
that to apply C, we have all the patterns at our disposal. We will focus on the
task of trying to obtain the patterns in a modelless manner. However, C may be
applied in conjunction with our algorithm to obtain only those m’s that satisfy
C(m) = TRUE.

In the rest of the paper the terms pattern and motif will be used interchange-
ably.

2 Basics

Let s be a sequence on an alphabet Σ, ‘.’ �∈ Σ. A character from Σ, say σ, is
called a solid character and ‘.’ is called a “dont care” character. For brevity of
notation, if x is a sequence, then |x| denotes the length of the sequence and if x is
a set of elements then |x| denotes the cardinality of the set. The jth (1 ≤ j ≤ |s|)
character of the sequence is given by s[j].

Definition 1. (σ1 ≺, =,� σ2) If σ1 is a “dont care” character then σ1 ≺ σ2. If
both σ1 and σ2 are identical characters in Σ, then σ1 = σ2. If either σ1 ≺ σ2 or
σ1 = σ2 holds, then σ1 � σ2.

Definition 2. (Annotated Dot Character, .x) An annotated “.” character is
written as .x where x is a set of positive integers {x1, x2, . . . , xk} or an interval
x = [xl, xu], representing all integers between xl and xu including xl and xu.

To avoid clutter, the annotation superscript x, in the rest of the paper, will be
an integer interval.
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Definition 3. (Realization) Let p be a string on Σ and annotated dot charac-
ters. If p′ is a string obtained from p by replacing each annotated dot character
.x by l dot characters where l ∈ x, p′ is a realization of p.

For example, if p = a.[3,6]b.[2,4]cde, then p′ = a...b...cde is a realization of p and
so is p′′ = a...b.....cde.

Definition 4. (p Occurs at l) A string, p, on Σ ∪ {.}, occurs at position l on
s if p[j] � s[l + j] holds for 1 ≤ j ≤ |p|. A string, p, on Σ and annotated dot
characters, occurs at position l in s if there exists a realization p′ of p that occurs
at l.

If p is flexible then p could possibly occur multiple times at a location on a
string s. For example, if s = axbcbc, then p = a.[1,3]b occurs twice at position 1
as axbcbc and axbcbc. Let #l denote the number of occurrences at location l.
In this example #l = 2.

Definition 5. (Motif m, Location List Lm) Given a string s on alphabet Σ and
a positive integer k, k ≤ |s|, a string m on Σ and annotated dot characters is a
k-motif with location list Lm = (l1, l2, . . . , lp), if m[1], m[|m|] ∈ Σ2 and m occurs
at each l ∈ Lm with p ≥ k.

If m is a string on Σ ∪ {.}, m is called a rigid motif, and if m is a string on Σ
and annotated dot characters, where at least one annotation x in m represents
more than one integer, then m is called a flexible motif.

Definition 6. (m1 � m2) Given two motifs m1 and m2 with |m1| ≤ |m2|,
m1 � m2 holds if for every realization m′

1 of m1 there exists a realization m′
2

such that m′
1[j] � m′

2[j], 1 ≤ j ≤ |m1|.
For example, let m1 = AB..E, m2 = AK..E and m3 = ABC.E.G. Then m1 �
m3, and m2 �� m3. The following lemmas are straightforward to verify.

Lemma 1. If m1 � m2, then Lm1 ⊇ Lm2 . If m1 � m2 and m2 � m3, then
m1 � m3.

Definition 7. (Sub-motifs of Motif m, S [j1,j2](m)) Given a motif m let m[j1],
m[j2], . . . m[jl] be the l solid characters in the motif m. Then the sub-motifs of
m are given as S [ji,jk](m), 1 ≤ i < k ≤ l, which is obtained by dropping all the
characters before (to the left of) ji and all characters after (to the right of) jk

in m.

Definition 8. (Maximal Motif) Let p1, p2, . . ., pk be the motifs in a sequence
s. Define pi[j] to be ‘.’, if j > |pi|. A motif pi is maximal in composition if and
only if there exists no pl, l �= i with Lpi = Lpj and pi � pl. A motif pi, maximal
in composition, is also maximal in length if and only if there exists no motif pj,
j �= i, such that pi is is a sub-motif of pj and |Lmi | = |Lmj |. A maximal motif
is maximal both in composition and in length.
2 The first and last characters of the motif are solid characters; if “dont care” charac-

ters are allowed at the ends, the motifs can be made arbitrarily long in size without
conveying any extra information.
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Bounding the Total Number of Multiple Occurrences. The maximum number
of occurrences at a position is clearly bounded by n, thus the total number
of occurrences in the location list is bounded by n2. Is this bound actually
attained? The following is an example to show that such a bound is achieved.
Let s be the input string that has n/2 a’s followed by n/2 b’s. Consider the motif
m = a.[n/2−1,n−1]b. At positions 1 to n/2, m occurs n/2 times in each. Thus the
total number of occurrences is clearly Ω(n2).

Can Density Constraint Reduce the Number of Motifs? Density could be speci-
fied by insisting that every realization of the motif has no more than d consec-
utive “dont care” characters. Is it possible to have a much smaller set of motifs
under this definition (where d is a small constant). We show with the following
example that the density constraint does not affect the worst case situations.
Let the input string s have the following form:

ac1c2c3baXc2c3bY ac1Xc3bY Y ac1c2Xb

Then the maximal motifs (which are 2Ω(
√

n) in number) are a...b, a..c3b, a.c2.b,
ac1..b, a.c2c3b, ac1.c3b, ac1c2.b. Let d = 1. Consider the input string in the last
example. We construct a new motif by placing a new character Z between every
two characters as follows:

aZc1Zc2Zc3ZbaZXZc2Zc3ZbY aZc1ZXZc3ZbY Y aZc1Zc2ZXZb

The length of the string just doubles, at most whereas the number of maximal
motifs, that have no more than one consecutive dot character is at least as many
as it was before.

See [Par98,Par99,PRF+00] for the motivation and a general description of
the notion of redundancy. A formal definition is given below.

Definition 9. (Redundant, Irredundant Motif) A maximal motif m, with loca-
tion list Lm, is redundant if there exist maximal motifs mi, 1 ≤ i ≤ p, p ≥ 1,
such that Lm = Lm1 ∪ Lm2 . . . ∪ Lmp A maximal motif that is not redundant is
called an irredundant motif.

Notice that for a rigid motif p > 1 (p in the Definition 9) since each location list
corresponds to a unique motif whereas for a flexible motif p could have a value
1. For example, let s = axfygbapgrfb. Then m1 = a.[1,3]fb, m2 = a.[1,3]gb,
m3 = a....b with Lm1 = Lm2 = Lm3 = {1, 7}. But m3 is redundant since
m3 � m1, m2. Also m1 �� m2 and m2 �� m1, hence both are irredundant.

Generating Operations. The redundant motifs need to be generated from the
irredundant ones, if required. We define the following generating operations. Let
m, m1 and m2 be motifs.

Prefix operator, P δ(m), 1 < δ < |m|: This is a valid operation when δ is an
integer and m[δ] is a solid character, since all the operations are closed under
motifs. P δ(m) is the string given by m[1 . . . δ]. For example, if m = AB..CDE,
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then P 3(m) is not a valid operation since m[3] is a dot-character. Also, P 5(m) =
AB..C.

Binary AND operator, m1

⊕
m2: m = m1

⊕
m2, where m is such that m �

m1, m2 and there exists no m′ with m � m′. For example if m1 = A.D.[2,4]G
and m2 = AB.[1,5]FG. Then, m = m1

⊕
m2 = A...[2,4]G.

Binary OR operator, m1

⊗
m2: m = m1

⊗
m2, where m is such that m1, m2

� m and there exists no m′ with m′ � m. For example if m1 = A..D..G and
m2 = AB...FG. Then, m = m1

⊗
m2 = AB.D.FG.

3 Bounding the Irredundant Flexible Motifs

Definition 10. (Basis) Given a sequence s on an alphabet Σ, let M be the set
of all maximal motifs on s. A set of maximal motifs B is called a basis of M iff
the following hold: for each m ∈ B, m is irredundant with respect to B − {m},
and, let G(X ) be the set of all the redundant maximal motifs generated by the
set of motifs X , then M = G(B).

In general, |M| = Ω(2n). The natural attempt now is to obtain as small a
basis as possible.

Theorem 1. Let s be a string with n = |s| and let B be a basis or a set of
irredundant motifs. Then |B| ≤ 3n.

Proof. A proof for the special case when all the motifs are rigid, i.e., defined
on Σ ∪ {.} appeared in [Par99,PRF+00]. The framework has been extended to
incorporate the flexible motifs. Consider B∗ (B ⊆ B∗) where the motifs in B∗ are
not maximal and redundant. Every position, x ∈ Lm1 ,Lm2 , . . . ,Lml

, is assigned
ON/OFF with respect to m as follows: If mi, 1 ≤ i ≤ l, is such that there exists
no j �= i, 1 ≤ j ≤ l so that mi � mj holds, then x is marked ON, otherwise it
is marked OFF w.r.t. mi. Further if Lm1 = Lm2 = . . . = Lml

, then the position
is marked ON w.r.t. each of mi, 1 ≤ i ≤ l. We make the following claims due to
this ON/OFF marking:

Claim. At the end of this step, every motif m that is not redundant, has at least
one location x ∈ Lm marked ON w.r.t. m.

Proof. This follows directly from the definition of redundancy. Also a redundant
motif m may not have any position marked ON w.r.t m. 


Definition 11. (La Straddles Lb) A set La straddles a set Lb if La ∩ Lb �= φ,
La − Lb �= φ and Lb − La �= φ.

Notice that if La straddles Lb, then Lb straddles La.

Claim. If location x is marked ON w.r.t. motifs m1, m2, . . . , ml, where no two
location lists are identical, then every pair of location lists Lmi ,Lmj , i �= j must
straddle.
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Proof. Assume this does not hold, then Lmi ⊆ Lmj , for some i and j. In that
case the location x is marked OFF w.r.t. mj which is a contradiction. 


For each motif m, define c(m) to be the charge which is a positive integer.
This is initialized to 1 for every motif. In the counting process, when there is
difficulty in accounting for a motif m, a charge or count for m is assigned at
some other other motif m′ : thus m′ would account for itself and all the other
motifs whose charge it is carrying (thus m′ is the banker, as defined in the
next step, for all these other motifs). For each motif m, define B(m) to be the
banker of m, which is a motif m′ that is carrying the charge for m. For each m,
initialize B(m) = m. Every motif is marked LIVE/DEAD. At the initialization
step every motif that is not redundant (see Claim 3) is marked LIVE. If there
exists a position x that is marked ON w.r.t only one LIVE motif m, m is marked
DEAD. Repeat this process until no more motifs can be marked DEAD.

In some sense, every DEAD motif at this stage is such that there is a unique
position (x of last paragraph), that can be uniquely assigned to it. The number
of DEAD motifs ≤ n.

We begin by introducing some more definitions.

Definition 12. (Instance) An instance of a realization of a motif m is the motif
at some location x ∈ Lm on the input string s.

For example, let s = abccdabed and let m = ab.[1,2]d. Then one instance of m on
s, shown in bold, is abccdabed and the other instance is abccdabed. The solid
characters in the instances of m, shown with a bar, are as follows: abccdabed in
the first and abcdabed in the second.

Definition 13. (i-Connected) An instance of a realization of a motif m1 is i-
connected to an instance of a realization of a motif m2 if the two instances have
at least i common solid characters.

Let m̄x
a be an instance of ma where x ∈ Lma . To avoid clutter we refer to an

instance of motif ma simply as m̄a.

Lemma 2. Consider an instance each of a set of motifs m1, m2, . . . , ml such
that for that instance of the realization of mi, the starting position x ∈ Lmi is
marked ON w.r.t mi, 1 ≤ i ≤ l, and, for every motif mi there exists a realization
of motif mj, j �= i, 1 ≤ i, j ≤ l, such that the two instances are 2-connected,
then there exist distinct positions j1, j2, . . . , jl on the input string s, with the
corresponding positions, j′1, j

′
2, . . . , j

′
l such that m1[j′1], m2[j′2], . . ., ml[j′l ] are

solid characters.

Proof. Assume this does not hold, then there exists instances of realizations
of motifs mja , mjb

, as m′
ja

, m′
jb

respectively 1 ≤ ja, jb ≤ l with m′
jb
� m′

ja
.

Consider m′′
ja

, a realization of the sub-motif of m′
ja

which starts at the starting
position on mjb

and ends at the ending position of mjb
. If the position w.r.t. m′′

ja

is ON, it is a contradiction since then the position at which mjb
is incident must

be marked OFF. However, if the position w.r.t. m′′
ja

is OFF, then there exists
an instance of a realization of mjc , m′

jc
such that m′′

ja
� m′

jc
But m′

jb
� m′

jc

and both are ON, which is again a contradiction. 
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Next, we define an operational connectedness on ON-marked instances of
LIVE motifs ma and mb, called the o-connectedness which holds if m̄a is 2-
connected to m̄b, or. there exists m̄c, where the instance is ON-marked w.r.t
LIVE motif mc, and m̄a is o-connected to m̄c and m̄c is o-connected to m̄b.

Lemma 3. o-connectedness is an equivalence relation.

Proof. It can be easily verified that o-connectedness is reflexive, symmetric and
transitive. Thus all the ON-marked instances of the LIVE motifs can be parti-
tioned into equivalence classes. . 


Claim. Using Lemmas 2 and 3, every instance of a realization of a LIVE mo-
tif ma has a solid character at position ja associated with it. Let D(m̄a) =
S[ja,|ma|](ma).

Charging Scheme. We next describe a charging (or counting) scheme by which
we count the number of motifs. This is best described as an iterative process as
follows.

While there exists position x on s such that x is marked ON w.r.t LIVE
motifs m1, m2, . . . , ml, l > 1, do the following for 1 ≤ i ≤ l:
1. Let B(mi) = D(m̄i) (see Step 1.3 and Claim 3).
2. c(B(mi)) = c(B(mi)) + c(mi) (see Step 1.2).
3. Mark mi DEAD (see Step 1.4) 3.

Claim. The loop terminates.

Proof. At every iteration at least two distinct LIVE motifs are marked DEAD,
hence the loop must terminate. 


Claim. At the end of the loop, all the LIVE motifs are such that for every pair
mi, mj: Lmi and Lmj do not straddle and mj �� mi, without loss of generality.

Proof. The first condition holds obviously since otherwise the loop would not
terminate since x ∈ Lmi ∩ Lmj would be marked ON w.r.t mi and mj. The
second condition also hold obviously since if mj �� mi, then motif mi is marked
DEAD (Step 1). 


Next, we need to show that the charge c(m) carried by every LIVE mo-
tif m at the end of the loop, can be accounted for by Lm. In this context we
make the following observation about the charge: the iterative assignment of
charges to a motif has a tree structure. This is best described using an ex-
ample: see Figure 1. Each level of the tree corresponds to an iteration in the
loop. For instance, the top level in the left tree denotes that at iteration 1,
B(a.bxyc..ab) = B(xyxyc..ab) = B(c...dxyc..ab) = xyc..ab and c(xyc..ab) =
1 + c(a.bxyc..ab) + c(xyxyc..ab) + c(c...dxyc..ab). At the end of this iteration
motifs a.bxyc..ab, xyxyc..ab and c...dxyc..ab are marked DEAD. At the second
iteration, B(xyc..ab) = yc..ab and c(yc..ab) = 1 + c(xyc..ab) and motif xyc..ab is
marked DEAD and so on.
3 The only exception is made when B(mi) = mi. In this case mi remains LIVE.
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Claim. Let L denote the number of leaf nodes (nodes with no incoming edges)
in the charge tree of motif m at the end of the while loop, then |Lm| ≥ L.

Proof. Such a claim holds since we know that by our choice of B(.), if B(m1) =
B(m2) = . . . = B(ml) = m′ then by Lemma 2 m′ must have l distinct in-
stances, each instance in a distinct equivalent class of realization of motif in-
stances (Lemma 3). However, the instance of m′ may not be distinct from each
of these instances; hence the non-leaf nodes may not be accounted for but the
leaf nodes are. Hence |Lm| ≥ L. 


At an iteration if a motif m is charged by more than one motif (or in the
charge tree, the node has more than one incident edge), m is certainly maximal.
However if it is charged by exactly one motif then it may or may not be maximal;
if it is maximal, it must have an extra instance. We use the following folk-lore
lemma to bound the size of I, the number of non-leaf nodes in the charge-tree.

Lemma 4. Given a tree T , where each node, except the leaf nodes, must have at
least two children, the number of non-leaf nodes, I is no more than the number
of leaf nodes L.

We are not interested in counting non-maximal motifs and these are the only
motifs that contribute to a single child for a node in a tree. Thus the number of
maximal motifs that were marked LIVE at the start of Step 2 is no more than
2n, using Claim 3 and Lemma 4.

a.bxyc..ab c...dxyc..ab

zabc..abyc..ab

c..ab ycab

ab

xyc..ab

xyxyc..ab

c() = 4

c() = 5

c() = 7

c() = 9

c() = 1

c() = 1

c() = 1

c() = 1

c() = 1

xyxyc..ab

xyc..ab

yc..ab

c..ab

ab

c() = 1

c() = 2

c() = 3

c() = 4

c() = 5

Fig. 1. Two examples showing the different steps in the assignment of charge to motif
ab: Every level of the tree corresponds to an iteration in the while loop. The dashed edge
indicates that the motif at the “to” end of the edge could possibly be non-maximal.
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Using Step 1.4, we have number of maximal and non-redundant motifs ≤
(n + 2n). This concludes the proof of the theorem. ∆

Corollary 1. Given a string s, the basis B is unique.

Assume the contrary that there exists two distinct bases, B and B′. Without
loss of generality, let m ∈ B and m �∈ B′. Then Lm = Lm1 ∪ Lm2 ∪ . . . ∪ Lmp∪,
mi ∈ B′, 1 ≤ i ≤ p. Now, Lmi =

∑pi

j=1 Lmi
j

and mi
j ∈ B. Hence m �∈ B, which is

a contradiction. ∆

Corollary 2. Given a string s, let M be the set of all motifs. Let M′ ⊆ M
be an arbitrary set of maximal motifs. Then the basis B′ of M′ is such that
|B′| < 3n.

This follows immediately since the proof of the theorem does not use the fact
that M is the set of all motifs of s. It simply works on the location lists (sets)
of this special set of maximal motifs. ∆

Algorithm to Detect the Irredundant Motifs. The algorithm is exactly along
the lines of the one presented in [Par99,PRF+00] for the rigid motifs with the
following exceptions. At the very first step all the rigid motifs with exactly
two solid characters are constructed. The rigid motifs are consolidated to form
flexible motifs. For example, motifs a.b, a..b, a...b are consolidated to form a.[1,3]b.
Also La.[1,3]b is set to La.b ∪ La..b ∪ La...b. Also, each location is annotated for
multiple occurrences, ie. all the distinct end locations of the realization of the
motifs are stored at that location. For example if x ∈ La.b,La..b, then x is
annotated to note that the motif occurs twice at that location ending in two
different positions. When a pair of motifs are considered for concatenation, these
multiple occurrences are taken into account.

Lemma 5. The algorithm takes O(n5 log n) time.

Proof. At each iteration there are only O(n) motifs after the pruning. Due to
the multiple occurrences, there are O(n4) comparisons made at each iteration.
Since the location list can be no more that n each with at most n occurrences,
the amount of work done is O(n5I), where I is the number of iterations. But
I = logL where L is the maximum number of solid characters in a motif, since
the motif grows by concatenating two smaller motifs. But L < n, hence the
result. ∆

Generalizations to Sets of Characters and Real Numbers. All of the discus-
sion above can be easily generalized to dealing with input on sets of charac-
ter and even real numbers. In the latter case, two real numbers r1 and r2 are
deemed equal if for a specified δ, |r1 − r2| < δ. Due to space constraints, we do
not elaborate on this further, the details of handling rigid patterns appear in
[Par99,PRF+00].
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4 Conclusions

We have presented a uniform framework to study the problem of pattern dis-
covery. We have separated the application from the task of discovering patterns
in order to better understand the space of all patterns on a given string. The
framework treats uniformly rigid and flexible motifs including strings of sets of
characters and even real numbers. Through appropriate definitions of maximal-
ity and irredundancy we show that there exist a small set of crucial motifs called
the basis. Since a polynomial time algorithm has been presented to detect the ba-
sis, this has algorithmic implications as well. It is possible that this basis would
be critical in designing efficient algorithms to detect all or significant motifs
depending on the application.
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Abstract. Ambiguity in dynamic programming arises from two inde-
pendent sources, the non-uniqueness of optimal solutions and the partic-
ular recursion scheme by which the search space is evaluated. Ambiguity,
unless explicitly considered, leads to unnecessarily complicated, inflex-
ible, and sometimes even incorrect dynamic programming algorithms.
Building upon the recently developed algebraic approach to dynamic
programming, we formalize the notions of ambiguity and canonicity. We
argue that the use of canonical yield grammars leads to transparent and
versatile dynamic programming algorithms. They provide a master copy
of recurrences, that can solve all DP problems in a well-defined domain.
We demonstrate the advantages of such a systematic approach using
problems from the areas of RNA folding and pairwise sequence compar-
ison.

1 Motivation and Overview

1.1 Ambiguity Issues in Dynamic Programming

Dynamic Programming (DP) solves combinatorial optimization problems. It is
a classical programming technique throughout computer science [3], and plays
a dominant role in computational biology [4, 10]. A typical DP problem spawns
a search space of potential solutions in a recursive fashion, from which the final
answer is selected according to some criterion of optimality. If an optimal solution
can be derived recursively from optimal solutions of subproblems [1], DP can
evaluate a search space of exponential size in polynomial time and space.

Sources of Ambiguity. By ambiguity in dynamic programming we refer to the
following facts which complicate the understanding and use of DP algorithms:

– Co-optimal and near-optimal solutions: It is well known that the “optimal”
solution found by a DP algorithm normally is not unique, and there may be
relevant near-optimal solutions. A single, “optimal” answer is often unsat-
isfactory. Considerable work has been devoted to this problem, producing
algorithms providing near-optimal [15, 17] and parametric [11] solutions.

– Duplicate solutions: While there is a general technique to enumerate all
solutions to a DP problem (possibly up to some threshold value) [21, 22],
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such enumeration is hampered by the fact that the algorithm may produce
the same solution several times – and in fact, this may lead to combinatorial
explosion of redundancy. Heuristic enumeration techniques, and post-facto
filtering as a safeguard against duplicate answers are employed e.g. in [23].

– (Non-)canonical solutions: Often, the search space exhibits additional redun-
dancy in terms of solutions that are represented differently, but are equiva-
lent from a more semantic point of view. Canonization is important in eval-
uating statistical significance [14], and also in reducing redundancy among
near-optimal solutions.

Ambiguity Examples. Strings aaaccttaa and aaaggttaa are aligned below.
Alignments (1) and (2) are equivalent under most scoring schemes, while (3)
may even be considered a mal-formed alignment, as it shows two deletions sep-
arated by an insertion.

aaacc--ttaa aaa--ccttaa aaac--cttaa

aaa--ggttaa aaagg--ttaa aaa-gg-ttaa
(1) (2) (3)

In the RNA folding domain, each DP algorithm seems to be a one-trick pony.
Different recurrences have been developed for counting or estimating the num-
ber of various classes of feasible structures of a sequence of given length [12],
for structure enumeration [22], energy minimization [25], and base pair maxi-
mization [19]. Again, enumerating co-optimal answers will produce duplicates in
the latter two cases. In [4](p. 272) a probabilistic scoring scheme is suggested
to find the most likely RNA secondary structure – this is a valid idea, but will
work correctly only if the underlying recursion scheme considers each feasible
structure exactly once.

Our Main Contributions. The recently developed technique of algebraic dynamic
programming (ADP), summarized in Section 2, uses yield grammars and eval-
uation algebras to specify DP algorithms on a rather high level of abstraction.
DP algorithms formulated this way can have all the ambiguity problems illus-
trated above. However, the ADP framework also helps to analyse and avoid these
problems.

1. In this article, we devise a formal framework to explain and reason about
ambiguity in its various forms.

2. Introducing canonical yield grammars, we show how to construct a “master
copy” of a DP algorithm for a given problem class. This single set of recur-
rences can correctly and efficiently perform all analyses in this problem class,
including optimization, complete enumeration, sampling and statistics.

3. Re-use of the master recurrences for manifold analyses provides a major
advantage from a software-engineering point of view, as it enhances not only
programming economy, but also program reliability.
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2 A Short Review of Algebraic Dynamic Programming

ADP introduces a conceptual splitting of a DP algorithm into a recognition
and an evaluation phase. A yield grammar is used to specify the recognition
phase (i. e. the search space of the optimization problem). A particular parsing
technique turns the grammar directly into an efficient dynamic programming
scheme. The evaluation phase is specified by an evaluation algebra, and each
grammar can be combined with a variety of algebras to solve different problems
over the same data domain, for which heretofore DP recurrences had to be
developed independently.

2.1 Basic Notions

Let A be an alphabet. A∗ denotes the set of finite strings over A, and ++ denotes
string concatenation. Throughout this article, x, y ∈ A∗ denote input strings to
various problems, and |x| = n. A subword is indicated by its boundaries – x(i,j)

denotes xi+1...xj.
An algebra is a set of values and a family of functions over this set. We shall

allow that these functions take additional arguments from A∗. An algebraic data
type T is a type name and a family of typed function symbols, also called oper-
ators. It introduces a language of (well-typed) formulas, called the term algebra.
An algebra that provides a function for each operator in T is a T -algebra. The
interpretation tI of a term t in a T -algebra I is obtained by substituting the
corresponding function of the algebra for each operator. Thus, tI evaluates to a
value in the base set of I.

Terms as syntactic objects can be equivalently seen as trees, where each
operator is a node, which has its subterms as subtrees. Tree grammars over T
describe specific subsets of the term algebra. A regular tree grammar over T [2, 7]
has a set of nonterminal symbols, a designated axiom symbol, and productions
of the form X → t where X is a nonterminal symbol, and t is a tree pattern,
i.e. a tree over T which may have nonterminals in leaf positions.

2.2 ADP – The Declarative Level

structure
Simple hairpin
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u g
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In the sequel, we assume that T is some fixed data
type, and A a fixed alphabet. As a running exam-
ple, let A = {a, c, g, u}, representing the four
bases in RNA, and let T consist of the operators sr,
hl, bl, br, il, representing structural elements in
RNA: stacking regions, hairpin loops, bulges on the
left and right side, and internal loops. Feasible base
pairs are a - u, g - c, g - u. The little hairpin
denoted by the term

Hairpin in

representation
term

sr

c

aaa

gugu

g

c

hl

a u

sr

bl

g

s = sr ’c’ (sr ’c’ (bl "aaa" (hl ’a’ "gugu" ’u’)) ’g’) ’g’

is one of many possible 2D structures of the RNA sequence ccaaaaguguugg.
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Definition 1 (Evaluation Algebra). An evaluation algebra is a T -algebra
augmented by a choice function h. If l is a list of values of the algebra’s value set,
then h(l) is a sublist thereof. We require h to be polynomial in |l|. Furthermore,
h is called reductive if |h(l)| is bounded by a constant.

The choice function is a standard part of our evaluation algebras because
we shall deal with optimization problems. Typically, h will be minimization or
maximization, but, as we shall see, it may also be used for counting, estimation,
or some other kind of synopsis. Non-reductive choice functions are used e.g. for
complete enumeration. The hairpin s evaluates to 3 in the basepair algebra, and
(naturally) to 1 in the counting algebra:
basepair_alg = (sr,hl,bl,br,il,h) counting_alg = (sr,hl,bl,br,il,h)

where sr _ x _ = x+1 where sr _ x _ = x

hl _ x _ = 1 hl _ x _ = 1

bl _ x = x bl _ x = x

br x _ = x br x _ = x

il _ x _ = x il _ x _ = x

h = maximum h = sum

Definition 2 (Yield Grammar). A yield grammar (G, y) is given by

– an underlying algebraic datatype T , and alphabet A,
– a homomorphism y : T → A∗ called the yield function,
– a regular tree grammar G over T .

L(G) denotes the tree language derived from the axiom, and Y(G) := {y(t)| t ∈
L(G)} is the yield language of G.
The homomorphism condition means that y(Cx1...xn) = y(x1)++...++y(xn) for
any operator C of T . For the hairpin s, we have y(s) = ccaaaaguguugg. By
virtue of the homomorphism property, we may apply the yield function to the
righthand sides of the productions in the tree grammar. In this way, we obtain
a context free grammar y(G) such that Y(G) = L(y(G)).
Definition 3 (Yield Parsing). The yield parsing problem of (G, y) is to com-
pute for a given s ∈ A∗ the set of all t ∈ T such that

y(t) = s.

Definition 4 (Algebraic Dynamic Programming). Let I be a T -algebra
with a reductive choice function hI. Algebraic Dynamic Programming is com-
puting for given s ∈ A∗ the set of solutions

hI{tI | y(t) = s} in polynomial time and space.

This definition precisely describes a class of DP problems over sequences. All
biosequence analysis problems we have studied so far fall under the ADP frame-
work. Outside the realm of sequences, DP is also done over trees, dags, and
graphs. It is open whether the concept of a yield grammar can be generalized
to accommodate these domains. A detailed discussion of the scope of ADP is
beyond the space limits of this short review.
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2.3 ADP – The Notation

Once a problem has been specified by a yield grammar and an evaluation algebra,
the ADP approach provides a systematic transition to an efficient DP algorithm
that solves the problem. To achieve this, we introduce a notation for yield gram-
mars that is both human readable and — executable! In ADP notation, yield
grammars are written in the form

hairpin = axiom struct where

struct = open ||| closed

open = bl <<< region ~~~ closed |||

br <<< closed ~~~ region |||

il <<< region ~~~ closed ~~~ region

The grammar hairpin has axiom struct and further nonterminal symbols
open, closed. base denotes an arbitrary base, and region a nonempty se-
quence of bases from the RNA alphabet. The grammar notation is refined further
by allowing predicates and the choice function to be associated with nontermi-
nals symbols and productions:

closed =

((hl <<< base ~~~ (region ‘with‘ minsize 3) ~~~ base |||

sr <<< base ~~~ (closed ||| open) ~~~ base) ‘with‘ basepair) ... h

This production uses two predicates: minsize k requires a yield of minimal
length k, and basepair applies to both alternatives, requiring that the bounding
bases of either closed structure form a feasible base pair. The choice function
h is attached via the ...-combinator, indicating that from several alternative
closed structures, a selection according to h is imposed.

In the syntactic view of yield grammars, we interpret the operators hl,
sr,... in the term algebra. They merely construct terms or trees represent-
ing hairpins. In this view, the choice function h has little use and should be
assumed to be the identity function. However, in a more semantic view, we see
hl, sr,... as functions of some evaluation algebra. Then, the “trees” gener-
ated by the grammar are actually formulas that can be evaluated. In this view,
the grammar is a mechanism to generate a set of values, and it makes sense to
apply the algebra’s choice function to select (say) a maximal one.

2.4 ADP – The Implementation Level

We now solve the yield parsing problem. A nondeterministic, top-down parser
for a context-free grammar is easily obtained by the combinator technique of
[13]. This idea is adapted to yield grammars. A yield parser pN for nonterminal
N takes a subword (i, j) of x as its argument and returns the set pN(i, j) =
{t|y(t) = x(i,j)}. Technically, it returns a list; when the list is empty, we say
that the parser fails. Where the operators of T take strings from A∗ as their
arguments, suitable parsers must be provided.

The grammar itself is turned into a parser by defining the combinators as
higher-order functions which compose complex parsers from simpler ones. For
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the sake of completeness, definitions are given here, but space does not allow
a thorough discussion. We use list comprehension notation borrowed from the
functional programming language Haskell.

(r ||| q) (i,j) = r(i,j) ++ q(i,j)

(f <<< q) (i,j) = [f z | z <- q(i,j)]

(r ~~~ q) (i,j) = [f y | k <- [i+1..j-1], f <- r(i,k), y <- q(k,j)]

(r ... h) (i,j) = h(p(i,j))

axiom q = q(0,n)

(r ‘with‘ w) (i,j) = if w(i,j) then r(i,j) else []

Note that the axiom- and the with-clause are also defined as functions applied
to parsers. With these definitions, a grammar like hairpin is now an executable
yield parser, albeit of miserable efficiency: There may be an exponential number
of parses, and any subparse is constructed many times. This is alleviated by tab-
ulating the parser functions. Let p be a table indexing function and tabulated
be a tabulation function such that

p (tabulated f) (i,j) = f(i,j), or equivalently

p (tabulated f) = f

With this convention, a grammar may be annotated for efficiency, replacing
parsers by tables. Choosing to tabulate the parser for nonterminal closed, gram-
mar hairpin now reads
hairpin = axiom struct where

struct = open ||| p closed

open = bl <<< region ~~~ p closed |||

br <<< p closed ~~~ region |||

il <<< region ~~~ p closed ~~~ region

closed = tabulated (

((hl <<< base ~~~ (region ‘with‘ minsize 3) ~~~ base |||

sr <<< base ~~~ (p closed ||| open) ~~~ base) ‘with‘ basepair) ... h)

Such annotation does not affect the meaning of the grammar, nor that of the
parser. It only affects the parser’s efficiency: The parser now uses dynamic pro-
gramming. In general, the parser consists of a family of recursively defined tables
and functions. Substituting the definitions of the combinators and the functions
of a specific evaluation algebra, the annotated grammar simplifies to a set of
recurrences as we traditionally see it in dynamic programming.

2.5 Two Classical DP Algorithms in ADP Notation

Zuker’s Algorithm for RNA Folding. Zuker and Stiegler [25] gave a DP algorithm
for determining the minimal free energy structure of an RNA molecule under the
nearest neighbour model. The model and the algorithm have been elaborated
considerably since then, but for lack of space, we base our discussion on the
original description. Evers [5] has recently reformulated Zuker’s recurrences as a
yield grammar Gzuker811:
1 This example shows actually executable ADP code, and contains a few refinements

not explained in Section 2. The variants of the ~~~-operator are all equivalent in
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zuker81 algebra inp = axiom struct where

(str,hl,bi,sr,bl,br,il,ol,ox,co,h) = algebra

-- nonterminals v and w are Zuker’s tables V and W.

struct = str <<< p w

v = tabulated (

((hairpin ||| twoedged ||| bifurcation) ‘with‘ basepair) ... h)

hairpin = hl <<< base -~~ (region ‘with‘ minsize 3) ~~- base

bifurcation = bi <<< base -~~ p w ~-~ p w ~~- base ... h

twoedged = stack ||| bulgeleft ||| bulgeright ||| interior ... h

stack = sr <<< base -~~ p v ~~- base

bulgeleft = bl <<< base -~~ region ~-~ p v ~~- base

bulgeright = br <<< base -~~ p v ~-~ region ~~- base

interior = il <<< base -~~ region ~-~ p v ~-~ region ~~- base

w = tabulated ( openleft ||| openright ||| p v ||| connected ... h)

openleft = ol <<< base -~~ p w

openright = ox <<< p w ~~- base

connected = co <<< p w ~-~ p w ... h

This grammar uses two essential nonterminals, v and w; the others are in-
troduced to reflect Zuker’s case analysis. It is quite instructive to reformulate
classical DP algorithms in the uniform ADP framework. Making explicit the
grammar behind the algorithm helps to clarify properties relating to ambiguity
as well as efficiency.

The Needleman–Wunsch Algorithm of 1970. The Needleman-Wunsch algorithm
for pairwise sequence comparison [18] is based on a particularly simple yield
grammar with a single nonterminal symbol alignment, terminals xbase, ybase,
region, empty, and the algebra represented the five operators replace,
delete, insert, nil, h. When sequences x and y are to be aligned, the input
to this parser is x++y−1.
nw_alignment algebra x y = axiom alignment where

(replace, delete, insert, nil, h) = algebra

alignment = tabulated (

replace <<< xbase ~~~ p alignment ~~~ ybase |||

delete <<< region ~~~ p alignment |||

insert <<< p alignment ~~~ region |||

nil ><< empty ... h)

3 Ambiguity and Canonicity

3.1 Formalizing Ambiguity and Canonicity

Remember that a context-free grammar G is ambiguous, if there are different
leftmost derivations for some x ∈ L(G).

the declarative view, but operationally they are special cases with a more efficient
implementation. E.g., ~~- is used when the righthand parser accepts a single base.
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Definition 5 (Yield Grammar Ambiguity). A tree grammar G is ambigu-
ous if there are different leftmost derivations for some tree t ∈ L(G). A yield
grammar (G, y) is ambiguous, if G is ambiguous, otherwise it is unambiguous.
A yield grammar (G, y) is strictly unambiguous, if it is unambiguous and y is
injective.

Strict unambiguity means that for each s ∈ A∗, we have at most one t ∈ L(G)
such that y(t) = s. Hence, we do not have an optimization problem at all. Strictly
unambiguous yield grammars play no part in dynamic programming.

Canonicity means that all solutions from which we want to choose an optimal
one have a unique representation in the search space. For example, alignments
as shown in Sect. 1.1 could be canonized by requiring that deletions are arranged
always before adjacent insertions. To formalize canonicity, we must introduce a
canonical model as the point of reference.

Definition 6 (Canonical Models and Canonical Yield Grammars). Let
K be a set, the canonical model. Let k be a mapping from L(G) to K. A yield
grammar (G, y) is canonical w.r.t. K and k if it is unambiguous and the mapping
k is bijective. A DP algorithm is canonical w.r.t. K and k, if the underlying yield
grammar is canonical w.r.t. K and k.

The canonical model may exist merely in the mind of the algorithm designer,
but preferably, it should be formulated explicitly, together with the mapping k.

3.2 Analysing Canonicity

We show that the Zuker algorithm is not canonical. A canonical model for RNA
secondary structures would be sets of properly nested base pairs. Such a model
is too remote from the tree-like representation of RNA structures. The Vienna
notation, encoding a structure as a string of dots and properly nested parenthe-
ses, however, proves to be very convenient. It can be formally defined as L(V),
using the string grammar V = {R → .|..|S, S → ...|.S|S.|SS|(S)}. Our little
hairpin s would be denoted by the pair ("((...(....)))","ccaaaaguguugg").
The mapping k from Zuker’s underlying data type Z to L(V) is defined via

k(bi(a, u, v, b) = "(" ++ k(u) ++ k(v) ++ ")"

k(ol(a, v) = "." ++ k(v)
k(co(u, v) = k(u) ++ k(v)
k(ox(u, b) = k(u) ++ "."

Further equations are omitted, as these suffice to prove the equalities below.

Theorem 1. The Zuker DP algorithm for RNA folding is not canonical with
respect to feasible RNA structures.
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Proof. We observe the equalities

k(ol(a, ox(w, b))) = k(ox(ol(a, w), b) (1)
k(co(u, co(v, w))) = k(co(co(u, v), w)) (2)
k(ol(u, co(v, w))) = k(co(ol(u, v), w)) (3)

k(bi(a, u, co(v, w), b)) = k(bi(a, co(u, v), w, b)) (4)
k(bi(a, ox(u, b), w, c)) = k(bi(a, u, ol(b, w), c)) (5)

Either one of these proves that k is not injective.

While equalities (1) and (2) are quite obvious and easy to avoid, (3) – (5) are
more subtle, and there may be more such equalities.

The degree of redundancy incurred by the non-canonical grammar is demon-
strated in Section 4.4. Such redundancy is not an efficiency problem, as the
asymptotic efficiency of a DP algorithm is not affected. However, it makes it
impossible to use the same recurrences for other purposes, say for the enumer-
ation of all suboptimal solutions. This explains why Zuker’s algorithm employs
an incomplete heuristics when enumerating suboptimal foldings.

4 Master Recurrences for RNA Folding

4.1 A Canonical Grammar for Feasible RNA Structures

In [8] a data type FS is given together with a grammar Gf of all feasible struc-
tures. FS extends T as used above by operators ss and ml representing single
stranded and multiloop structures, plus cons and ul for constructing compo-
nent lists. It is easy to show by induction that L(Gf) ⊂ FS , and there is a
canonical mapping k : L(Gf) → L(V). Another grammar for feasible structures
is implicitly given by the recurrences developed in [22]. These recurrences are
designed for canonicity, since the authors seek a complete and non-redundant
enumeration of suboptimal structures. We do not show either grammar here as
we plan to go one step further, which will provide a significant reduction in the
number of structures to be considered.

4.2 A Canonical Grammar for Canonical RNA Secondary
Structures

Although the energy model permits structures of minimal free energy with iso-
lated (unstacked) base pairs, there are good biophysical arguments to consider
such structures unrealistic. As already noted by Zuker and Sankoff in [24]2, re-
moving such redundant structures from the search space is the key to obtaining
more significant near-optimal solutions.
2 Zuker and Sankoff suggest an even stronger restriction to structures with maximal

helices. Such recurrences are within the scope of the ADP approach [5], but well
beyond the space limits of this article.
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Definition 7. An RNA structure without isolated base pairs is canonical.

The canonical model suiting this definition is defined as L(W) × A∗ using the
string grammar W = {R → ε|.|..|S, S → ...|.S|S.|SS|((P )), P → S|(P )}.
(d, s) ∈ K is subject to the restriction that bases in s can pair as indicated
by matching parentheses ind. The following grammar Gc for canonical RNA
structures is based on the data type FS. It uses an algebra with several base
sets, and an overloaded choice function h.
canonicals alg x = axiom struct where

(str,ss,hl,sr,bl,br,il,ml,nil,cons,ul,h,) = alg

singlestrand = ss <<< region

struct = str <<< p comps |||

str <<< (ul <<< singlestrand) |||

str <<< (nil ><< empty) ... h

comps = tabulated (cons <<< p block ~~~ p comps |||

ul <<< p block |||

cons <<< p block ~~~ (ul <<< singlestrand) ... h)

block = tabulated (p strong ||| bl <<< region ~~~ p strong ... h)

strong = tabulated

(((sr <<< base -~~ ( p strong ||| p weak) ~~- base)

‘with‘ basepair) ... h)

weak = tabulated

(((hairpin ||| leftB ||| rightB ||| iloop ||| multiloop)

‘with‘ basepair) ... h)

where

hairpin = hl <<< base -~~ (region ‘with‘ minsize 3) ~~- base

leftB = sr <<< base -~~ (bl <<< region ~~~ p strong) ~~- base

rightB = sr <<< base -~~ (br <<< p strong ~~~ region) ~~- base

multiloop = ml <<< base -~~ (cons <<< p block ~~~ p comps) ~~- base

iloop = sr <<< base -~~ (il <<< region ~~~ p strong

~~~ region) ~~- base

The grammar distinguishes substructures closed by a single base pair (weak)
from those closed by at least two stacked pairs (strong). If we identify these
two nonterminals and merge their productions, an ADP version of the Wuchty et
al. DP recurrences [22] is obtained. Note how the grammar takes care that sin-
gle strands and closed components alternate in multiloops, and that multiloops
contain at least two branches.

We now specify the canonical mapping k : L(Gc)→ L(W)
k (str cs) = k’’ cs

k (hl b1 r b2) = "(" ++ k’ r ++ ")"

k (sr b1 s b2) = "(" ++ k’ s ++ ")"

k (ml b1 cs b2) = "(" ++ k’’ cs ++ ")"

k (bl r s) = k’ r ++ k s

k (br s r) = k s ++ k’ r

k (il r1 s r2) = k’ r1 ++ k s ++ k r2

k (ss r) = k’ r

k’ r = [’.’ | b <- r] -- a sequence of |r| dots

k’’ cs = concat (map k cs) -- concatenating (k c) for all c in cs
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Theorem 2. Grammar Gc is a canonical yield grammar for canonical RNA
secondary structures.

Proof. We have to show that (a) the grammar Gc is unambiguous, and (b)
the mapping k is bijective. (a) is shown by induction on the derivations of the
grammar. For (b), injectivity of k is shown by structural recursion, while surjec-
tivity uses a string grammar k(Gc) (in analogy to y(G) in Sect. 3) to show that
L(W) ⊂ L(k(Gc)). Details are omitted.

4.3 Efficiency

A canonical grammar, whether encoded in ADP or in conventional matrix recur-
rences, may require some extra tables compared to its non-canonical counterpart,
in order to keep more structures distinct. In our RNA example, the non-canonical
grammar zuker81 uses 2 tables, while the canonical grammar canonicals uses
4. This is the price for the added versatility.

4.4 Applications

Due to Theorem 2 we know that the DP algorithm Gc considers each canonical
RNA structure exactly once. Hence it can serve as a “master copy” of all DP
algorithms which can be formulated as a FS-algebra.

Simple Evaluation Algebras. The analyses in Table 1 can be defined each in a
few lines: Energy minimization for canonical structures has been designed and

Purpose Value Domain Interpretation Choice
of Operators Function

Energy minimization energy values energy rules for minimi-
hairpin loops, bulges, zation
stacked pairs, etc.

Structure enumeration trees in data tree constructors identity
type T HL, IL, SR, etc. function

Structure counting Integers multiply counts summation
of substructures

Structure count Reals multiply counts summation
estimation by pairing prob.

Table 1. Different analyses based on Gc

implemented in [5] and [16]. Structure enumeration has been used to generate
visualizations of the folding space via RNA-Movies [6]. Structure counts are
correct due to canonicity of the grammar, and canonization of structures proves
a dramatic reduction of the folding space. A probabilistic estimate for feasible
structures obtained in this manner3 was already shown in [8] to be remarkably
3 Equivalently based on the canonical grammar for feasible structures or on the special

recurrences given in [24], but modified to reflect base composition.
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accurate. Accuracy is confirmed for the estimate of canonical structures supplied
here. The Waterman formula [20] for the number of possible structures for all
sequences of length n can also be written as a simple yield grammar.

Some Observations. A few of the observations made by applying these evaluation
algebras are summarized in Table 2, showing structure statistics for initial seg-
ments of an RNA sequence4 from neurospora crassi. n denotes sequence length,
and the columns list structures counted, estimated, or evaluated by the various
algorithms. These figures also indicate that the majority of structures accounted

n Waterman Zuker Probabilistic Feasible Canonical Probabilistic
formula algorithm estimate structs. structs. estimate

feasibles canonicals

5 8 0 1.16 1 1 1.00
10 423 12 5.98 9 1 1.34
15 30372 544 100.82 106 7 5.82
20 2516347 38160 510.60 390 7 9.02
25 226460893 2428352 15160.50 16343 72 71.37
30 21511212261 229202163 175550.00 235025 244 233.80

Table 2. Some structure statistics collected via the algebras listed in Table 1

for by Waterman’s formula do not exist in the folding space of a given sequence,
the majority of structures considered by the Zuker algorithm is redundant, and
the majority of the feasible structures enumerated by the non-redundant Wuchty
algorithm is non-canonical.

Combined Analyses. Since all algebras share the same grammar, a general con-
struction is available [9] that forms the cross product of two algebras. Everything
is mechanic except the combined choice function. This means we can, for exam-
ple, return an optimal solution together with the total number of co-optimal
solutions.

Structural Motifs. Retaining the evaluation algebras and the canonical model,
but specializing the grammar, we obtain the above analyses for all classes of
structural motifs that can be described by a regular tree grammar.

Application to Pairwise Sequence Comparison. In many situations, confidence in
the answer computed by a sequence alignment algorithm could be substantiated
by reporting the number of (different) co-optimal answers, accompanied by some
measure of the diversity within the co-optimal answer space. This, again, requires
canonization, which can be achieved by our approach. For lack of space, we refer
the reader to the “alignment ambiguity awareness suite” in [9], Chapter 3.

4 "gaccauacccacuggaaaacucgggaucccguccgcucuccca...".
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5 Conclusion

We have provided a framework for reasoning about properties of DP algorithms
related to ambiguity. We hope to have shown that canonical yield grammars are
a useful concept both in theory – understanding the properties of DP algorithms
– and in practice – building reliable and versatile DP algorithms more quickly.
We expect to apply this approach to further problem domains, as we are working
to explore the full scope of algebraic dynamic programming.
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Abstract. In this paper we consider the incremental/decremental ver-
sion of the edit distance problem: given a solution to the edit distance
between two strings A and B, find a solution to the edit distance between
A and B′ where B′ = aB (incremental) or bB′ = B (decremental). As
a solution for the edit distance between A and B, we define the differ-
ence representation of the D-table, which leads to a simple and intuitive
algorithm for the incremental/decremental edit distance problem.

1 Introduction

Given two strings A[1..m] and B[1..n] over an alphabet Σ, the edit distance
between A and B is the minimum number of edit operations needed to convert
A to B. The edit distance problem is to find the edit distance between A and
B. Most common edit operations are the following.

1. change: replace one character of A by another single character of B.
2. deletion: delete one character from A.
3. insertion: insert one character into B.

A well-known method for solving the edit distance problem in O(mn) time
uses the D-table [1,10]. Let D(i, j), 0 ≤ i ≤ m and 0 ≤ j ≤ n, be the edit
distance between A[1..i] and B[1..j]. Initially, D(i, 0) = i for 0 ≤ i ≤ m and
D(0, j) = j for 0 ≤ j ≤ n. An entry D(i, j), 1 ≤ i ≤ m and 1 ≤ j ≤ n, of
the D-table is determined by the three entries D(i − 1, j − 1), D(i − 1, j), and
D(i, j − 1). The recurrence for the D-table is as follows: For all 1 ≤ i ≤ m and
1 ≤ j ≤ n,

D(i, j) = min{D(i− 1, j − 1) + δij , D(i− 1, j) + 1, D(i, j − 1) + 1} (1)

where δij = 0 if A[i] = B[j]; δij = 1, otherwise.
In this paper we consider the following incremental (resp. decremental) ver-

sion of the edit distance problem: given a solution for the edit distance between
A and B, compute a solution for the edit distance between A and aB (resp. B′

where B = bB′), where a (resp. b) is a symbol in Σ. By a solution we mean some

� This work was supported by the Brain Korea 21 Project.

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 60–68, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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encoding of the D-table computed between A and B. Since essentially the same
techniques can be used to solve both incremental and decremental versions of
the edit distance problem, we will consider only the decremental version.

The incremental/decremental version of the edit distance problem was first
considered by Landau et al. [3]. They used the C-table [2,4,5,7,9] (represented
with linked lists) as a solution for the edit distance between A and B. Given
a threshold k on the edit distance, their algorithm runs in O(k) time. (If the
threshold k is not given, it runs in O(m + n) time.) However, the result in [3] is
quite complicated.

As a solution for the edit distance between A and B, we define the difference
representation of the D-table (DR-table for short). Each entry DR(i, j) in the
DR-table between A and B has two fields defined as follows: For 1 ≤ i ≤ m and
1 ≤ j ≤ n,

1. DR(i, j).U = D(i, j)−D(i− 1, j)
2. DR(i, j).L = D(i, j)−D(i, j − 1)

A third field DR(i, j).UL, which is defined to be D(i, j)−D(i−1, j−1), will be
used later, but it need not be stored in DR(i, j) because it can be computed as
DR(i, j).U +DR(i−1, j).L. Because the possible values that each of DR(i, j).U
and DR(i, j).L can have are −1, 0, and 1 [8], we need only four bits to store an
entry in the DR-table. It is easy to see that the D-table can be converted to the
DR-table in O(mn) time, and vice versa. We can also compute one row (resp.
column) of the D-table from the DR-table in O(n) (resp. O(m)) time.

In this paper we present an O(m + n)-time algorithm for the incremen-
tal/decremental edit distance problem. Our result is much simpler and more
intuitive than that of Landau et al. [3]. A key tool in our algorithm is the change
table between the two D-tables before and after an increment/decrement. The
change table is not actually constructed in our algorithm, but it is central in
understanding our algorithm.

Our result finds a variety of applications. To verify whether a string p is an
approximate period of another string x where |x| = n and |p| = m, one needs to
find the edit distance between p and every substring of x [6]. A naive method that
computes a D-table of size O(m2) for each position of x will take O(m2n) time,
but our algorithm reduces the time complexity to O(mn) [6]. Other applications
include the longest prefix match problem, the approximate overlap problem, the
cyclic string comparison problem, and the text screen update problem [3].

This paper is organized as follows. In section 2, we describe the important
properties of the change table. In section 3, we present our algorithm for the
incremental/decremental edit distance problem.

2 Preliminary Properties

Let Σ be a finite alphabet of symbols. A string over Σ is a finite sequence of
symbols in Σ. The length of a string A is denoted by |A|. The i-th symbol in
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A is denoted by A[i] and the substring consisting of the i-th through the j-th
symbols of A is denoted by A[i..j].

Let A and B be strings of lengths m and n, respectively, over Σ, and let
B′ = B[2..n]. Let D be the D-table between A and B and let D′ be the D-table
between A and B′. Also let DR be the DR-table between A and B and let DR′

be the DR-table between A and B′ . In this section, we prove the key properties
between D and D′ that enables us to compute efficiently DR′ from DR.

b
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Fig. 1. An example Ch-table

One key tool in understanding our algorithm is the change table (Ch-table
for short) from D to D′. Later, when we compute DR′ from DR, the first column
of DR is discarded and each entry DR(i, j + 1), 0 ≤ i ≤ m and 0 ≤ j < n, will
be converted to DR′(i, j). Thus, each entry in the Ch-table Ch from D to D′ is
defined as follows:

Ch(i, j) = D′(i, j)−D(i, j + 1).
The Ch-table is not actually constructed in our algorithm because the initial-
ization of the Ch-table will require Θ(mn) time. It will be used only for the
description of the algorithm. See Fig. 1 for an example Ch-table.

Figure 1 suggests a property of the Ch-table: the entries of value −1 (resp.
1) appear contiguously in the upper-right (resp. lower-left) part of the Ch-table
in a staircase-shaped region. This property is formally proved in the following
series of lemmas.

Lemma 1. In the Ch-table Ch, the following properties hold.
1. Ch(0, j) = −1 for all 0 ≤ j < n.
2. Ch(i, 0) = 0 for all 1 ≤ i < k, where k is the smallest index in A such that

A[k] = B[1].
3. Ch(i, 0) = 1 for all k ≤ i ≤ m.

Proof. Immediate from the definition of the D-table.

Lemma 2. For 1 ≤ i ≤ m and 1 ≤ j < n, the possible values of Ch(i, j) are
in the range min{Ch(i− 1, j − 1), Ch(i− 1, j), Ch(i, j − 1)}.. max{Ch(i− 1, j −
1), Ch(i− 1, j), Ch(i, j − 1)}.
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Proof. Recall that Ch(i, j) is defined to be D′(i, j)−D(i, j + 1). By recurrence
(1), D(i, j + 1) is

min{D(i− 1, j) + δi,j+1, D(i− 1, j + 1) + 1, D(i, j) + 1}. (2)

Also, D′(i, j) is min{D′(i− 1, j− 1)+ δ′ij , D
′(i− 1, j)+1, D′(i, j− 1)+1} where

δ′ij = 0 if A[i] = B′[j]; δ′ij = 1, otherwise. Because B′[j] is the same symbol as
B[j + 1], δ′ij = δi,j+1. Hence,

D′(i, j) = min






D(i− 1, j) + Ch(i− 1, j − 1) + δi,j+1

D(i− 1, j + 1) + Ch(i− 1, j) + 1
D(i, j) + Ch(i, j − 1) + 1.

(3)

Note that the only differences between (2) and (3) are additional terms Ch(i−
1, j − 1), Ch(i− 1, j), and Ch(i, j − 1) in (3). Assume without loss of generality
that the second argument is minimum in (2). If the second argument is minimum
in (3), the lemma holds because Ch(i, j) = Ch(i − 1, j). Otherwise, assume
without loss of generality that the third argument is minimum in (3). Then
Ch(i, j) = D(i, j)+Ch(i, j−1)+1− (D(i−1, j+1)+1)) ≥ Ch(i, j−1) because
the second argument is minimum in (2). Also, Ch(i, j) ≤ Ch(i − 1, j) because
the third argument is minimum in (3).

Corollary 1. The possible values of Ch(i, j) are −1, 0, and 1.

Proof. It follows from Lemmas 1 and 2.

Lemma 3. For each 0 ≤ i ≤ m, let f(i) be the smallest integer j such that
Ch(i, j) = −1. (f(i) = n if Ch(i, j′) �= −1 for 0 ≤ j′ < n.) Then, Ch(i, j′) = −1
for all f(i) ≤ j′ < n. Furthermore, f(i) ≥ f(i− 1) for 1 ≤ i ≤ m.

Proof. We use induction on i. When i = 0, f(i) = 0 and the lemma holds
by Lemma 1. Assume inductively that the lemma holds for i = k. That is,
Ch(k, j′) �= −1 for 0 ≤ j′ < f(k) and Ch(k, j′) = −1 for f(k) ≤ j < n.

Let Ch(k+1, l) be the first entry in row k+1 that is −1. For Ch(k+1, l) to be
−1, at least one of Ch(k, l− 1) and Ch(k, l) must be −1 by Lemma 2. Thus, we
have shown that l = f(k+1) ≥ f(k). It is easy to see that Ch(k+1, l′) = −1 for
f(k+1) < l′ < n by the inductive assumption, the condition that f(k+1) ≥ f(k),
and Lemma 2.

The following lemma is symmetric to Lemma 3 and it can be similarly proved.

Lemma 4. For each 0 ≤ j < n, let g(j) be the smallest integer i such that
Ch(i, j) = 1. (g(j) = m + 1 if Ch(i′, j) �= 1 for 0 ≤ i′ ≤ m.) Then, Ch(i′ , j) = 1
for all g(j) ≤ i′ ≤ m. Furthermore, g(j) ≥ g(j − 1) for 1 ≤ j < n.

We say that an entry Ch(i, j) is affected if the values of Ch(i−1, j−1), Ch(i−
1, j), and Ch(i, j − 1) are not the same. We also say that DR′(i, j) is affected if
Ch(i, j) is affected.
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Lemma 5. If DR′(i, j) is not affected, then DR′(i, j) equals DR(i, j + 1).

Proof. If DR′(i, j) is not affected, then the value of Ch(i, j) is the same as the
common value of Ch(i − 1, j − 1), Ch(i − 1, j), and Ch(i, j − 1) by Lemma 2.
Then DR′(i, j).U = D′(i, j)−D′(i− 1, j) = D(i, j +1)+Ch(i, j)− (D(i− 1, j+
1) + Ch(i− 1, j)) = DR(i, j + 1).U . Similarly, DR′(i, j).L = DR(i, j + 1).L.

We say that an entry Ch(i, j) is a (−1)-boundary (resp. 1-boundary) entry if
Ch(i, j) is of value −1 (resp. 1) and at least one of Ch(i, j− 1), Ch(i+1, j), and
Ch(i + 1, j − 1) (resp. Ch(i, j + 1), Ch(i − 1, j), and Ch(i − 1, j + 1)) is not of
value −1 (resp. 1).

By Lemma 5 we can conclude that in computing DR′ from DR, only the
affected entries need be changed. See Fig. 1 again. Because the entries whose
values are −1 (or 1) appear contiguously in the Ch-table, the affected entries
are either (−1)- or 1-boundary entries themselves or appear adjacent to (−1)-
or 1-boundary entries. The key idea of our algorithm is to scan the (−1)- and
1-boundary entries starting from the upper-left corner of the DR-table when we
compute the affected entries. Lemmas 3 and 4 imply that the number of (−1)-
and 1-boundary entries in the DR-table is O(m + n).

3 Boundary Scan Algorithm

In this section we show how to compute DR′ from DR. First, we describe how we
scan the boundary entries starting from the upper-left corner of the DR′-table
within the proposed time complexity. Then, we will mention the modifications
to the boundary-scan algorithm which leads to an algorithm that converts DR
to DR′.

For simplicity we will use the Ch-table in the description of our algorithm.
However, the Ch-table is not explicitly constructed but accessed through the
one-dimensional tables f() and g(). The details will be given later.

Lemma 6.

Ch(i, j) = min






−DR(i, j + 1).UL + Ch(i− 1, j − 1) + δi,j+1

−DR(i, j + 1).U + Ch(i− 1, j) + 1
−DR(i, j + 1).L + Ch(i, j − 1) + 1

(i.e., Ch(i − 1, j − 1), Ch(i− 1, j), Ch(i, j − 1), and DR(i, j + 1) are needed to
compute Ch(i, j)).

Proof. Recall that Ch(i, j) = D′(i, j)−D(i, j + 1). Substituting recurrence (1)
for D′(i, j) and distributing D(i, j+1) into the min function, we have Ch(i, j) =
min{. . . , D′(i− 1, j)−D(i, j + 1) + 1, . . .} (only the second argument is shown).
Substituting D(i− 1, j + 1) + Ch(i− 1, j) for D′(i− 1, j), the second argument
becomes D(i − 1, j + 1) − D(i, j + 1) + Ch(i − 1, j) + 1 = −DR(i, j + 1).U +
Ch(i − 1, j) + 1. The lemma follows from similar calculations for the first and
the third arguments.
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Algorithm 1

Let k be the smallest index in A such that A[k] = B[1].
(i−1, j−1)← (0, 1); (i1, j1)← (k, 0); f(0)← 0; g(0)← k
finished−1 ← false
finished1 ← false
while not finished−1 or not finished1 do

if i−1 < i1 − 1 then {Case 1}
Compute Ch(i−1 + 1, j−1). {See Fig. 4.}
if Ch(i−1 + 1, j−1) = −1 then

i−1 ← i−1 + 1; f(i−1)← j−1

else
j−1 ← j−1 + 1

fi
else if j1 < j−1 − 1 then {Case 2}

Symmetric to Case 1.
else {Case 3, i1 = i−1 + 1 and j1 = j−1 − 1 }

Compute Ch(i−1 + 1, j−1). {See Fig. 5.}
if Ch(i−1 + 1, j−1) = −1 then

i−1 ← i−1 + 1; i1 ← i1 + 1; f(i−1)← j−1

else if Ch(i−1 + 1, j−1) = 1 then
j−1 ← j−1 + 1; j1 ← j1 + 1; g(j1)← i1

else
j−1 ← j−1 + 1; i1 ← i1 + 1

fi
fi
if i−1 = m or j−1 = n then finished−1 ← true fi
if i1 = m + 1 or j1 = n− 1 then finished1 ← true fi

od

Fig. 2. Algorithm 1

Algorithm 1 is the boundary-scan algorithm. In the algorithm, the pair
(i−1, j−1) (resp. (i1, j1)) indicates that Ch(i−1, j−1) (resp. Ch(i1, j1)) is the cur-
rent (−1)-boundary (resp. 1-boundary) entry that is being scanned. The follow-
ing property holds for Ch(i−1, j−1) and Ch(i1, j1) by Lemmas 3 and 4. See Fig. 3
for an illustration.

Property 1.

1. Ch(i, j) �= −1 if i > i−1 and j < j−1.
2. Ch(i, j) �= 1 if i < i1 and j > j1.

In one iteration of the loop in Algorithm 1, one or both of the current boundary
entries are moved to the next boundary entries. For example, the current (−1)-
boundary entry is moved to the next (−1)-boundary entry which can be down
or to the right of the current (−1)-boundary entry. We maintain the following
invariants in each iteration of Algorithm 1.
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Ch( i-1 , j-1 ) Ch( i1 , j1)

all -1

no -1

no 1

all 1

(a) (b)

Fig. 3. Boundary entry conditions

Invariant 1

1. i−1 < i1 and j−1 > j1.
2. All values of f(0), . . . , f(i−1) are known.
3. All values of g(0), . . . , g(j1) are known.

One iteration of Algorithm 1 has three cases. Case 1 applies when the current
(−1)-boundary can be moved by one entry (down or to the right) without vio-
lating Invariant 1.1. Case 2 applies when the current 1-boundary can be moved
by one entry (down or to the right) without violating Invariant 1.1. Case 3 ap-
plies when moving the (−1)-boundary entry down by one entry or moving the
1-boundary entry to the right by one entry will violate Invariant 1.1, and thus
both boundary entries have to be moved simultaneously. What Algorithm 1 does
in each case is described in Fig. 2.

Ch( i-1 , j-1 )

Ch( i1 , j1)

Ch( i-1 +1 , j-1 )all 0

X

Y

Ch( i-1 , j-1 )

Ch( i-1 +1 , j-1 )

Ch( i1 , j1)

X

Y

(a) (b)

Fig. 4. Case 1
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What remains to show is the methods to obtain the values of the Ch-table
entries that are used to compute a new Ch-table entry, e.g., Ch(i−1 + 1, j−1) in
Case 1. The two subcases for Case 1 are depicted in Fig. 4. The first subcase is
when j−1 > j1 + 1. See Fig. 4 (a). The unknown values of the Ch-table entries
are X and Y . By Invariant 1.2 the value of f(i−1) is known. If f(i−1) < j−1, then
X = −1. Otherwise (f(i−1) = j−1), X = 0 because X is not 1 by Property 1.1.
It is easy to see that Y = 0 because Y is inside the region in which there are
no (−1)’s (by Property 1.1) and no 1’s (by Property 1.2). The second subcase
is when j−1 = j1 + 1. See Fig. 4 (b). We can compute the value of X as −1
if f(i−1) < j−1; 1 if g(j1) ≤ i−1; 0, otherwise. We know that Y �= −1 by
Property 1.1. Thus, Y = 1 if g(j1) ≤ i−1 + 1; Y = 0, otherwise. Case 3 is
depicted in Fig. 5. The value of X can be computed as we computed the value
of X in the second subcase of Case 1.

Ch( i-1 , j-1 )

Ch( i-1 +1 , j-1 )Ch( i1 , j1)

X

Fig. 5. Case 3

We now show that all affected Ch-table entries are computed by Algorithm 1.
It is easy to see that each affected entry Ch(i, j), 1 ≤ i ≤ m and 1 ≤ j < n, falls
into one of the following types by Lemmas 3 and 4. For each of the types we can
easily check which cases in our algorithm compute Ch(i, j).

1. Ch(i, j) is a (−1)-boundary entry such that Ch(i, j − 1) �= −1: Ch(i, j) is
computed by Case 1 if Ch(i, j − 1) = 0; by Case 3, otherwise.

2. Ch(i, j) is an 1-boundary entry such that Ch(i− 1, j) �= 1: Ch(i, j) is com-
puted by Case 2 if Ch(i− 1, j) = 0; by Case 3, otherwise.

3. Ch(i, j) = 0 and either Ch(i − 1, j) = −1 or Ch(i, j − 1) = 1: Ch(i, j) is
computed by Case 1 if Ch(i, j − 1) = 0; by Case 2 if Ch(i − 1, j) = 0; by
Case 3, otherwise.

To compute DR′ from DR, we first discard the first column from DR. Then,
we run a modified version of Algorithm 1. The modifications to Algorithm 1 is to
compute DR′(i, j) whenever we compute the value of Ch(i, j). Once Ch(i, j) is
computed using Lemma 6, the fields in DR′(i, j) can be easily computed. That
is, DR′(i, j).L = DR(i, j + 1).L + Ch(i, j) − Ch(i, j − 1) and DR′(i, j).U =
DR(i, j + 1).U + Ch(i, j)− Ch(i− 1, j).
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We can easily check that one iteration of the loop takes only constant time
and that it increases at least one of i−1, j−1, i1, j1 by one. Hence, the time com-
plexity of our algorithm is O(m + n).

Theorem 1. Let A and B be two strings of lengths m and n, respectively, and
B′ = B[2..n]. Given the difference representation DR between A and B, the
difference representation DR′ between A and B′ can be computed in O(m + n)
time.
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Abstract. Bounds are given on the size of the parameter-space decom-
position induced by multiple sequence alignment problems where phy-
logenetic information may be given or inferred. It is shown that many
of the usual formulations of these problems fall within the same integer
parametric framework, implying that the number of distinct optima ob-
tained as the parameters are varied across their ranges is polynomially
bounded in the length and number of sequences.

1 Introduction

Multiple sequence comparison is among the most basic computational problems
in biology, serving as an aid to identifying common structure and function. The
problem is, in a way, simply a generalization of pairwise sequence comparison,
a question that has been studied extensively (see [19]). However, when three or
more sequences are involved, new issues arise, making definitions more complex
and the associated problems harder to solve efficiently [33]. One of these new
facets is the role of evolutionary relationships between sequences. One possibil-
ity is to disregard these relationships, at least to a certain extent, by comparing
all sequences against each other — the sum-of-pairs approach [5] is one exam-
ple. Using or attempting to infer evolutionary relationships leads to a host of
new problems. In one problem, called phylogenetic alignment, the input is a tree
whose leaves are labeled by sequences and the objective is to find a labeling
of the internal nodes that minimizes the total length of the tree, which is the
sum of the (evolutionary) distances between adjacent sequences in the tree [30].
In another problem, generalized phylogenetic alignment, the input is a set S of
sequences and one must find a sequence-labeled tree of minimum length wherein
each element of S labels a distinct leaf in the tree [26]. Sum-of-pairs multi-
ple alignment, phylogenetic alignment, generalized phylogenetic alignment, and
some of their variants are known to be NP-hard [26,25]. However, the first two
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can be solved in time polynomial in the lengths of the sequences and exponential
in their number. Implementations of several of these methods, often relying on
heuristics, are available [27,15,11].

The optimum solution to a multiple alignment problem depends on the vari-
ous parameters used to compute inter-sequence distance or similarity — e.g., the
weights of mismatches and spaces. These are not always easy to choose [36]. One
approach is parametric analysis [16]; i.e., to examine the space of all parameter
choices to determine the set of all optimum solutions. This question has been
studied for pairwise sequence comparison [13,20,22,24,34,35], to a lesser extent
for sum-of-pairs multiple alignment [13,32], and hardly at all for phylogenetic
alignment — see, however, [36]. Here we explore parametric multiple alignment
and phylogenetic alignment.

One objective of parametric analysis is to establish upper bounds on the
number of distinct optimality regions, i.e., maximal connected regions of the
parameter space such that, within each region a single solution is optimal. Gus-
field et at. [20], obtained the first results, proving, among other things, a O(n2/3)
upper bound on the number of regions for two-sequence global alignment, the
shorter of which has length n. This was extended to obtain a O(n2/3k4/3) up-
per bound for the parametric sum-of-pairs alignment of k sequences of length n
[13]. In the present paper, we argue that many multiple alignment schemes fall
within the same “integer parametric” framework. This leads to the somewhat
surprising result that the number of optimality regions for these problems is
polynomial in both the lengths of the sequences and their number, even if the
scoring is alphabet-dependent. Our bounds are consequences of the following
observation: While the number of potential phylogenies and sequences labeling
them is exponentially large, any scoring system based on linear functions whose
coefficients are themselves functions of discrete features of alignments (e.g, num-
ber of mismatches, spaces, etc.), only allows a polynomially-bounded number
of distinct cost functions to be optimal. The techniques used are uniform and
straightforward; once the problems are formulated properly, the common struc-
ture becomes evident. Better bounds might be obtainable by a tighter analysis of
our framework; however, we suspect that significant advances will require deeper
understanding of the combinatorial structure of the individual problems.

Main Results. The alignment problems studied here are classified according to
whether the scoring is (i) local or global, (ii) distance-based or similarity-based,
(iii) alphabet-dependent or -independent, (iv) gap-length dependent or not. The
input consists of k sequences, which, for simplicity, are assumed to have the same
length n. Our results include the following bounds on the number of optimality
regions.

1. A O(n2/3p2/3) bound for global multiple alignment under sum-of-pairs alpha-
bet-independent similarity and distance scoring, with zero gap penalty, when
the induced alignment of only p of the

(
k
2

)
possible pairs is considered for

computing the total score.
2. A O(n5/3p5/3) bound for the previous problem when the gap penalty varies.

For the pairwise case (p = 1), this improves on earlier O(n2) bound by
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Gusfield et al. A O(n5/3p5/3) bound also holds for the local case when the
gap penalty is zero. For the pairwise case, this improves on a O(n2) bound
by Gusfield et al.

3. A O(n2/3k4/3) bound for phylogenetic and generalized phylogenetic align-
ment under distance-based global alphabet-independent scoring with zero
gap penalty. The bound goes up to O(n5/3k10/3) when the gap penalty is
variable.

4. A O(n2/3k2/3) bound for star alignment (a special case of tree alignment)
under global alphabet-independent distance-based scoring with fixed zero
gap penalty. This increases to O(n5/3k5/3) when the gap penalty is allowed
to vary.

5. Polynomial bounds for sum-of-pairs, tree alignment, and generalized tree
alignment problems under alphabet-dependent, global or local, similarity or
distance scoring.

Organization of the Paper. The main problems studied here, as well as some of
their properties, are defined in Section 2. Section 3 discusses parametric analysis
in a general context and consists of two parts. First, we obtain an upper bound
on the number of optimality regions for parametric problems satisfying certain
integrality conditions. Second, we describe a general approach to generating
parameter-space decompositions. Parametric multiple alignments are discussed
in Section 4. Section 5 presents some conclusions and open problems.

2 Preliminaries

We now give formal definitions and prove some of the basic properties of the
problems whose parametric versions we shall study. The first part of this sec-
tion introduces distance and similarity measures based on pairwise alignments.
These notions are the basis for the scoring schemes used in multiple sequence
comparison, which are discussed in the second part. In what follows, Σ will de-
note an alphabet that includes a special space character “-”. All input strings
are assumed to be over Σ \ {-}.

2.1 Pairwise Alignments

An alignment between two strings S1 and S2 is a pair of equal-length strings
A = (S′

1 , S
′
2) where S′

1 and S′
2 are obtained by inserting space characters into

S1 and S2 respectively, so that that there is no character position in which both
S′

1 and S′
2 have spaces. A match is a position in which S′

1 and S′
2 have the

same character. A mismatch is a position in which S′
1 and S′

2 have different
characters, neither of which is a “-”. An indel is a position in which one of S′

1

and S′
2 has a “-”. A gap is a sequence of one or more consecutive spaces in S′

1 or
S′

2. Collectively, we call the matches, mismatches, indels, and gaps the features
of A. These features are used to compute the value of A according to a certain
scoring scheme. In local scoring schemes, the goal is to locate highly similar
substrings. In global schemes, the entire input strings are taken into account.
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Global Alignment. We first consider alphabet-independent scoring schemes. Let
wA, xA, yA, and zA denote, respectively, the number of matches, mismatches,
indels, and gaps in an alignment A, and let α, β, and γ be the mismatch, indel,
and gap penalties, respectively. Penalties are assumed to be nonnegative.

The similarity value of an alignment A is given by

σA = wA − αxA − βyA − γzA. (1)

The global similarity between sequences S1 and S2 is defined as

sim(S1, S2) = max{σA : A is an alignment of S1 and S2}. (2)

The distance value of an alignment A is

δA = αxA + βyA + γzA. (3)

The distance between S1 and S2 is

dist(S1 , S2) = min{δA : A is an alignment of S1 and S2}. (4)

Schemes (1) and (3) are related by the lemma below, in which the mismatch,
indel, and gap penalties are given by triples (α, β, γ).

Lemma 1. Under global alphabet-independent scoring,

σA(α, β, γ) =
n + m

2
− δA(α + 1, β + 1/2, γ).

Therefore, a pairwise alignment has maximum similarity score at (α, β, γ) if and
only if it has minimum distance score at (α + 1, β + 1/2, γ).

Proof. A satisfies 2wA +2xA + yA = n + m [20]. Thus, the similarity score of A
(1) can be re-expressed as

σA(α, β, γ) =
n + m

2
− (α + 1)xA −

(
β +

1
2

)
y − γz

=
n + m

2
− δA(α + 1, β + 1/2, γ),

where the second line follows from the definition of distance score (3). The rest
of the lemma follows immediately. 2

Note that we can assume without loss of generality that the mismatch penalty
α in (3) is one, since changing its value only affects the magnitude, but not the
relative values, of the alignments. Thus, there are effectively only two parameters
to be chosen for distance scoring. By Lemma 1, this is also true for similarity
scoring.

Alphabet-dependent scoring schemes depend on a symmetric |Σ|× |Σ| substi-
tution matrix α, where α(s, t) is the cost of lining up character s with character
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t. Widely-used families of matrices for protein alignment are PAM [6] and BLO-
SUM [23]. The similarity score of an alignment A is now given by

σA = −γz +
∑

{s,t}⊆Σ

α(s, t) · x(s, t) (5)

where x(s, t) is the number of times character s is lined up with character t in
A and z is the number of gaps in A. The similarity between two sequences is
obtained by applying this scoring scheme in (1).

The alphabet-dependent distance score of A, δA, can be defined in the same
way as (5), except that the “−γz” term is replaced by “+γz.” For both similarity
and distance, the total number of parameters is (|Σ|2 + |Σ|)/2 + 1: the number
of entries in the substitution matrix plus the gap penalty.

Local Alignment. For two strings S and R, we write S v R if S is a substring of
R. The local similarity between S1 and S2 , denoted simL(S1 , S2), is

simL(S1 , S2) = max{σA : A is an alignment of S′
1 v S1 with S′

2 v S2}. (6)

The scoring scheme used in the definition above may be alphabet-dependent
or -independent. Note that the global similarity between two strings is a lower
bound on their local similarity. Note also that while it is straightforward to define
local distance measures, using minimization and a scoring scheme, say, like (3),
the alphabet-independent versions of distance and similarity are not related by
Lemma 4. Thus, even though (alphabet-independent) local distance depends on
two parameters, local similarity depends on three. For the alphabet-dependent
case, we still have (|Σ|2 + |Σ|)/2 + 1 parameters.

Bounds on the Features of Alignments. We will need the following facts about
pairwise alignment, which were proved in [20]. As before wA, xA, yA, and zA
denote the number of matches, mismatches, indels, and gaps in an alignment A.
Let n and m denote the lengths of the input strings, where n ≤ m.

Lemma 2. For any pairwise global or local alignment A, wA + xA ≤ n.

Lemma 3. For any global and local alignment A, yA, zA ≤ m+n. Moreover, if
A is global, yA ≥ m− n.

2.2 Multiple Alignments

A multiple alignment A of strings S1, . . . , Sk, where Si has length ni, is obtained
by inserting spaces in each string to obtain strings of the same length l. The result
is a matrix with k rows and l columns, such that each character and space of
each string appears in exactly one column. A induces a pairwise alignment of
Si and Sj in a natural way: remove all rows of A except those corresponding to
Si and Sj and strike out any columns containing two spaces. This will be called
the induced pairwise alignment of Si and Sj .

The following generalization of two-sequence alignment was considered in
[4,3]; it is used in the MSA package for multiple sequence alignment [27,15].
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Weighted Sum-of-Pairs Alignment (Similarity Version)
Input: A set of sequences S = {S1, . . . , Sk} and a k × k matrix B = [bij].
Question: Find a multiple alignment A for S maximizing

∑
i<j bijσA(Si, Sj),

where σA(Si, Sj) is the similarity score of the pairwise alignment between
Si and Sj induced by A.

The scoring scheme can be global or local, alphabet-dependent or independent.
Distance versions of this problem can be defined in the obvious way, using min-
imization instead of maximization and appropriate scoring schemes. The follow-
ing is a direct consequence of Lemma 1.

Lemma 4. Under global alphabet-independent scoring, a multiple alignment has
maximum similarity score at (α, β, γ) if and only if it has minimum distance
score at (α + 1, β + 1/2, γ).

Thus, for the global alphabet-independent case, the score is a function of only
two parameters, the indel and gap penalties. For the local alphabet-independent
case, the score is a function of two parameters for distance measures and three for
similarity measures (since the mismatch penalty must be considered, in addition
to the indel and gap penalties). For the alphabet-dependent case, the score is
still a function of (|Σ|2 + |Σ|)/2 + 1 parameters.

Gaps raise a problematic issue in multiple alignments. A natural approach is
to consider as gaps only those that arise in the induced pairwise alignments. How-
ever, computing optimum alignments in this way would be too time-consuming
[2,15]. As an alternative, Altschul proposed “quasi-natural” gap penalties [3], a
scheme later integrated into MSA [15]. We will not elaborate on this issue, except
to state that it will not impact the parametric analysis of Section 4 significantly.

In the next two families of problems, evolutionary history is used and/or
inferred. We define them for distance measures; similarity versions can be defined
in the obvious way. Alphabet-dependent or -independent scoring can be used.

We need some definitions. A phylogeny for a set of sequences S is a tree T
where every internal node has degree at least three, each element of S labels a
distinct leaf of T , and no leaf of T is unlabeled. An internal labeling for T is
an assignment of sequences over Σ \ {-} to the internal nodes of T . The length
of a tree T whose vertices are labeled by sequences is the sum of the pairwise
distances between the labels of adjacent nodes.

Phylogenetic Alignment
Input: A phylogeny T for a set of sequences S.
Question: Find an internal labeling for T that minimizes the total length of the

resulting tree.

While this problem is NP-complete [25], it can be solved in time that is
exponential in the number of sequences [30,29,31]. An important special case is
star alignment, where the tree T has only one internal node [5].

Given a solution to the phylogenetic alignment problem, one can derive a
multiple alignment A for the sequences labeling the phylogeny that is consistent
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with it in the following sense: The value of the induced pairwise alignment for
any two sequences equals the distance between them [19]. One can obtain a
multiple alignment for S by striking out the rows of A that do not correspond
to elements of S. However, the labels on the internal nodes can be valuable, as
they represent hypothetical ancestors to the elements of S.

The next problem, which is MAX SNP-hard [26], is related to phylogenetic
alignment, but the tree itself is not given.

Generalized Phylogenetic Alignment
Input: A set of sequences S.
Question: Find a minimum-length internally-labeled phylogeny for S.

Phylogenetic alignment and its generalized version have similarity variants
where the goal is to find a solution that maximizes the similarity score.

To prevent spurious matches between internal nodes, we make the following
assumption about internally-labeled phylogenies T : Let A be a multiple align-
ment consistent with the labels of T . Then, each column in A contains at least
one character from one of the sequences in S.

One distinction between phylogenetic and SP alignment is that similarity
and distance measures are not equivalent in either the local or global cases.
This equivalence for the SP problem is in part a consequence of knowing in
advance the lengths of the strings involved in the pairwise comparisons. This is
not true for phylogeny problems. Thus, for global and local alphabet-independent
phylogenetic alignment, the score is a function of two parameters for distance
measures and three for similarity measures. For the alphabet-dependent case,
the score is a function of (|Σ|2 + |Σ|)/2 + 1 parameters. We can, however, still
establish useful bounds on the number of features.

Lemma 5. For any alignment A of a set S of k sequences of length n to a
phylogeny with r internal nodes, wA +xA ≤ nkr and zA ≤ yA ≤ nk(k +2r− 1).

Proof. Let T be the input phylogeny for S. Each unlabeled node in T is assigned
a sequence of length at most nk, since each of its characters must line up with
a character in some sequence in S. By Lemma 2, the total number of matches
and mismatches in the induced pairwise alignment between any two adjacent
sequences in T is at most equal to the length of the shorter sequence. Thus, the
the contribution of an edge in T to the total number of matches and mismatches
is n if one endpoint is an element of S and at most nk if neither endpoint is in
S. The total number of edges in the latter category is at most r − 1, while the
number of edges in the former category is at most k. This establishes the bound
for wA + xA.

To bound yA and zA, we use Lemma 3, noting that edges where one endpoint
is in S contribute at most n + nk indels, while those where neither endpoint is
in S contribute at most 2nk to the total. 2

For star alignments, we have a better bound, whose proof is omitted.

Lemma 6. Let A be an optimal star alignment under alphabet-independent
distance-based global scoring. Then yA ≤ kn and zA ≤ k.
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3 Parametric Analysis

In this section, we consider two issues that arise in parametric analysis: finding
the number of distinct optimal solutions attained as the parameters are varied
across their range and generating all of these solutions. We study these questions
within a framework that encompasses a broad class of problems that include
various alignment problems. We first need some definitions.

In an affine parametric combinatorial optimization problem, the cost of each
element x of the set X ⊆ R

d+1 of feasible solutions is an affine function fx of a
parameter vector λ = (λ1, . . . , λd). The fixed parameter problem is to compute

F (λ) = min
x∈X

fx(λ). (7)

We write “min” in the definition above for concreteness; the concepts and results
to follow have analogs for maximization problems.

Since it is the lower envelope of a set of affine functions, F is piecewise affine.
F induces a partition of R

d into d-dimensional convex polyhedral optimality
regions, such that F (λ) is attained by a single function fx for all λ in the interior
of each such region [1]. This subdivision of R

d is known as the minimization
diagram of F . Note that, while a single cost function attains the optimal value
for each region, there might be several feasible solutions x with the same cost
function that are co-optimal within the region.

3.1 The Number of Optimality Regions

We now prove upper bounds on the number of optimality regions for parametric
problems of the form (7) where the cost of a feasible solution x = (x0, . . . , xd) ∈
X is given by fx(λ) = x0 +

∑d
i=1 λixi. Note that the alignment scoring schemes

described in Section 2 are of this form.
The following result is implicit in the work of Gusfield et al. [21,20].

Lemma 7. If X ⊆ {0, . . . , N}2 for some nonnegative integer N , then F (λ)
induces O(N2/3) optimality regions in R.

Proof. We rely on the following fact, which is shown in [21]:

(*) Let {ai/bi}1≤i≤k be a set of (distinct) irreducible fractions with positive
numerators and denominators such that

∑k
i=1 ai,

∑k
i=1 bi ≤ N . Then k =

O(N2/3).

Let us denote a feasible solution x by (x, y) and its cost by fx(λ) = x + λy.
F (λ) is a non-decreasing piecewise affine function consisting of a sequence of
line segments. Hence, if (xi, yi) and (xi+1, yi+1) denote the intercept and slope
of the ith and (i + 1)st segments of F , xi < xi+1 and yi > yi+1 .

The λ-value of the meeting point between the ith and (i + 1)st segments of
F is ∆xi/∆yi, where ∆xi = xi+1 − xi and ∆yi = yi − yi+1. Thus, ∆x1/∆y1 <
∆x2/∆y2 < · · · < ∆xs/∆ys. Since the numerators and denominators of these
fractions are nonnegative integers and

∑s
i=1 ∆xi,

∑s
i=1 ∆yi ≤ N , (*) applies,

implying that F has O(N2/3) optimality regions. 2
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Lemma 8. If X is a subset of {0, . . . , N}d+1, where N is a positive integer,
then F (λ) induces O(Nd−1/3) optimality regions in R

d.

Proof. By induction on d. The basis, d = 1, follows from Lemma 7. For d > 1,
define Xj = {x ∈ X : xd = j} and hx(λ) = x0 +

∑d−1
i=1 λixi. Then, we can

express F as

F (λ) = min
j=0,...,N

((
min
x∈Xj

hx(λ)
)

+ λdj

)

By hypothesis, F ′
j(λ) = minx∈Xj hx(λ) induces O(N (d−1)−1/3) regions. It can be

verified that gj(λ) = F ′
j(λ)+λdj induces a subdivision of R

d into O(N (d−1)−1/3)
cylinders whose boundary lines are parallel to the λd-axis. Since F is the lower
envelope of N+1 such gi’s, it induces O(N ·N (d−1)−1/3) = O(Nd−1/3) optimality
regions in R

d. 2

The following observation generalizes a result in [20].

Lemma 9. Suppose that X ⊂ A0×· · ·×Ad, where each Ai is a set of Ni distinct
real values. Then, F (λ) induces at most

(∏d
i=0 Ni

)
/ max0≤i≤d Ni optimality

regions in R
d.

Proof. Assume without loss of generality that N0 = max0≤i≤d Ni. Consider any
x, y ∈ X such that F (λ′) = fx(λ′) and F (λ′′) = fy(λ′′) for some λ′, λ′′. If
x0 < y0, then we must have xi 6= yi for some i ∈ {1, . . . , d}, for otherwise
F (λ) < fy(λ) for all λ. Thus, out of all (d + 1)-tuples (x0, . . . , xd) whose last d
entries are equal, at most one is associated with a feasible solution that is optimal
at some point. Hence, there are at most

∏d
i=1 Ni functions that are optimal at

some point, which also bounds the number of regions of F . 2

3.2 Constructing the Minimization Diagram

Algorithms for constructing the minimization diagram of parametric problems
have been proposed before (see, e.g., [10,17,14]), mostly for the one- and two-
parameter cases. Here we sketch an approach that appears to be part of the
folklore1, but deserves to be more widely known.

An evaluation of F at λ consists of finding the solution x ∈ X such that
F (λ) = fx(λ). Evaluating F (λ) is equivalent to computing the equation of the
supporting hyper-plane of the set BF = {(λ1, . . . , λd, z) : z ≤ F (λ)} at the point
(λ1, . . . , λd, F (λ)). This operation has been called a hyper-plane probe by Dobkin
et al. [7,8], who studied the problem of reconstructing a convex object from a
sequence of such probes. Constructing BF (or, equivalently, F ) from repeated
evaluations of F is one instance of this problem.

Theorem 1 (Dobkin et al. [7,8]). F can be computed with O(m + dv) eval-
uations, where m and v are, respectively, the number of optimality regions and
vertices of the minimization diagram.
1 Naoki Katoh, personal communication
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For brevity, we omit the details of the probing algorithm, which is explained
fully in [7,8]. The 1- and 2-parameter algorithms of [10] and [14] can be viewed
as special cases. The probing process returns successive elements of a set H of
half-spaces in R

d whose intersection equals BF . Actually generating F requires
computing this intersection. A good practical algorithm to do so is the beneath-
beyond method [28], whose run time is O(s|H |), where s is the size of the output.
It is a consequence of the Upper Bound Theorem [9] that if there are m optimality
regions, s = O(mdd/2e), leading to a worst-case bound of O(mdd/2e+1).

4 Parametric Multiple Alignments

We now present upper bounds on the number of optimality regions for the mul-
tiple alignment problems of Section 2. To a certain degree, the results are in-
dependent of the kind of alignment problem we are dealing with, as long as we
have bounds on the number of distinct values for the coefficients of the objective
functions. The arguments are similar: We first show how the problem falls within
the scope of Lemmas 7, 8 or 9 and then invoke the appropriate bound.

4.1 SP Alignments

Our first results concern sum-of-pairs (SP) alignments. We assume that the
weight matrix is fixed. We first consider 0-1 weight matrices, a problem we refer
to as 0-1 SP alignment. For the next three results, p denotes the number of
non-zero entries in the weight matrix. Given an multiple alignment A, wij, xij,
yij, and zij denote the number of matches, mismatches, indels, and gaps in the
induced pairwise alignment for sequences i and j. By Lemmas 2 and 3, each of
these values is at most 2n. Thus,

0 ≤
∑

1≤i<j≤k

bijwij,
∑

1≤i<j≤k

bijxij,
∑

1≤i<j≤k

bijyij,
∑

1≤i<j≤k

bijzij ≤ 2np (8)

Theorem 2. The number of optimality regions for alphabet-independent para-
metric 0-1 SP alignment under global similarity or distance measures is

(a) O(n2/3p2/3) if the gap penalty is zero and
(b) O(n5/3p5/3) if the gap penalty is variable.

Proof. By Lemma 4 it suffices to consider distance measures. In this case, the
distance value of a multiple alignment A is

δA =
∑

1≤i<j≤k

bijxij + β
∑

1≤i<j≤k

bijyij + γ
∑

1≤i<j≤k

bijzij, (9)

Now, parts (a) and (b) follow by applying Lemma 8 for d = 1 and d = 2,
respectively, with N = 2np, where the latter is valid by (8). 2
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Theorem 3. The number of optimality regions for alphabet-independent para-
metric 0-1 SP alignment under local similarity measures is:

(a) O(n5/3p5/3) if the gap penalty is zero and
(b) O(n8/3p8/3) if the gap penalty varies.

Proof. The total similarity score of a multiple alignment A is given by

σA =
∑

1≤i<j≤k

bijwij − α
∑

1≤i<j≤k

bijxij − β
∑

1≤i<j≤k

bijyij − γ
∑

1≤i<j≤k

bijzij .

(10)

Now, parts (a) and (b) follow from applying Lemma 8 for d = 2, and d = 3 and
N = np. 2

Theorem 4. The number of optimality regions for alphabet-dependent para-
metric global or local 0-1 SP alignment under distance and similarity measures
is (np)O(|Σ|2).

Proof. By equation (5), the value of an alignment A is:

δA = γ
∑

1≤i<j≤k

bijzij +
∑

{s,t}⊆Σ

α(s, t)
∑

1≤i<j≤k

bijxij(s, t) (11)

where zij and xij(s, t) are, respectively, the number of gaps and the number
of times character s is lined up with character t in the pairwise alignment be-
tween strings i and j induced by A. The claim follows from Lemma 9, since∑

1≤i<j≤k bijxij(s, t) can take on O(np) distinct values. 2

We now consider a two-parameter problem whose pairwise version was stud-
ied earlier by Gusfield et al. [20] in an attempt to analyze the trade-offs between
match, mismatch, and indel penalties under alphabet-dependent scoring, when
the substitution matrix is fixed. Given a multiple alignment A, define the score
of the induced pairwise alignment for sequences i and j as

Mij(A) =
∑

t∈Σ\{-}
α(t, t)xij(t, t), MS ij(A) =

∑
s,t∈Σ\{-},s 6=t

α(s, t)xij(s, t),

Sij(A) =
∑

t∈Σ\{-}
α(t, -)xij(t, -).

The total score of A is the sum of the pairwise scores:

σA(λ, µ) =
∑
i<j

Mij − λ
∑
i<j

MS ij − µ
∑
ij

Sij. (12)

We refer to the problem of finding a maximum-score alignment under the above
scoring scheme as the SP trade-off problem. Gusfield et al. [20] proved a sub-
exponential bound on the number of optimality regions encountered in traversing
the (λ, µ)-plane along any line. For the case where the entries of the substitution
matrix are small integers, as is often true for PAM and BLOSUM matrices used
in practice, we can prove a better bound.
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Theorem 5. Suppose that for s, t ∈ Σ, α(s, t) ∈ Z and |α(s, t)| ≤ U , U ∈ Z.
Then, the total number of optimality regions induced by the SP trade-off problem
on the (λ, µ) plane is O(n5/3U5/3k10/3).

Proof. Follows from Lemma 8 since
∑

i<j Mij,
∑

i<j MSij , and
∑

i<j Sij are
O(nUk2). 2

Finally, consider the situation where the weights are arbitrary real values.

Theorem 6. The number of optimality regions for global or local parametric
SP alignment is nO(k2) for the alphabet-independent case and nO(k2|Σ|2) for the
alphabet-dependent case under similarity and distance measures.

Proof. We consider only the alphabet-dependent case; the other cases are similar.
The cost of a feasible solution is given by (11). The claim now follows from
Lemma 9, since

∑
i<j bijxij(s, t) can take on nO(k2) distinct values and there are

O(|Σ|2) parameters. 2

4.2 Phylogenetic Alignments

Abusing terminology, we shall call a feasible solution to the phylogenetic align-
ment problem a phylogenetic alignment (or, simply, an alignment). An alignment
will be viewed as consisting of both an internal labeling for the input phylogeny
T and, for each edge T a pairwise alignment between the sequences labeling its
endpoints. For the generalized case, in addition to the above, a feasible solution
(also called an alignment) will also consist of a phylogeny.

Theorem 7. The number of optimality regions for parametric phylogenetic and
generalized phylogenetic alignment under alphabet-independent scoring is

(a) O(n2/3k4/3) under the distance measure if the gap penalty is zero,
(b) O(n5/3k10/3) under the distance measure if the gap penalty is allowed to

vary.
(c) O(n5/3k10/3) under the similarity measure if the gap penalty is held at zero,

and
(d) O(n8/3k16/3) under the similarity measure if the gap penalty is allowed to

vary.

Proof. By Lemma 5, and the fact that the number of internal nodes of any
phylogeny for S is at most k, 0 ≤ wA, xA, yA, zA ≤ N = O(nk2). Under distance
measures, the total score of an alignment is xA + βyA + γzA. Now, (a) and (b)
follow from Lemma 8 with d = 1 and d = 2, respectively. Under similarity
measures, the score is wA − αxA − βyA − γzA. Thus, parts (c) and (d) follow
from Lemma 8 with d = 2 and d = 3, respectively. 2

Theorem 8. The number of optimality regions for star alignment under global
alphabet independent scoring is O(n2/3k2/3) when the gap penalty is fixed and
O(n5/3k5/3) when the gap penalty varies.

Proof. Use Lemmas 6 and 8 with d = 2 and d = 3, respectively. 2
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Theorem 9. The number of optimality regions for optimality regions for alpha-
bet-dependent parametric phylogenetic and generalized phylogenetic alignment
under distance and similarity measures is (nk2)O(|Σ|2).

Proof. By equation (5), the value of an alignment A is:

valA = γ
∑

(u,v)∈T

zuv +
∑

{s,t}⊆Σ

α(s, t)
∑

(u,v)∈T

xuv(s, t) (13)

where T is the phylogeny, zuv and xuv(s, t) are, respectively, the number of gaps
and the number of times character s is lined up with character t in the pairwise
alignment between the strings labeling nodes u and v of T . The value of A is
thus a function of O(|Σ|2) parameters. Moreover,

∑
xuv(s, t) can take on O(nk2)

distinct values. The claim now follows from Lemma 9. 2

5 Discussion

Since the number of optimality regions for all problems considered here is polyno-
mial in the length and number of sequences (assuming bounded alphabet in the
alphabet-dependent case). Theorem 1 implies that the corresponding minimiza-
tion diagrams can be computed with a polynomial number of calls to algorithms
for the respective fixed-parameter problems. However, the fact that an exact so-
lution to these problems is needed is a big limitation, since the cost of carrying
out even a single multiple or phylogenetic alignment is prohibitive, except for
short sequences.

In practice, the fixed-parameter problems are often solved heuristically, and
each such scheme raises its own parameter-sensitivity issues. The approach pre-
sented here can be used to analyze any procedure that minimizes or maximizes
a function that has a discrete dependence on the features of pairwise alignments.
Examples of such approaches are given in [18]. Different techniques seem nec-
essary to analyze heuristics that do not fall in this category; e.g., progressive
alignment [12] and some of the methods outlined in [33].
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Abstract. In this paper we present a branch and bound algorithm for
local gapless multiple sequence alignment (motif alignment) and its im-
plementation. This is the first program to exploit the fact that the motif
alignment problem is easier for short motifs. Indeed for a fixed motif
width the running time of the algorithm is asymptotically linear in the
size of the input. We tested the performance of the program on a dataset
of 300 E.coli promoter sequences. For a motif width of 4 the optimal
alignment of the entire set of sequences can be found. For the more nat-
ural motif width of 6 the program can align 19 sequences of length 100;
more than twice the number of sequences which can be aligned by the
best previous exact algorithm. The algorithm can relax the constraint of
requiring each sequence to be aligned, and align 100 of the 300 promoter
sequences with a motif width of 6. We also compare the effectiveness
of the Gibbs sampling and beam search heuristics on this problem and
show that in some cases our branch and bound algorithm can find the
optimal solution, with proof of optimality, when those heuristics fail to
find the optimal solution.

1 Introduction

The function of DNA and protein sequences can often be characterized by the
presence of important substrings or “motifs”, in the case of DNA sequences
often corresponding to protein binding sites. This observation has led to the
field of local gapless multiple sequence alignment (hereafter motif alignment)
which attempts to find meaningful substrings from a collection of sequences
which have a common biological function, typically by learning a function which
scores substrings based on how “good” they are as instances of the motif in
question. Consensus based methods score commonly appearing substrings higher
than other substrings, sometimes allowing a small number of mismatches. These
methods have the advantage that it is easy to devise exact algorithms for small
motif lengths. [14] is a recent example of this approach. However for poorly
conserved motifs the number of common substrings grows exponentially with
the motif length, and since the available data is always limited it is problematic
to accurately estimate the score of each individual substring. Thus it is common
to use matrix based or “profile” methods which decompose the scoring function
into a sum over each position in the substring to be scored. Unfortunately for
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these matrix based methods there have been no known algorithms which do not
depend exponentially on the number of sequences n. Indeed the specific problem
formulation adopted in this work has been found to be NP-hard [1], [10] for
a general motif width. Furthermore [2] show that the problem is APX-hard,
which implies that, if P 6= NP , a polynomial time approximation scheme for
this problem does not exist. The problem is also NP-hard when the constraint
of finding an optimal discrete alignment is relaxed to that of finding an optimal
“fuzzy” alignment [7]). Thus most work in this field has concentrated on finding
good heuristic algorithms. Beam search [12], and Gibbs Sampling [8] have been
used for the specific problem formulation that this paper adopts, and expectation
maximization (EM)[9] has been used for a related problem. In earlier work, an
exact branch and bound algorithm has been developed which can solve some
problem instances with more that 10 DNA sequences [6]. However, the worst
case running time of the algorithm is still exponential in n and can be very long
in practice.

In this paper we describe a new branch and bound algorithm which is the
first matrix based exact method to actively exploit the fact that the alignment
problem is easier for smaller motif widths. Indeed for a fixed width motif the
running time of the algorithm has an upper bound, which although quite large,
is only linear in the number of sequences to be aligned. We refer to our new
algorithm as the “Tsukuba BB Algorithm” and the older branch and bound
algorithm [6] as the “Berkeley BB Algorithm”.

This paper is organized as follows: we define a specific optimization problem,
then describe a search tree for finding optimal alignments and introduce a score
based bound for nodes in that search tree. Following that, we introduce a tech-
nique for avoiding redundant search of equivalent paths of the search tree and
prove its correctness. We then define the concept of a consistent alignment and
show how that concept leads to a complementary method for pruning branches
in the search tree. After that we describe our implementation of the algorithm
and give empirical results comparing its performance to a previous branch and
bound algorithm, Gibbs sampling, and beam search, on a dataset of E.coli pro-
moter sequences. Finally, a generalization of the original optimization problem
in which some sequences are left out of the alignment is introduced and its use
is demonstrated on the promoter dataset. We close with a short discussion of
the results presented.

2 Problem Definition

We adopt the following problem formulation: to choose one substring of length
w from each sequence in a set of sequences such that the score of the chosen
substrings is maximal. For a scoring function we use the common maximum
likelihood ratio score.
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2.1 Maximum Likelihood Ratio Score

In this section we formally define the maximum likelihood ratio (MLR) score
of an alignment. For our purposes an alignment A is a collection of length w
substrings from the input sequences, where Aj is the substring taken from the
jth input sequence. First we define a special case known as the entropy score.
In words it is simply −1 times the sum of the information theoretic entropy
of the distribution of characters in each column in the given alignment. Let σ
denote the size of the alphabet, n be the number of input sequences, and F (c, i)
the frequency of character c in column i of the alignment. (The matrix F/n is
sometimes called a profile.) We slightly abuse notation by letting σ represent
the set of characters in the alphabet in the phrase c ∈ σ. The entropy score can
then be written as:

w∑
i=1

∑
c∈σ

F (c, i)
n

log
F (c, i)

n
.

The MLR Score adds a probability vector B of length σ as a background
model. Also it is common to add a vector of “pseudocounts” P (1 . . .σ). The
MLR Score, R(A) of an alignment A is defined as:

w∑
i=1

∑
c∈σ

F ′(c, i)
n′ (log

F ′(c, i)
n′ − logB(c)),

where n′ = n +
∑
c∈σ

P (c), F ′(c, i) = F (c, i) + P (c)

The MLR score is equivalent to the entropy score when a uniform distribu-
tion is used for the background model and all pseudocounts are set to zero, as
discussed in [13] and [3].

The standard definition of the MLR score, given above, sums over columns in
an alignment and characters in the alphabet. However it will suit our purposes
to rewrite this score as an equivalent formula that sums over substrings included
in the alignment. To describe that score we use Aji to denote the ith character
in the substring Aj, i.e. Aj = Aj1 . . .Ajw. We define the score of a substring
S = s1 . . . sw relative to a frequency matrix F ′ as:

tF ′ (S) =
1
n′

w∑
i=1

(log
F ′(si, i)

n′ − log B(si))

The MLR score can now be written as:

R(A) =
n∑

j=1

tF ′ (Aj) +
w

n′
∑
c∈σ

P (c)(log
F ′(c, i)

n′ − log B(c))

Note that the second term does not include an Aj term. Therefore we can define
a prior included score of a substring S as:

t′F ′(S) = tF ′ (S) +
w

nn′
∑
c∈σ

P (c)(log
F ′(c, i)

n′ − logB(c))
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and then rewrite that MLR score as the sum of the score of each substring in an
alignment.

R(A) =
n∑

j=1

t′F ′ (Aj).

Choice of Background Probabilities and Priors. The choice of background
model will depend on the intended use. In this paper we adopt two common
choices: a uniform background model and a model based on the frequencies of
bases in the input. For priors, we used the add one Laplace prior i.e. we set all
the elements of P to one.

3 Condensed Search Tree

The search tree used by the Tsukuba BB algorithm is constructed from a root
node and input set of sequences as follows: for any substring s of length w found
in the input sequences, construct a branch from the root to a new node labeled s,
then recursively construct a search tree from s using s as the root node and the
same set of input sequences except for the removal of all sequences containing
s. An example of a search tree is shown in figure 1. Note that this search tree
is condensed in the sense that a single edge can represent multiple occurrences
of a substring. Thus some alignments cannot be expressed as paths through this
tree. However we prove that a path to an optimal alignment exists in this tree.

Theorem 1 A path to any optimal alignment exists in the condensed search
tree.

We use some properties of an optimal alignment A∗ to prove this theorem. We
denote the MLR score obtained by this alignment as R∗ and the prior included
frequency matrix of the alignment by F ∗′. We define the optimal model score
M(A) of an alignment as the prior included score of the substring relative to
F ∗′ summed over the substrings in the alignment. i.e.

M(A) =
n∑

j=1

t′F∗′ (Aj)

(One interpretation of this is that it is the log likelihood ratio of A being gener-
ated by the model F ∗′ versus the background model B.) We use this definition
to prove two lemmas.
Lemma 1. There exists a path in the condensed tree which corresponds to an
alignment whose optimal model score is at least R∗.
Proof: The proof is by construction. Consider the distinct length w substrings
contained in the input sequences. Order all the substrings by their prior included
score relative to F ∗′. Align all occurrences of the highest scoring substring and
remove the aligned sequences from consideration. Repeat this procedure with
the remaining sequences until a full alignment is obtained. This procedure gives
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the alignment with the maximum optimal model score, which must be at least
R∗ since Aopt is a feasible alignment whose optimal model score is R∗.
Lemma 2. The optimal model score of an alignment is never greater than its
MLR score
Proof: The optimal model score of an alignment A with a prior included fre-
quency matrix F ′ can be written as:

M(A) =
n∑

j=1

t′F∗′(Aj) =
w∑

i=1

∑
c∈σ

F ′(c, i)
n′ (log

F ∗′(c, i)
n′ − logB(c)). (1)

The MLR score of A is:

R(A) =
w∑

i=1

∑
c∈σ

F ′(c, i)
n′ (log

F ′(c, i)
n′ − logB(c)). (2)

Here we state a well known fact, which can be proved with the method of La-
grange multipliers. For any given fixed probability vector u of length σ, the
maximum of the sum ui log vi maximized over any length σ probability vector v
occurs when v = u. i.e.

max
v

σ∑
i=1

ui log vi =
σ∑

i=1

ui logui (3)

Combining equations 1, 2, 3 gives:

M(A) ≤ R(A) ≤ R∗

Thus any alignment which has an optimal model score of at least R∗ must in fact
have an optimal model score of exactly R∗ and be an optimal alignment. The
alignment guaranteed to exist by lemma 1. is indeed an optimal alignment, which
proves the theorem. By condensing nodes, the size of the search tree becomes
bounded by a function of the alphabet and the motif width. As a substring is
never repeated in a path in the search tree, each leaf of the search tree represents
an ordering of some of the length w substrings. Since there are only σw possible
substrings of length w, the size of the tree is O((σw)!). Although this is a large
number, note that it is independent of the number of sequences n. Thus in the
limit as w is fixed and n goes to infinity, any algorithm which efficiently searches
the condensed search tree, e.g. depth first search, requires only constant time
plus the time needed to read the input, which is linear in n. Of course the size
of the search tree is also bounded by some functions of n. Namely it is O(dn),
where d is the number of distinct substrings of length w occurring in the input
sequences; d itself is bounded by the number of bases in the input as well as by
σw.

4 Tsukuba BB Algorithm

The Tsukuba BB algorithm is simply depth first search on the condensed search
tree with pruning. The pruning criteria guarantees that a path through the tree



Tsukuba BB: A Branch and Bound Algorithm 89

Root

at

ca gc(2) tg

gc tg ca gc

gc(2)

at tg

tg(2)

ca gc

ca

at tg(2) gc

gc tg at tg

} input seqs.
atg
gca
tgc

Fig. 1. A diagram of the search tree for three sequences with a motif width
of two is shown. Multiple occurrences of a substring represented by a node are
indicated by the number in parenthesis, as in “tg(2)”.

which builds an optimal alignment by adding substrings in the best first scoring
order, e.g. with non-increasing values of t′F∗′ , will never be pruned. Note that the
construction of Lemma 1. in the previous section guarantees that such a path to
an optimal alignment exists.

4.1 Pruning Criteria

Let L be a lower bound on R∗, for example the MLR score of some feasible
solution. Let a subalignment be defined as an alignment of some of the input
sequences. Let Sq be the set of substrings contained in a subalignment A(q,m) of
m < n sequences at some node q of the search tree. Let an extension from q be
any alignment of n substrings A(q,n) produced by adding substrings from Sq to
A(q,m). Note that while A(q,m) is a feasible subalignment of the input sequences,
an extension A(q,n) is not a feasible alignment of the input sequences. Thus
extensions are not of direct interest. However the following pruning criteria uses
extensions to advantage.
Pruning Criteria: Prune a node q if any extension A(q,n) can be found such
that:

R(A(q,n)) < L

4.2 Correctness of the Pruning Criteria

We must show that no node which represents a subalignment of an optimal
alignment and built in best scoring first order will ever be pruned.

Theorem 2 Let A∗ be an optimal alignment having a prior included frequency
matrix F ∗′

. Let q be a node in the search tree representing a subalignment of
A∗ built by adding substrings in order of non-decreasing t′F∗′ values. For any
extension A(q,n) of q

R(A(q,n)) ≥ R(A∗).
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Proof: From lemma 2. of the previous section we know that the MLR score of
A(q,n), R(A(q,n)), is at least as great as its optimal model score, M(A(q,n)). Thus
it is sufficient to show that M(A(q,n)) ≥ R(A∗). Note that:

M(A(q,n)) =
m∑

j=1

t′
F∗′ (A

(q,n)
j ) +

n∑
j=m+1

t′
F∗′ (A

(q,n)
j )

Where we have divided the sum into two sums by numbering the sequences so
that the first m sequences are the ones included in the subalignment represented
by q.
Likewise R(A∗) can be expanded as:

R(A∗) =
m∑

j=1

t′
F∗′ (A∗

j ) +
n∑

j=m+1

t′
F∗′ (A∗

j )

The first summation term for M(A(q,n)) and R(A∗) is the same by the re-
quirement that the subalignment represented by q is a subalignment of A∗. Thus
the difference is:

M(A(q,n))− R(A∗) =
n∑

j=m+1

{t′
F∗′ (A

(q,n)
j )− t′

F∗′ (A∗
j )}

Since the substrings added at q are taken from the substrings in A∗ in order
of non-decreasing t′F∗′ values, each term of this summation is at least zero. Thus:

R(A(q,n)) ≥M(A(q,n)) ≥ R(A∗)

When priors are not used a more powerful pruning criterion can be used:
Pruning Criteria (No Priors): Prune a node q, representing a subalignment
with m total substrings, if any extension A(q,i), m ≤ i ≤ n can be found such
that:

R(A(q,i)) < L

We omit the proof of correctness, which is similar to the proof of the pruning
criteria used with priors given in the previous section.
Choosing Extensions. As stated above, the score of any extension, R(A(q,n)),
is an upper bound on the score of alignments which may be obtained by expand-
ing node q. We use a greedy strategy to try to find an extension which gives a
low upper bound. We consider all extensions obtained by adding one substring
from Sq and pick the lowest scoring one. i.e. we pick an extension that minimizes
R(A(q,m+1)). We then consider all possible ways to add one substring to that
extension to produce an extension with m + 2 total substrings, and so on.

5 Using Canonical Representative Nodes to Reduce
Redundant Work

General Idea. The condensed search tree shown in figure 1 includes some redun-
dancy. This redundancy comes from adding the same set of distinct substrings
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in different orders. For example node (“at”, “ca”) is equivalent (represents the
same subalignment) to node (“ca”, “at”). Note that this is not always the case
for two nodes whose subalignments contain the same distinct substrings. For ex-
ample node (“gc”, “tg”) is not equivalent to node (“tg”, “gc”). This is because
there is a sequence in the input which contains both “gc” and “tg” and therefore
the alignment of that sequence differs for the two nodes. Still, in the worst case
many groups of up to n! equivalent nodes may be found in the tree. We have
developed an algorithm which effectively reduces redundant calculations without
significantly increasing memory requirements.

Even if a node survives the pruning criteria of the previous section it would
be correct for us to prune that node if we could guarantee that we would not
prune some other equivalent node. The general idea of our algorithm is to try to
expand only a single canonical representative node from any group of equivalent
nodes. In the following section we describe the algorithm we implemented which
largely achieves this goal.
Generation Canonical Nodes. We assume that an ordering has been assigned
to the set of possible substrings of length w. Before describing the algorithm we
introduce some additional notation: let I be the set of input sequences and
I − {U1, . . . , Up} denote the input sequences that do not contain any substrings
from the set {U1, . . . , Up}. The algorithm for computing canonical nodes, shown
in figure 2, takes as input a node U and either outputs U itself or an equivalent
node with a longer tail of ascending substrings. Where

Definition 1 The tail of a node U = U1 · · ·Uk is a series Up · · ·Uk, where p is
the smallest integer such that:

∀i p ≤ i < k, Ui < Ui+1

The purpose of this section is to show that:

Theorem 3 The algorithm shown in Figure 2 either outputs U or a node which
is equivalent to U but has a longer tail than U .

Proof: The program exits from one of four return statements. The first two
cannot violate the terms of the theorem because they return U unchanged. The
third returns V where,

U = U1 · · ·Ur · · ·UiUi+1 · · ·UkUk+1

V = U1 · · ·Ur · · ·UiUk+1Ui+1 · · ·Uk

Note that the only difference between U and V is the placement of Uk+1.
The For loop condition ensures that no substring from {Ui+1, . . . , Uk} occurs to-
gether with Uk+1 in any sequence in I−U1, . . .Ur . Thus U and V are equivalent.
The fourth returns V where,

U = U1 · · ·UrUr+1 · · ·UkUk+1

V = U1 · · ·UrUk+1Ur+1 · · ·Uk
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In this case also, U and V are equivalent for the same reason. It remains
to prove that V returned by the third or fourth return statement has a longer
tail than U . If the algorithm executes past the first If statement the tail of U
must be just Uk+1. However if the algorithm returns from the third or fourth
return statements it returns a node V whose tail includes Uk and Uk−1 (and
possibly other nodes as well). This proves the theorem. We close this section

Canonical( U ) // Output the canonical representative node of U = U1 · · ·Uk+1

If Uk+1 > Uk Return( U ) // #1.

If Uk−1 > Uk Return( U ) // #2.

Assign π such that Uπ is the last substring in U , other than Uk, which is greater
than its successor. // The series Uπ+1 · · ·Uk is in ascending order.

If Uk+1 < Uπ+1

r ← π
Else

Assign r such that:
Ur is the last substring in Uπ+1, . . . , Uk which is smaller than Uk+1

For( i = k; i > r; i = i− 1 ) // Note that i is decremented.
If any sequence in I − {U1, . . . , Ur} contains both Ui and Uk+1

Let V be the same as U except with Uk+1 moved directly after Ui

Return( V ) // #3. Note that if i = k here, V = U .

Let V be the same as U except with Uk+1 moved directly after Ur

Return( V ) // #4. The series Vπ+1 · · ·Vk+1 is in ascending order.

Fig. 2. Pseudocode for computing the canonical representative of a node

by noting that in practice the second return statement, returning U , is called
infrequently. This is because, as will be seen in the next section, the parent node
of U , U1 · · ·Uk, itself is a node returned from Canonical and therefore Uk−1

tends to be less than Uk.
The Tsukuba BB Algorithm Using Canonical Nodes. Here we define the
canonical node V of a given node U as the node returned from the algorithm
shown in figure 2. Note that theorem 3 ensures that either V = U or the tail of
V is longer than the tail of U . Thus at least one node (any one with a maximal
length tail) in a group of equivalent nodes must be its own canonical node.

The steps taken to decide whether to expand a node U , whose canonical node
is V , during the depth first search of the Tsukuba BB algorithm are:

– 1. If U can be pruned by the score based pruning criteria don’t expand
– 2. Otherwise, if V is the same as U , expand.
– 3. Otherwise, if all of the ancestors of V in the search tree survive the score

based criteria, don’t expand.
– 4. Otherwise, Expand.
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Note that for step 3. common ancestors of both U and V do not need to be
checked (we know the ancestors of U pass the pruning criteria). This algorithm
guarantees that if any node U is reached that passes the score based pruning
criteria, either U will be expanded, or an equivalent node with a longer tail will
be expanded.

6 Pruning Inconsistent Alignments

In this section we describe a pruning strategy which com- AT gac
AC atg

Fig. 3. The aligned
substrings shown in
upper case.

plements the score based bound. The key idea is that in-
consistent subalignments can be pruned. An example of
a inconsistent alignment is shown in figure 3. This align-
ment is inconsistent in the sense that it favors ’at’ over
’ac’ in the first sequence, but the opposite is true in the
second sequence. We believe optimal alignments for rea-
sonable scoring functions will not behave in this way. In particular for the MLR
scoring function used in this work, optimal alignments can be produced by inde-
pendently optimizing the score of the substring picked in each sequence relative
to the frequency matrix F ∗′. Of course we do not know F ∗′ before we solve the
problem. However, if we assume that a subalignment is included in an optimal
alignment, that subalignment gives us some information about F ∗′, which in
turn restricts the number of ways in which sequences can be added to that sub-
alignment while maintaining consistency. For example if a subalignment aligns
’at’ in a sequence containing ’ac’ we can conclude that F ∗′(t, 2) ≥ F ∗′(c, 2), and
therefore, for any unaligned sequence which contains a pair (’xt’,’xc’), where ’x’
is any base, the score of ’xc’ cannot exceed the score of ’xt’. We describe this
relationship between ’at’ and ’ac’ as ’at’ dominates ’ac’.

We exploit this by keeping a σw × σw binary matrix D table, which al-
lows pruning based on inconsistency. This type of pruning is easily added to the
Tsukuba BB algorithm described so far. First, all of the entries of D table are
initialized to false. Then the condensed search tree is descended using D table
to prune any inconsistent subalignments which may have survived the score
based bound. When a subalignment cannot be pruned, relationships of the form
(’xt’,’xc’) for the newly aligned substring paired with all other substrings oc-
curring in the newly aligned sequences are added and the transitive closure is
taken.

7 Berkeley BB

For comparison purposes we report the running times of aligning sequences with
a previous branch and bound algorithm [6], which we refer to as the Berkeley BB
algorithm. That algorithm uses a non-condensed search tree, which is dependent
on the order of the input sequences. The bound used by the algorithm is different
than the score based pruning criteria described here. The worst case time of the
algorithm is O(ln), but in practice the algorithm runs much faster than a näıve
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enumerative algorithm. We slightly modified the implementation to allow priors
to be used by adding “dummy sequences” of length w to the input sequences.
The modified program can add dummy sequences to the beginning or end of the
input, but adding to the beginning was faster for the cases we compared so we
report those times.

8 Results

Dataset. We used a dataset of 300 E.coli promoter sequences of length 100 [11].
The {a, c, g, t} content of the dataset was 28.2%, 21.2%, 21.2%, and 29.8%
respectively. [5] and [11] give analysis and pointers to the extensive biological
literature concerning E.coli promoters.

Exact Methods. This section reports results from a 450 MHz Pentium II
machine running Linux; Tsukuba BB is a C++ program, while Berkeley BB is a
C program. For motif widths of up to four we were able to compute an optimal
alignment of all 300 sequences using Tsukuba BB. Results for a motif width of
four with the Laplace prior are shown in table 1. Results for the Tsukuba BB
algorithm for a motif width of five are shown in table 2. In contrast, with a motif
width of six and the Laplace prior, Berkeley BB requires 19 hours to align 10
sequences. The running times for the two algorithms for motif widths of six and
seven are shown in figure 4. This figure plots times with the Laplace prior.

# seqs algorithm uniform input comp.
7 Berkeley 22.4 min 35.3 min
7 Tsukuba 0.67 sec 1.07 sec

300 Tsukuba 44.2 sec 28.8 min

Table 1. Running times of Tsukuba
BB and Berkeley BB are shown for
w=4. The background model was ei-
ther a uniform distribution or the
composition of the input sequences.

# seqs priors no priors
40 4.45 0.96
45 5.50 1.24
50 30.4 4.65
55 50.0 19.5

Table 2. Running times in hours
are shown for w=5, with and with-
out priors. Tsukuba BB was used
with a uniform background model.
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Fig. 4. The running times of the Tsukuba BB and Berkeley BB algorithms are
shown for promoter sequences. The x-axis is the number of sequences. The y-axis
is the running time in hours. (From left to right) the first two plots show times
with a uniform background and motif widths of 6 and 7 respectively. The last
shows times for an input composition background model with a motif width of
6.
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Heuristics. This section reports the results of running two heuristic algorithms
on the input sequences with a motif width of four, a uniform background, and the
add-one Laplace prior. The optimal alignment has a score of 6.258, and can be
computed in 44 seconds with Tsukuba BB. Two heuristics where used, 1. a beam
search algorithm similar to the one used by [12] but with a beam width of 5000,
and 2. the Gibbs sampling heuristic [8]. The beam search heuristic was coded in
“C” and the Gibbs sampling program “C++”. The Gibbs sampling program uses
a round robin scheduling pattern for the choice of sequence to realign at each
step. It has three modes: No Shifting, Plain Shifting, and Forced Shifting. No
shifting is the straight Gibbs sampling algorithm. Shifting is the “phase shifting”
described by [8] of up to w − 1 positions to the left or right. Plain shifting and
forced shifting differ only in how they treat boundary conditions. Plain shifting
does not consider shifts in which some position(s) cannot be shifted without
going past the edge of a sequence, while forced shifting considers those shifts by
simply leaving such positions unchanged while shifting the others. Plain shifting
becomes less meaningful as the number of sequences grows. This can be seen by
considering the proportion of alignments which can be shifted one to the left,
which is (l−w)n/(l−w +1)n. For l = 100, w = 4, n = 300 this proportion only
is 4.47%. Table 3 shows the results of tests run with the different heuristics. The
beam search is deterministic, but depends on the order of the input sequences,
so we used 10 different randomly generated orderings of the input sequences
for the beam search trials. Gibbs sampling is inherently stochastic so we simply
ran it (for 70, 000, 000 potential sequence realignments) in each mode ten times
(in each case starting with a randomly chosen alignment). For the two shifting
modes, shifting was considered once every 1000 iterations of the main Gibbs
sampling loop.

Heuristic mean score best score mean time
Beam 6.083 6.242 57.3
No 5.000 5.077 49.9
Plain 5.014 5.087 50.1
Forced 5.048 5.112 58.7

Table 3. The average score, best score, and average running times in minutes
are shown for different heuristics. The averages are over 10 trials with the full
promoter data set and a motif width of four. “No”, “Plain”, and “Forced” refer
to the modes of the Gibbs sampling program.

Tsukuba BB for the ZOOPS Problem. [4] proposed a variant of the EM
problem formulation in which it is assumed that the motif occurs once in some
sequences, and not at all in the other sequences. In this section we describe a gen-
eralization of the Tsukuba BB algorithm which uses that general idea and their
name, ZOOPS, for Zero or One Occurrences Per Sequence. The corresponding
name for requiring one occurrence in each sequence is OOPS.
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The modified problem is to find a subalignment of size k ≤ n, present in the
condensed search tree, that has a maximal MLR score, where k is a user given
parameter. Two minor changes to the Tsukuba algorithm allow this generaliza-
tion. First, nodes whose subalignments contain k or more total substrings are
not further expanded, and second, the role of n in the pruning criteria is replaced
by k.

Pruning Criteria (ZOOPS, No Priors): For the ZOOPS problem, aligning k
sequences, Prune a node q, representing a subalignment with m total substrings,
if any extension A(q,i), m ≤ i ≤ k can be found such that:

R(A(q,i)) < L

Where L is defined as a lower bound for the optimal score of aligning k sequences.
When priors are used i must be constrained to be exactly k.

We investigated the use of this generalization on a truncated version of the
promoter dataset, in which only the 55 bases from position -50 to position +5
were used. All of the results given in this section were obtained using these
shorter sequences. We used Tsukuba BB to align 100 of the 300 truncated pro-
moter sequences with a motif width of six, requiring 54 hours. Figure 5 shows
the substrings chosen in the alignment. Figure 6 shows a histogram of the start-
ing positions of the substrings found in the alignment. The occurrences cluster
nicely around the -10 position which is consistent with the currently accepted
model of promoter structure.

substring # occurrences
taaaat 27
tagaat 18
tataat 14
taaaaa 14
tacaat 12
tataaa 9
tagaaa 6

Fig. 5. Substrings aligned with the
ZOOPS model and a requirement
of aligning 100 sequences from the
shortened promoter dataset.
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Fig. 6. A histogram of the start-
ing position of the substrings aligned
when at least 100 sequences out of
300 were required to be aligned. The
substrings were of width six.

9 Discussion

Tsukuba BB is dramatically faster than Berkeley BB for motif widths of up
to five. For these motif widths pruning based on inconsistency very effectively
complements the score based pruning. For example, the 29 minutes required to
align a motif of width four for 300 sequences with an input composition based
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background model increases to 61 hours when inconsistency based pruning is
disabled. Unfortunately this pruning technique is much less effective as the motif
width grows (and the number of sequences to be aligned decreases). For example,
the 52 hours required to align a motif of width six for 19 sequences with a uniform
background only increased to 58 hours when inconsistency based pruning was
disabled. On the other hand, canonical based pruning is relatively more effective
for longer motif widths, which is expected since the chance that two substrings
occur in the same sequence decreases. For example, for a motif width of six and
a uniform background model the time required to align 14 sequences increased
by a factor of more than 10 when canonical based pruning was disabled.

For a motif width of four Tsukuba BB is able to find the optimal alignment
of 300 sequences in 44 seconds, along with a guarantee of its optimality. The two
common heuristic algorithms tested here could not find the optimum even once
after 10 trials of close to one hour each. We do not claim that these are necessarily
the best heuristics and parameter settings possible, for example a sequence order
independent version of beam search has been developed recently [5]. However we
believe these results raise the issue of how well heuristic algorithms will scale up
to larger data sets. We note that both heuristics could often find optimal or near
optimal alignments in just a few minutes, when the number of sequences was on
the order of 20 (results not shown). We do however acknowledge the possibility
that the heuristics may perform better with longer motif widths. We did not
evaluate EM because it is a heuristic for a different problem formulation. The
EM formulation considers the likelihood of the motif model summed over all
possible alignments, while the formulation adopted in this work considers only
the likelihood of the most likely alignment (i.e. Viterbi path). We note that the
significant difference between these two formulations has been widely overlooked
in the biological literature.

The results given with ZOOPS were primarily intended to demonstrate how
Tsukuba BB can be used for the ZOOPS problem formulation. We note that in
general the algorithm can align many more sequences with the ZOOPS than with
the basic OOPS problem formulation. Indeed from the results in this paper we
see that aligning 100 sequences out of 300 with a motif width of six requires about
the same amount of time as aligning 19 sequences with OOPS. [14] analyzes a
dataset in which only approximately one third of the sequences are thought to
contain the motif (ribosome binding site) of interest; a case in which the ZOOPS
problem formulation is appropriate.

Tsukuba BB can currently align most conceivable input datasets for a motif
width of four and is not too far from being able to do so for a motif width of
five. Since this approach is new it is likely that some further speed-ups will be
discovered. Furthermore the algorithm, even when using canonical nodes, is just
depth first search with essentially no global state (although the lower bound L is
updated infrequently when better feasible solutions are found, using a stale value
of L does not effect correctness). Thus the algorithm is easy to parallelize and will
benefit fully from hardware advances. This is the best exact method. However
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at present the number of sequences which can be handled for a motif width of
six or greater is still limited, especially for the OOPS problem formulation.

Conclusion. We have presented the first exact algorithm for a matrix based
scoring function which actively exploits the fact that this generally hard problem
is easier for a fixed length short motif. In fact the algorithm is asymptotically
linear in the number of sequences. In practice the algorithm can align more
sequences that the best previous exact method and in some cases can find guar-
anteed optimal solutions where reasonable heuristics fail.

Acknowledgments. Dr. Yutaka Akiyama for careful reading of this manuscript.
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Abstract. In this paper we study the following problem: Given n strings
s1, s2, . . . , sn, each of length m, find a substring ti of length L for each
si, and a string s of length L, such that maxn

i=1 d(s, ti) is minimized,
where d(·, ·) is the Hamming distance. The problem was raised in [6] in
an application of genetic drug target search and is a key open problem in
many applications [7]. The authors of [6] showed that it is NP-hard and
can be trivially approximated within ratio 2. A non-trivial approxima-
tion algorithm with ratio better than 2 was found in [7]. A major open
question in this area is whether there exists a polynomial time approx-
imation scheme (PTAS) for this problem. In this paper, we answer this
question positively. We also apply our method to two related problems.

1 Introduction

Let s be a string, without further specification, we suppose it is a string over
alphabet Σ = {1, 2, . . . , A}. Denote l(s) as the length of s. Let s and s′ be two
strings of same length. Then d(s, s′) denotes the Hamming distance between s
and s′. Let s and s′ be two strings that l(s) ≥ l(s′). s is said to be d-close to
s′ if it contains a substring t of length l(s′) such that d(t, s′) ≤ d. The closest
substring problem is defined as:

Closest Substring Problem. Given a set S = {s1, s2, . . . , sn} of strings each
of length m, and an integer L, find a “center” string s and a substring ti of
length L for each si, minimizing d such that for each 1 ≤ i ≤ n, d(s, ti) ≤ d.

The closest substring problem was introduced in [6] and is a key theoretical
open problem in applications such as antisense drug design [2,6], creating diag-
onal probes [1,9,6], creating universal PCR primers [5,6]. In these applications,
one wants to distinguish two sets of strings by one short string, which is close
to a substring of each string in one set and far from any string in another set.
For example, in the applications of drug design, one wants to design a drug that
would kill several closely related pathogenic bacteria while it would be relatively
harmless to humans. In order to do this, one might look for a short strand of
nucleic acid sequence which can bind to part of a vital gene of each bacteria
? Supported in part by NSERC Research Grant OGP0046506.

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 99–107, 2000.
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yet cannot bind to any part of the genes of humans. This naturally raises the
following question:

Distinguishing String Problem. Given a set Sb ⊆ Σm of (bad) strings, a set
Sg ⊆ ΣL of (good) strings and two thresholds db and dg, find a string x such
that sb is db-close to x for every sb ∈ Sb, and d(x, sg) ≥ dg for every sg ∈ Sg.

The reason to call Sb “bad” is that it represents the sequences of harmful
bacteria. Note that when Sg is empty, the distinguishing string problem is actu-
ally the decision version of the closest substring problem. In contrast, when Sb is
empty, the problem is the decision version of the farthest string problem studied
in [6], which seems easier than the closest substring (string) problem and has a
PTAS, as proved in [6] by a standard technique. In practice, db is usually small
and dg is usually large. Therefore, to find a string that satisfies the conditions
for Sb is more decisive than for Sg. We will see this more clearly in Section 4.
Therefore, the closest substring problem is more crucial in these applications.
However, this problem behaved so elusive that [6,7,8] had to study an easier
version of its:

Closest String Problem. Given a set S = {s1, s2, . . . , sn} of strings each of
length m, find a “center” string s of length m minimizing d such that for each
1 ≤ i ≤ n, d(si, s) ≤ d.

Analogous to the closest substring problem, the authors of [6] also introduced
another related problem, the max close string problem, which tends to find a
string close to as many “bad” strings as possible:

Max Close String Problem. Given a set S = {s1, s2, . . . , sn} of strings of
length at least L, and a threshold d ≥ 0, find a string s of length L maximizing
the number of strings si in S that is d-close to s.

The closest string problem has been studied widely and independently in dif-
ferent contexts. In the context of coding theory it was shown to be NP-hard [3].
In DNA sequence related topics, the authors of [1] used a standard linear pro-
gramming and random rounding technique and gave a near-optimal algorithm
only for large d(super-logarithmic in number of sequences). Then in [6], the au-
thors gave a 4

3 approximation algorithm. They use the linear programming and
random rounding technique only at O(dopt) positions of the solution, while use
a certain string in S to approximate the solution at the other L − O(dopt) po-
sitions. [4] also presented the 4

3
approximation with a similar idea. Later, the

authors of [7] used a more sophisticated method to find the O(dopt) positions
and achieved a PTAS for the problem.

However, the closest substring problem seemed much more elusive. It is cer-
tainly NP hard as the closest string problem is. It admits a trivial ratio 2 ap-
proximation as shown in [6]. In [7], the authors found a nontrivial approximation
algorithm, with approximation ratio 2 − 2

2|Σ|+1
. At O(dopt) positions of the so-

lution, they used a random string to approximate the optimal solution for some-
time. This gains about 1

|Σ| reduction from the trivial ratio 2. However, when |Σ|
is large, e.g. 20 for protein sequences, this improvement is very small.
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The methods that solved the closest string problem cannot be extended
straightforward to the closest substring problem. This is because that we do
not know how to generate the linear programming on the O(dopt) positions.
Only when the optimal solution such that dopt = O(log(nm)), one can find the
best solution at the O(dopt) positions by trying all possibilities, instead of using
linear programming approach. By doing this, [11] gave a PTAS for the closest
substring problem when dopt = O(log(nm)).

In this paper, combining the methods in [7] and a random sampling technique,
we present a PTAS for the closest substring problem. We will also prove that
the max close string problem cannot be approximated within ratio nε for any
ε ∈ (0, 1

4
) unless P = NP. At last, as two applications of the above PTAS, we

give suboptimal solutions to the max close string problem and the distinguishing
string problem.

2 A PTAS for the Closest Substring Problem

Let t be a string of length m. Denote the j-th letter t by t[j]. Let R = {j1, j2, . . . ,
jk} be a multiset of positions, where 1 ≤ ji ≤ m. Then t|R is defined by a length-
k string t[j1]t[j2] · · · t[jk].

First, let us recall the PTAS for the closest string problem in [7]. Let S =
{t1, t2, . . . , tn} be a set of n strings of length m. Suppose s is the closest string of
S, i.e., s such that maxn

i=1 d(s, ti) is minimized. Denote dopt = maxn
i=1 d(s, ti).

For any given r ≥ 2, let 1 ≤ i1, i2, . . . , ir ≤ n be r distinct numbers. Let
Qi1,i2,...,ir be the set of positions where ti1 , ti2, . . . , tir agree. The following lemma
is proved in [7] (Claim 16 and 17):

Lemma 1. [7] Let ρ0 = max1≤i,j≤n dH(ti, tj)/dopt. For any constant r, if ρ0 >
1+ 1

2r−1 , then there are indices 1 ≤ i1, i2, . . . , ir ≤ n such that for any 1 ≤ l ≤ n,

d(tl|Qi1,i2,...,ir
, ti1 |Qi1,i2,...,ir

)− d(tl|Qi1,i2,...,ir
, s|Qi1,i2,...,ir

) ≤ 1
2r − 1

dopt.

This lemma ensures the authors of [7] to use si1 to approximate s at the
positions in Qi1,i2,...,ir . Let Q = Qi1,i2,...,ir and P = {1, 2, . . . , m} − Q. It is
easy to verify that |P | ≤ r dopt = O(dopt). At the positions in P , s can be
approximated by solving the following optimization problem:

{
min d;
d(ti|P , x) ≤ d− d(ti|Q, ti1|Q), i = 1, · · · , n; |x|= |P |. (1)

Since it can be proved that the optimal solution of the above problem such that
d = Θ(|P |), it can be approximately solved by i) rewriting it to be a zero-one
optimization problem; ii) solving the relaxed linear program; and iii) random
rounding. At last, combining the approximate solution x of (1) at P and si1 at
Q gives a PTAS.

The algorithm for the closest string problem cannot be extended to the closest
substring problem straightforward, since we do not know which substring ti



102 Bin Ma

(i = 1, 2, . . . , n) to use in the optimization problem (1). It is easy to see that the
choice of good ti’s is the only obstacle on the way to the solution. Our strategy
is random sampling.

Now let us outline the main ideas. Let 〈S = {s1, s2, . . . , sn}, L〉 be an instance
of Closest Substring, where si is of length m. Suppose that s is its optimal
center string and ti is a length L substring of si which is the closest to s (i =
1, 2, . . . , n). Let dopt = maxn

i=1 d(s, ti). By trying all possibilities, we assume that
ti1 , ti2, . . . , tir are the r substrings tij that satisfy Lemma 1. Let Q be the set of
positions where ti1 , ti2 , . . . , tir agree and P = {1, 2, . . . , L} − Q. By Lemma 1,
ti1 |Q is a good approximation to s|Q. We want to approximate s|P by the solution
x of the following optimization problem (2), where t′i is a substring of si and is
up to us to choose.{

min d;
d(t′i|P , x) ≤ d− d(t′i|Q, ti1|Q), i = 1, · · · , n; |x|= |P |. (2)

The ideal choice is t′i = ti, i.e., t′i is the closest to s among all substrings of si.
However, we only approximately know s in Q and know nothing about s in P so
far. So, we randomly pick O(log(mn)) positions from P . Suppose the multiset of
these random positions is R. Since |R| = O(log(mn)), by trying all possibilities,
we can assume that s|R is known. We then find the substring t′i from s such that
d(s|R, t′i|R)× |P |

|R| +d(ti1 |Q, t′i|Q) is minimized. Then t′i potentially belongs to the
substrings of si that are the closest to s.

Then we solve (2) approximately by the method provided in [7] and com-
bine the solution x at P and ti1 at Q, the resulting string should be a good
approximation to s.

The more detailed algorithm (Algorithm closestSubstring) is given in Fig-
ure 1. We prove Theorem 1 in the rest of the section. Before the proof, we need
a lemma which is commonly known as Chernoff’s bounds ([10], Theorem 4.2 and
4.3):

Lemma 2. [10] Let X1, X2, . . . , Xn be n independent random 0-1 variables,
where Xi takes 1 with probability pi, 0 < pi < 1. Let X =

∑n
i=1 Xi, and µ =

E[X]. Then for any δ > 0,

(1) Pr(X > (1 + δ)µ) <
[

eδ

(1+δ)(1+δ)

]µ

,

(2) Pr(X < (1− δ)µ) ≤ exp
(−1

2µδ2
)
.

From Lemma 2, we can prove the following lemma:

Lemma 3. Let Xi, X and µ be defined as in Lemma 2. Then for any 0 < ε ≤ 1,

(1) Pr(X > µ + ε n) < exp
(−1

3nε2
)
,

(2) Pr(X < µ− ε n) ≤ exp
(−1

2nε2
)
.

Proof. (1) Let δ = εn
µ

. By Lemma 2,

Pr(X > µ+εn) <

[
e

εn
µ

(1 + εn
µ )(1+ εn

µ )

]µ

=

[
e

(1 + εn
µ )(1+ µ

εn )

]εn

≤
[

e

(1 + ε)1+ 1
ε

]εn

,
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Algorithm closestSubstring
Input n sequences {s1, s2, . . . , sn} ⊆ Σm, integer L.
Output the center string s.
1. for every r length-L substrings ti1 , ti2 , . . . , tir (allowing repeats,

but if tij and tik are both chosen from the same si then tij = tik)
of s1, . . . , sn do
(a) Q = {1 ≤ j ≤ L | ti1[j] = ti2 [j] = . . . = tir [j]}, P = {1, 2, . . . , L}−Q.
(b) Let R be a multiset containing d 4

ε2 log(nm)e uniformly random
positions from P .

(c) for every string y of length |R| do
(i) for i from 1 to n do

Let t′i be a length L substring of si minimizing d(y, t′i|R)× |P |
|R| +

d(ti1 |Q, t′i|Q).
(ii) Using the method in [7], solve the optimization problem defined

by Formula (2) approximately. Let x be the approximate solution
within error ε |P |.

(iii) Let s′ be the string such that s′|P = x and s′|Q = ti1 |Q. Let
c = maxn

i=1 min{ti is a substring of si} dH(s′, ti).
2. for every length-L substring s′ of s1 do

Let c = maxn
i=1 min{ti is a substring of si} dH(s′, ti).

3. Output the s′ with minimum c in step 1(c)(iii) and step 2.

Fig. 1. The PTAS for the closest substring problem.

where the last inequality is because µ ≤ n and that (1+x)(1+ 1
x ) is increasing for

x ≥ 0. It is easy to verify that for 0 < ε ≤ 1, e

(1+ε)1+
1
ε
≤ exp

(− ε
3

)
. Therefore,

(1) is proved.
(2) Let δ = εn

µ . By Lemma 2, (2) is proved. ut

Theorem 1. Algorithm closestSubstring is a PTAS for the closest substring
problem.

Proof. Let s be an optimal center string and ti be the length-L substring of
si that is the closest to s. Let dopt = maxd(s, ti). Let ε be any small positive
number and r ≥ 2 be any fixed integer. Let ρ0 = max1≤i,j≤n d(si, sj)/dopt. If
ρ0 ≤ 1 + 1

2r−1 , then clearly we can find a solution s′ within ratio ρ0 in step 2.
So, we suppose ρ0 ≥ 1 + 1

2r−1 from now on.
For convenience, for any position multiset T and two strings t1 and t2. we

denote dT (t1, t2) = d(t1|T , t2|T ). By Lemma 1, Algorithm closestSubstring picks
a group of ti1 , ti2 , . . . , tir in step 1 at a certain time such that

Fact 1. For any 1 ≤ l ≤ n, dQ(ti1 , tl) − dQ(ti1 , s) ≤ 1
2r−1 dopt.

Obviously, the algorithm takes y as s|R for a certain time in step 1(c). Let
y = s|R and ti1 , ti2 , . . . , tir satisfy Fact 1. Let t′i be defined as in step 1(c)(i). Let
s∗ be a string such that s∗|P = s|P and s∗|Q = ti1 |Q. Then we claim:

Fact 2. With high probability, d(s∗, t′i) ≤ d(s∗, ti) + 2ε|P | for all 1 ≤ i ≤ n.
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Proof. Let ρ = |P |
|R| . For any substring t′ of length L of si such that

d(s∗, t′) ≥ d(s∗, ti) + 2ε|P |, (3)

from the definition of s∗, the following inequality is obviously,

Pr
(
ρ d(y, t′|R) + dQ(ti1 , t

′) ≤ ρ d(y, ti) + dQ(ti1 , ti)
)

≤ Pr
(
ρ dR(s∗, t′) + dQ(s∗, t′) ≤ d(s∗, t′)− ε|P |) +

Pr
(
ρ dR(s∗, ti) + dQ(s∗, ti) ≥ d(s∗, ti) + ε|P |) . (4)

It is easy to see that dR(s∗, t′) is a sum of |R| independent random 0-1
variables Xi, i = 1, 2, . . . , |R|, where Xi indicates if s∗ mismatches t′ at the i-th
position in R. Let µ = E[dR(s∗, t′)]. Then obviously, µ = dP (s∗, t′)/ρ. Therefore,
by Lemma 3,

Pr
(
ρ dR(s∗, t′) + dQ(s∗, t′) ≤ d(s∗, t′)− ε|P |)

= Pr
(
dR(s∗, t′) ≤ (d(s∗, t′)− dQ(s∗, t′))/ρ− ε|R|)

= Pr
(
dR(s∗, t′) ≤ µ− ε|R|) ≤ exp

(
−1

2
ε2|R|

)
≤ (nm)−2, (5)

where the last inequality is because of |R| = d 4
ε2

log(nm)e by step 1(b) of the
algorithm. For the same reason, we have

Pr
(
ρ dR(s∗, ti) + dQ(s∗, ti) ≥ d(s∗, ti) + ε|P |) ≤ (nm)−

4
3 . (6)

Combining Formula (4)(5)(6), we know that for any t′ that satisfies Formula (3),

Pr
(
ρ d(y, t′|R) + dQ(ti1 , t

′) ≤ ρ d(y, ti) + dQ(ti1 , ti)
) ≤ 2 (nm)−

4
3 . (7)

For any fixed 1 ≤ i ≤ n, there are less than m substrings t′ that satisfies
Formula (3). Thus, from Formula (7) and the definition of t′i,

Pr (d(s∗, t′i) ≥ d(s∗, ti) + 2ε|P |)≤ 2 n− 4
3 m− 1

3 . (8)

Summing up all i ∈ [1, n], we know that with probability at least 1− 2 (nm)−
1
3 ,

d(s∗, t′i) ≤ d(s∗, ti) + 2ε|P | for all i. ut
From Fact 1, d(s∗, ti) = dP (s, ti)+dQ(ti1 , ti) ≤ d(s, ti)+ 1

2r−1 dopt. Combining
with Fact 2 and |P | ≤ r dopt, we get

d(s∗, t′i) ≤ (1 +
1

2r − 1
+ 2ε r)dopt. (9)

By the definition of s∗, the optimization problem defined by Formula (2) has
a solution s|P such that d ≤ (1 + 1

2r−1
+ 2ε r)dopt. Solving it within error ε|P |

by the method in [7], suppose x is the solution. Then by Formula (2), for any
1 ≤ i ≤ n,

d(t′i|P , x) ≤ (1 +
1

2r − 1
+ 2ε r)dopt − d(t′i|Q, ti1|Q) + ε|P |. (10)
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Let s′ be defined in step 1(c)(iii), then by Formula (10),

d(s′, t′i) = d(x, t′i|P ) + d(ti1 |Q, t′i|Q)

≤ (1 +
1

2r − 1
+ 2εr)dopt + ε|P |

≤ (1 +
1

2r − 1
+ 3εr)dopt.

It is easy to see that the algorithm runs in polynomial time for any fixed
positive r and ε. For any δ > 0, by properly setting r and ε such that 1

2r−1 +3εr ≤
δ, with high probability, the algorithm outputs in polynomial time a solution
s′ such that si is (1 + δ)dopt-close to s′ for every 1 ≤ i ≤ n. The algorithm
can be derandomized by standard methods such as the method of conditional
probabilities [10]. Thus, Theorem 1 is correct. ut

3 Approximating the Max Close String Problem

If we could solve the max close string problem 〈S, L, d〉 (in polynomial time),
then we might try all d = 0, 1, 2, . . . , L and find the least d such that all the
strings in S are d-close to a string s. It is easy to verify that this d is the optimal
value of the closest substring problem 〈S, L〉. Since the closest substring problem
is NP-hard, we know that the max close string problem is NP-hard too. Actually,
we can show a much stronger hardness result:

Theorem 2. For any 0 < ε < 1
4 , the max close string problem cannot be ap-

proximated within ratio nε in polynomial time, unless P = NP .

Proof. First, let us prove the theorem for the case Σ = {0, 1}. We reduce the
far from most string problem to it.

Far from Most String Problem. Given a set S of strings of length m and a
threshold d ≥ 0. Find a string x of length m maximizing the number of strings
s in S that satisfies d(x, s) ≥ d.

In [6], it is proved that for any finite size alphabet Σ, unless P = NP, the far
from most string problem does not admit an approximation algorithm within
ratio nε for any 0 < ε < 1

4 . Suppose I =< S, d > is one of its instance such
that Σ = {0, 1}. Let S = {s | s ∈ S}, where s is the string gotten by flipping
every bit of s. We construct an instance of the max close string problem as
I′ =< S , m, m− d >.

It is easy to see that the following properties are identical:

1. I has a solution s which is far from k strings in S with distance at least d.
2. s is close to k strings in S with distance at most m− d.
3. I′ has a solution s which is m− d close to k strings in S.

Therefore, I is identical to I′. Since the hardness of approximating for the far
from most string problem, the theorem is correct for Σ = {0, 1}.

Now let {0, 1} ⊂ Σ. Suppose we have an approximation algorithm with ratio
ρ > 1 for the max close string problem over Σ. Let I be an instance of the
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max close string problem over {0, 1}. We solve it with the ratio-ρ approximation
algorithm over Σ. Suppose s is the solution. We modify s by replacing every
character not in {0, 1} by 0 or 1 arbitrarily. Obviously, this will not make the
solution worse. However, s is a solution over {0, 1} now. It is easy to verify
that this solution has a ratio at most ρ. Thus, as the theorem is correct for the
alphabet {0, 1}, it is correct for any alphabet Σ. ut

Although the max close string problem is hard to approximate according to
Theorem 2, the following theorem shows that we can approximate it in another
sense.

Theorem 3. Given an instance of the max close string problem 〈S, L, d〉. Sup-
pose an optimal solution s such that there are k strings in S which contain
length-L substrings within Hamming distance d to s. For any ε′ > 0, we can
find in polynomial time an s′ such that there are at least k strings in S which is
(1 + ε′)d-close to s′.

Proof. The algorithm is quite similar to Algorithm closestSubstring, except for
that in step 1(c)(i) we only keep the t′i’s for those i’s satisfying d(y, t′i|R)× |P |

|R| +
d(ti1|Q, t′i|Q) ≤ (1 + 1

2r−1 + 2εr)d. Then by the same arguments of Theorem 1,
we know that with high probability, we have at least k length-L substrings t′i
from at least k distinct strings in S and a length-L string s′ such that d(s′, t′i) ≤
(1+ 1

2r−1 +3εr)d. Set r and ε so that ε′ = 1
2r−1 +3εr. The theorem is proved. ut

4 Approximating the Distinguishing String Problem

In this section, we give a suboptimal solution to the distinguishing string prob-
lem, using the algorithm for the closest substring problem. The idea is as follows:
Since db is significantly less than dg, whenever we obtain a good solution at the
“bad” string side, by Triangular Inequality, it is not too bad at the “good”
string side. In this sense, the closest substring problem is more crucial to the
distinguishing string problem than the farthest string problem is.

Theorem 4. For any ε′ > 0, there is an algorithm such that if an instance of
the distinguishing string problem I =< Sb,Sg, db, dg, L > has a solution s, then
the algorithm outputs a string s′ in polynomial time such that y is a solution of
I′ =< Sb,Sg, (1 + ε′)db, dg − (2 + ε′)db, L >.

Proof. We invoke Algorithm closestSubstring to solve the closest substring prob-
lem 〈Sb, L〉. However, at step 1(c)(i), whenever i = ij , we let t′i = tij ; at step 3,
we output the s′ satisfying c ≤ (1 + ε′)db and d(s′, sg) ≥ dg − (2 + ε′)db for any
sg ∈ Sg. We need to show that this s′ exists in step 1 or step 2.

Let s be a solution of I and ti be a substring of si ∈ Sb such that d(s, ti) ≤ db.
Following the proof of Theorem 1, in the modified algorithm closestSubstring,
there are t′i (i = 1, 2, . . . , n) such that t′ij

= tij and the s′ defined in step 1(c)(iii)
satisfies that

d(s′, t′i) ≤ (1 + ε′)db. (11)
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Particularly,
d(s′, tij) = d(s′, t′ij

) ≤ (1 + ε′)db. (12)

Since d(s, tij) ≤ db and d(s, sg) ≥ dg for any sg ∈ Sg, by Triangular Inequal-
ity, we have

d(sg, tij) ≥ dg − db. (13)

Further combining with Formula (12) and Triangular Inequality, we know that
d(sg, s

′) ≥ (dg−db)− (1+ ε′)db = dg− (2+ ε′)db. Combining with Formula (11),
the theorem is proved. ut
Remark. By combining the conditions for Sg into the optimization problem (2),
we in fact can get an algorithm that y is a solution of I′ =< Sb,Sg, (1+ε′)db, dg−
(1 + ε′)db, L > in Theorem 4. Since the proof is tedious and has no new idea, we
omit it.

Acknowledgment

The author thanks Dr. M. Li and L. Wang for their valuable discussions on the
topic.

References

1. A. Ben-Dor, G. Lancia, J. Perone, and R. Ravi, Banishing Bias from Consensus
Sequences, Combinatorial Pattern Matching, 8th Annual Symposium, Springer-
Verlag, Berlin, 1997.

2. S. Crooke and B. Lebleu (editors), Antisense Research and Applications, CRC
Press, 1993.

3. M. Frances and A. Litman, On covering problems of codes, Theory of Computing
Systems, vol. 30, pp. 113-119, 1997.

4. L. Ga̧sieniec, J. Jansson, and A. Lingas, Efficient approximation algorithms for the
Hamming center problem, Proceedings of the Tenth Annual ACM-SIAM Sympo-
sium on Discrete Algorithms, pp. 905-906, San Francisco, 1999.

5. E. M. Hillis, C. Moritz, and B. K. Mable, Molecular Systematics, 2nd ed., Sinauer
Associates Inc., Sunderland, 1996.

6. K. Lanctot, M. Li, B. Ma, S. Wang, and L. Zhang, Distinguish string search prob-
lems, Proceedings of the Tenth Annual ACM-SIAM Symposium on Discrete Algo-
rithms, pp. 633-642, San Francisco, 1999.

7. M. Li, B. Ma, and L. Wang, Finding similar regions in many strings, Proceedings
of the Thirty-first Annual ACM Symposium on Theory of Computing, pp. 473-482,
Atlanta, 1999.

8. B. Ma, Some approximation algorithms on strings and trees, Ph.D. Thesis, Peking
University, 1999.

9. A. Macario and E. Macario, Gene Probes for Bacteria, Academic Press, 1990.
10. R. Motwani and P. Raghavan, Randomized Algorithms, Cambridge University

Press, 1995.
11. L. Wang, Personal Communication, 1999.



Approximation Algorithms for

Hamming Clustering Problems

Leszek Ga̧sieniec1 , Jesper Jansson2, and Andrzej Lingas2

1 Dept. of Computer Science, University of Liverpool
Peach Street, L69 7ZF, UK
leszek@csc.liv.ac.uk

2 Dept. of Computer Science, Lund University Box 118, 221 00 Lund, Sweden
{Jesper.Jansson,Andrzej.Lingas}@cs.lth.se

Abstract. We study Hamming versions of two classical clustering prob-
lems. The Hamming radius p-clustering problem (HRC) for a set S of k
binary strings, each of length n, is to find p binary strings of length n
that minimize the maximum Hamming distance between a string in S
and the closest of the p strings; this minimum value is termed the p-radius
of S and is denoted by %. The related Hamming diameter p-clustering
problem (HDC) is to split S into p groups so that the maximum of the
Hamming group diameters is minimized; this latter value is called the
p-diameter of S.

First, we provide an integer programming formulation of HRC which
yields exact solutions in polynomial time whenever k and p are con-
stant. We also observe that HDC admits straightforward polynomial-
time solutions when k = O(log n) or p = 2. Next, by reduction from
the corresponding geometric p-clustering problems in the plane under
the L1 metric, we show that neither HRC nor HDC can be approx-
imated within any constant factor smaller than two unless P=NP. We
also prove that for any ε > 0 it is NP-hard to split S into at most pk1/7−ε

clusters whose Hamming diameter doesn’t exceed the p-diameter. Fur-
thermore, we note that by adapting Gonzalez’ farthest-point clustering
algorithm [6], HRC and HDC can be approximated within a factor of
two in time O(pkn). Next, we describe a 2O(p%/ε)kO(p/ε)n2-time (1 + ε)-
approximation algorithm for HRC. In particular, it runs in polynomial
time when p = O(1) and % = O(log(k+n)). Finally, we show how to find
in O((n

ε
+ kn log n + k2 log n)(2%k)2/ε) time a set L of O(p log k) strings

of length n such that for each string in S there is at least one string in L
within distance (1 + ε)%, for any constant 0 < ε < 1.

1 Introduction

Let Z
n
2 be the set of all strings of length n over the alphabet {0, 1}. For any

α ∈ Z
n
2 , we use the notation α[i] to refer to the symbol placed at the ith position

of α, where i ∈ {1, .., n}. The Hamming distance between α1, α2 ∈ Z
n
2 is defined

as the number of positions in which the strings differ, and is denoted by d(α1, α2).

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 108–118, 2000.
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The Hamming radius p-clustering problem1 (HRC) is stated as follows: Given
a set S of k binary strings αi ∈ Z

n
2 , where i = 1, .., k, and a positive inte-

ger p, find p strings βj ∈ Z
n
2 , where j = 1, .., p, minimizing the value % =

max
1≤i≤k

min
1≤j≤p

d(αi, βj). Such a set of βj ’s is called a p-center set of S, and the

corresponding value of % is called the p-radius of S. Note that an instance of
HRC can have several p-center sets.

The Hamming diameter p-clustering problem (HDC) is defined on the same
set of instances as HRC, and is stated as follows: Partition S into p disjoint sub-
sets S1, .., Sp (called p-clusters of S) so that the value of max

1≤q≤p
max

αi,αj∈Sq

d(αi, αj)

is minimized. This value is called the p-diameter of S.
One can immediately generalize HRC and HDC by considering a larger finite

size alphabet instead of {0, 1}, making the problem more amenable to biological
applications. However, as long as the distance between two different characters
is measured as one, such a generalization involves only trivial generalizations
of our approximation methods. Therefore, we only consider the original binary
versions of HRC and HDC throughout this paper.

In [4], Frances and Litman showed that the decision version of the Ham-
ming radius 1-clustering problem (1-HRC) is NP-complete. Motivated by the
intractability of 1-HRC and its applications in computational biology, coding
theory, and data compression, two groups of authors recently provided several
close approximation algorithms [5,12]. This was followed by a polynomial-time
approximation scheme (PTAS) for 1-HRC [13]. As for the more general HRC
and HDC, one can merely find work on the related graph or geometric p-center,
p-supplier, and p-clustering problems in the literature [3,8,9,10,15]. In the undi-
rected complete graph case, with edge weights satisfying the triangle inequality,
all of the three aforementioned problems are known to admit 2-approximation
or 3-approximation polynomial-time algorithms, but none of them are approx-
imable within 2−ε for any ε > 0 in polynomial-time unless P=NP [8,9,10]. This
contrasts with the p = O(1) case when, e.g., the graph p-center and p-supplier
problems can be trivially and exactly solved in nO(p) time. HRC doesn’t seem
easier than these graph problems. Optimal or nearly optimal center solutions to
it have to be searched in Z

n
2 whose size might be exponential in the input size.

For this reason, HRC is NP-complete already for p = 1. Our results indicate
that in the general case HRC as well as HDC are equally hard to approximate
in polynomial time as the p-center or p-clustering graph problems are.

1.1 Motivation

Clustering is used to solve classification problems in which the elements of a
specified set have to be divided into classes so that all members of a class are
similar to each other in some sense. HRC and HDC are equally fundamental
problems within strings algorithms as the corresponding graph and geometric
1 The corresponding graph problem is often termed the p-center problem in the liter-

ature [8].
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center and clustering problems are within graph algorithms or computational
geometry respectively [3,8,9,10,15]. They have potential applications in compu-
tational biology and pattern matching.

For example, when classifying biomolecular sequences, consensus representa-
tives are useful. The around 100000 different proteins in humans can be divided
into 1000 (or less) protein families, which makes it easier for researchers to
understand their structures and biological functions [7]. A lot of information
about a newly discovered protein may be deduced by establishing which family
it belongs to. During identification, it is more efficient to try to align the new
protein to representatives for various families than to individual family mem-
bers. Conversely, given a set S of k related sequences, one way to find other
similar sequences is by computing p representatives (where p << k) for S and
then using the representatives to probe a genome database. The representatives
should resemble all sequences in S, and must be chosen carefully. For instance,
when p = 1, the sequence s that minimizes the sum of all pairwise distances
between s and elements in S is biased towards sequences that occur frequently,
but using a 1-center as representative will avoid this problem2. For p > 1, the
representatives can be the members in the p-center set or simply p sequences,
each from a different p-cluster.

In pattern matching applications, the number of classes p can be large; a
system for Chinese character recognition, for example, would need to be able to
discriminate between thousands of characters.

1.2 Organization of the Paper

Section 2 provides polynomial-time solutions for restricted cases of HRC and
HDC based on integer programming, exhaustive search, and breadth-first search.
In Section 3, we prove the NP-hardness of approximating HRC and HDC within
any constant factor smaller than two. In the same section, we also prove that
another type of approximation for HDC in terms of the number of clusters
is NP-hard. Section 4 presents three approximations algorithms for HRC and
HDR: a two-approximation algorithm for HRC and HDC based on Gonzalez’
furthest-point clustering method [6], an approximation scheme, i.e., a (1 + ε)-
approximation algorithm for HRC, and a (1 + ε)-approximation algorithm for
HRC using a moderately larger number of approximative centers.

2 Polynomial-Time Solutions for Restricted Cases

The Hamming radius p-clustering problem is equivalent to a special case of the
integer programming problem. A given instance (α1, .., αk, p, %) of the decision
version of HRC, where αi ∈ Z

n
2 for 1 ≤ i ≤ k, and p, % ∈ N, can be expressed as

a system of k ·p linear inequalities.
2 Depending on the application, the difference between strings is sometimes measured

in terms of edit distance, which also takes insertions and deletions into account,
rather than Hamming distance, which just considers substitutions.
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We use two matrices X and Y of 0-1-variables. The rows of X correspond
directly to the p strings that constitute a p-center for the supplied instance, and
Y is used to make sure that each αi is within distance % of at least one of the
centers.

Let X be a p×n-matrix of variables xjm ∈ Z2, where 1 ≤ j ≤ p and
1 ≤ m ≤ n. The value of xjm determines the value of the m-th position of the
j-th center. Let Y be a k×p-matrix of variables yij ∈ Z2, where 1 ≤ i ≤ k and
1 ≤ j ≤ p. yij = 1 only if row j of X is a center string that is closest to αi,

so that for each i = 1, .., k, we have
p∑

j=1
yij = 1. Next, for each i = 1, .., k and

j = 1, .., p, we have the inequality∑
αi[m] = 0
1 ≤ m ≤ n

xjm +
∑

αi[m] = 1
1 ≤ m ≤ n

(1− xjm) ≤ % + (1 − yij)·D

where D = max
1≤j≤k

( max
1≤i≤k

d(αi, αj)).

The above system of inequalities can be transformed to the form Ax ≤ b,
where A is a (kp)× (np + kp) integer matrix, x is a variable vector over Z

np+kp
2 ,

and b is a vector in Z
kp
2 . Note that the scalar product of any prefix of any row of

A with a 0−1-vector of the same length is neither less than −n nor greater than
n + D. In particular, when p = 1, such a product has its absolute value simply
bounded by n. Now, we can solve the transformed system of kp inequalities by
a well-known dynamic programming procedure [14], proceeding in stages. At
the jth stage, we compute the set Sj of all vectors that can be expressed as∑j

l=1 clzl, where cl is the lth column of A and zl ∈ Z2. Since the Sj cannot be
larger than (2n + D + 1)kp (or (2n + 1)k if p = 1), the whole procedure for a
fixed % takes O((2n + D)kp2kp(np + kp)) time (or O(nk22k(n + k)) if p = 1).
Hence, by using binary search to find the smallest possible %, we conclude that
HRC for k = O(1) and p = O(1) can be solved in polynomial time.

Theorem 1. HRC for instances with k strings of length n is solvable in nO(kp)

time.

On the other hand, if n = O(logk), exhaustive search yields a kO(p)-time
solution.

Theorem 2. HRC restricted to instances with k strings of length O(logk) is
solvable in kO(p) time.

One of the main differences between HDC and HRC is that the former doesn’t
involve strings outside the input set S. For this reason it seems simpler to solve
exactly than HRC does 3. For example, it has a simpler integer programming
formulation involving only a single matrix of indicator variables. Furthermore,
it can be solved by exhaustive search in O(k2n+k2pk) time, which immediately
yields the following result.
3 Paradoxically, as for approximation in terms of the number of clusters it might be

more difficult, as is observed in the next sections.



112 Leszek Ga̧sieniec, Jesper Jansson, and Andrzej Lingas

Theorem 3. HDC restricted to instances with O(logn) strings of length n is
solvable in nO(log p) time.

More interestingly, the Hamming diameter 2-clustering problem admits the
following, rather straightforward polynomial-time solution. Let d be a candidate
value for the maximum Hamming cluster diameter in an optimal 2-clustering
of the k input strings of length n. Form a graph G with vertices in one-to-one
correspondence with the input strings, and connect a pair of vertices by an edge
whenever the Hamming distance between the corresponding strings is less than
or equal to d. Now, the problem of Hamming diameter 2-clustering for the input
strings becomes equivalent to that of partitioning the vertices of G into two
cliques. The latter problem in turn reduces to 2-coloring the complement graph.
By breadth-first search, we can find a 2-coloring of the complement graph, if one
exists, in O(k2) time. To find the smallest possible d, we use the procedure just
described to test different values of d, generated by a binary search. Calculating
all pairwise Hamming distances requires O(k2n) time, but this can be done
before starting the search for d. Hence, we obtain the following result.

Theorem 4. For p = 2, HDC is solvable in O(k2n) time.

Note that Theorem 4 can be generalized to any metric.

3 NP-Hardness of Approximating HRC and HDC

By approximating HRC or HDC, we mean providing a polynomial-time algo-
rithm yielding a p-center set or a p-clustering approximating the p-radius or
the p-diameter, respectively. Our results from the first subsection prove the
NP-hardness of this type of approximation of HRC and HDC. In the second
subsection, we consider another kind of approximation of HDC relaxing the re-
quirement on the number of produced clusters under the condition that their
diameter doesn’t exceed the p-diameter; we show that it is NP-hard to approxi-
mate the number of clusters within any reasonable factor.

3.1 NP-Hardness of Approximating the p-Radius and p-Diameter

To prove the hardness results in this subsection, we use the reduction described
in [3] from vertex cover for planar graphs of degree at most three to the corre-
sponding p-clustering problem in the plane under the L1 metric. (The radius p-
clustering problem in the plane under the L1 metric is the following: For a finite
set S of points in the plane, find a set P of p points in the plane that minimizes
max
s∈S

min
u∈P

d1(s, u), where d1 is the L1 distance. The diameter p-clustering problem

in the plane under the L1 metric is defined correspondingly.)
By straightforward inspection of the aforementioned reduction from vertex

cover for planar graphs [3] and using, e.g., the planar graph drawing algorithm
from [2] in order to embed the input planar graph in the plane, we can ensure
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that the points in the resulting instance of the p-clustering problem in the plane
as well as p points in an optimal solution lie on an integer grid of size polynomial
in the size of the input planar graph and (α − 1)−1. This yields the following
technical strengthening of Theorem 2.1 from [3].

Lemma 5. Let α be a positive constant not less than 1. The radius p-clustering
and diameter p-clustering problems for a finite set S of points in the plane with
the L1 metric, where the points in S lie on an integer grid of size polynomial
in the cardinality of S and (α − 1)−1, and where the approximative solution to
the radius version is required to lie on the grid, are NP-hard to approximate
within α.

By using the idea of embedding the L1-metric on a integer square grid into
the Hamming one, we obtain our main result in this section.

Theorem 6. HRC and HDC are NP-hard to approximate within any constant
factor smaller than two.

Proof. Let S be a set of points on integer square grid of size q(|S|) where q() is
a polynomial. Encode each grid point s of coordinates sx and sy respectively by
the 0 − 1 string e(s) of length 2q(|S|) composed of sx consecutive 1’s followed
by q(|S|) − sx consecutive 0’s, next sy consecutive 1’s, and finally, q(|S|) − sy

consecutive 0’s. Note that for any two grid points s′ and s′′ their L1 distance
is equal to the Hamming distance between their encodings e(s′) and e(s′′). This
observation yields immediately the theorem thesis for HDC by Lemma 5.

Consider an approximative solution a1, a2, .., ap to HRC problem for the
strings e(s), s ∈ S. For i = 1, .., p, we can transform ai to a′

i having the form of
1l0q(|S|)−l1m0q(|S|)−m for some l, m ≤ q by moving all the 1’s in the first half of
ai to the appropriate prefix of ai and similarly moving the remaining 1’s to the
appropriate prefix of the second half of ai and filling the left positions with the
left 0’s. Observe that the resulting string sequence a′

1, a
′
2, .., a

′
p yields at least as

good solution as a1, a2, .., ap for the strings e(s), s ∈ S by the special form of
the e(s)’s. Also, it can be immediately decoded into a sequence of grid points
g1, g2, .., gp such that a′

i = e(gi) for i = 1, .., p. Putting everything together, we
obtain the theorem thesis for HRC by Lemma 5. ut

3.2 NP-Hardness of Approximating HDC in Terms of the Number
of Clusters

Consider the following clique partition problem: Given an undirected graph G
and a natural number p, partition the set of vertices of G into pairwise disjoint
subsets V1, .., Vp such that for j = 1, .., p, the subgraph of G induced by Vj is
a clique. Clearly, this problem is equivalent to coloring the complement graph
with p colors. It follows from known inapproximability results for graph coloring
[1] that for any ε > 0, the problem of finding an approximative solution to the
clique partition problem consisting of pn1/7−ε cliques, where n is the number
of vertices in the instance graph G, is NP-hard. For our purposes, it will be
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convenient to assume that the instance graph is quasi-regular, by which we mean
that it satisfies the following two properties:

1. It contains two distinguished cliques.
2. All vertices outside the two cliques have the same degree, which is not less

than that of any vertex in the cliques.

To achieve this, we can augment G with two cliques on n auxiliary vertices each.
Next, we connect each original vertex in G of degree q to we equally distribute
the new connections in a cyclic fashion so that each vertex of the two cliques
receives at most d(2n2 − 2m)/2ne connections to the original vertices. Let G∗

be the resulting graph on 3n vertices. Note that all original vertices have degree
2n and all vertices in the n-cliques have degree at most 2n in G∗. It is clear
that if the vertices of G can be partitioned into l cliques then the vertices of
G∗ can be partitioned into at most l + 2 cliques. Conversely, if the vertices of
G∗ can be partitioned into l cliques then the vertices of G can also be trivially
partitioned into at most l cliques. Putting everything together, we obtain the
following technical lemma.

Lemma 7. For any ε > 0, the clique partition problem restricted to quasi-regular
graphs cannot be approximated (in terms of the number of cliques) within n1/7−ε

unless P=NP.

By a reduction from the clique partition problem for quasi-regular graphs to
HDC, we obtain the following result.

Theorem 8. For any ε > 0, the problem of finding a partition of a set of k
binary strings of length O(k2) into at most pk1/7−ε disjoint clusters such that
each cluster has Hamming diameter not exceeding the p-diameter is NP-hard.

Proof. Consider an instance of the restricted clique partition problem consisting
of a quasi-regular graph G on k vertices and m edges, and a natural number p.
Enumerate the edges of G. For each vertex v of G, form a string s(v) of length
m such that there is a 1 on the ith position in s(v) iff the ith edge of G is
incident to v. Let d be the maximum vertex degree of G. It follows that each
vertex in G outside the two distinguished cliques has degree d. Note that for any
pair of vertices v1, v2 in G of degree d, the Hamming distance between s(v1)
and s(v2) is 2d − 2 if they are adjacent, otherwise it is 2d. Also, for any pair
of vertices v1, v2 in the same distinguished clique of G, the Hamming distance
between s(v1) and s(v2) is at most 2d− 2. Therefore, any clique p-partition of
G yields a p-clustering of the resulting strings of maximum Hamming diameter
less than or equal to 2d− 2. Conversely, any q-clustering of the resulting strings
of maximum Hamming diameter less than or equal to 2d − 2 trivially yields a
clique (q + 2)-partition of G. Hence, by Lemma 7 we obtain our result. ut

As for the corresponding problem for HRC (i.e., producing a larger set of
approximative centers such that each input string is within the p-radius from at
least one of the centers), we doubt whether it is equally hard to approximate.
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At least, if we weaken the requirement of being within the p-radius by a multi-
plicative factor of 1 + ε, then this problem admits a logarithmic approximation
in polynomial time, as it is shown at the end of the next section.

4 Approximation Algorithms for HRC and HDC

In this section, we first observe how an approximation factor of two for HRC
and HDC can be achieved. Next, we provide an approximation scheme for HRC
running in polynomial time when p = O(1) and % = O(log(k + n)). Finally, we
give a relaxed type of arbitrarily close approximation of % due to a moderate
increase in the number of clusters which runs in polynomial time whenever % =
O(log(k + n)).

4.1 A 2-Approximation Algorithm for HRC and HDC

To obtain an approximation factor of two, we adapt Gonzalez’ farthest-point
clustering algorithm [6] to HRC and HDC respectively as follows:

Algorithm A

STEP 1: Set P ∗ to {αi}, where αi is an arbitrary string in S.
STEP 2: For l = 2, .., p : augment P ∗ by a string in S that maximizes the
minimum distance to P ∗, i.e., that is as far away as possible from the strings
already in P ∗.
STEP 3 (HRC): Return P ∗.
STEP 3 (HDC): Assign each string in S to a closest member in P ∗ and return
the resulting clusters. ut

The Hamming distance obeys the triangle inequality ([11], p. 424). Therefore,
by the proof of Theorem 8.14 in [8], Algorithm A yields an approximative solution
to either HRC or HDC that is always within a factor of two of the optimum. We
can implement this algorithm by updating the Hamming distance of each string
outside P ∗ to the nearest string in P ∗ after each augmentation of P ∗. To update
and then compute a string in S furthermost from P ∗ takes O(kn) time in each
iteration. Hence, we obtain the following theorem.

Theorem 9. An approximative solution to either HRC or HDC that is always
within a factor of two of the optimum can be found in O(pkn) time.

4.2 An Approximation Scheme for HRC

In this subsection we present a 2O(p%/ε)kO(p/ε)n2-time (1 + ε)-approximation
algorithm for HRC. Our scheme is partly based on the idea used in the PTAS
for 1-HRC in [13].
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Algorithm B

STEP 1: Set C to an empty subset of Z
n
2 . For each subset R of S having exactly

r strings, compute the set Q consisting of all positions m, 1 ≤m ≤ n, on which
all strings in R contain the same symbol. Set P to {1, 2, .., n} \ Q. For every
possible f : P → {0, 1}, let qf be the string in Z

n
2 which agrees with the strings

in R on the positions in Q and contains f(j) in each position j ∈ P. Augment C
by qf .

STEP 2: Let Cp be the family of all subsets of the set C of size p. Test all sets
in Cp and return the P ∗ ∈ Cp that minimizes max

1≤i≤k
min
c∈P∗ dH(αi, c). ut

The next lemma can be proved analogously as Lemma 11 in [13] (the key
lemma for the PTAS for the Hamming radius 1-clustering problem) is proved in
case of a logarithmic or smaller sized radius.

Lemma 10. For any subset U of S, there is a c in C such that

max
α∈U

dH(α, c) ≤ (1 +
1

2r − 1
) min

β∈Z
n
2

max
α∈U

dH(α, β)

Theorem 11. Algorithm B constructs a p-center with the approximation factor
1 + 1

2r−1 in O(2pr%+1kpr+1n2) time.

Proof. To prove the correctness and the approximation factor of Algorithm B,
consider an optimal p-center for S, say {β1, .., βp}. Partition S into subsets U1

through Up such that for 1 ≤ j ≤ p and α ∈ Uj , βj has minimum Hamming
distance to α among β1, .., βp. By Lemma 10, the set Cp constructed in STEP
2 contains {β∗

1 , .., β∗
p} such that for 1 ≤ j ≤ p and any α ∈ Uj, the Hamming

distance between α and β∗
j is at most 1 + 1

2r−1
times the radius of Uj . Thus,

Algorithm B yields a solution within 1 + 1
2r−1

of the optimum.
To derive the upper bound on the running time of Algorithm B, first observe

that each of the sets P has size at most r% and that a string qf can be constructed
in O(nr) time. Hence, the size of the set C doesn’t exceed 2r%kr, and C can be
constructed in O(r2r%krn) time. Consequently, Cp is of size at most krp2pr% and
its construction from C takes O(2pr%kprn) time. All that remains is to note that
the test of each p-tuple in Cp can be performed in O(kn) time. ut

Note that the running time of Algorithm B is polynomial in n and k as long
as p is a constant and % = O(log(k + n)).

Corollary 12. Algorithm B yields a polynomial-time approximation scheme for
the Hamming radius O(1)-clustering problem restricted to instances with the p-
radius in O(log(k + n)).
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4.3 A Relaxed Type of Approximation for HRC

In this subsection, we consider twofold approximation for HRC allowing for
producing more than p approximative centers and slightly exceeding the p-radius.

For each c in C (see Algorithm B), let S(c) be the set of all strings in S
within distance (1 + 1

2r−1
)% of c. By Lemma 10, there is a set consisting of p

such sets, covering all of S. If % is known, we run the classical greedy heuristic
for minimum set cover (see [8]) on the instance (S, {S(c) | c ∈ C}) to find a set of
O(p logk) sets covering S. Otherwise, we perform a binary search for the smallest
possible value of % ∈ {0, 1, .., n} in the definition of the sets S(c) by running the
aforementioned heuristic O(log n) times and each time testing whether or not
the resulting cover of S has size O(p logk). Recall that |C| ≤ 2r%kr and that C
can be constructed in O(r2r%krn) time. The instance of set cover corresponding
to a given value of % can be constructed in O(|C|kn) time; the greedy heuristic
can be implemented to run in O(|C|k2) time. By choosing r so that 1+ε

2ε < r < 2
ε ,

we obtain the following result.

Theorem 13. For any constant 0 < ε < 1, we can construct a set L of O(p log k)
strings of length n in O((n

ε +kn logn+k2 log n)(2%k)2/ε) time such that for each
of the k strings in S there is at least one string in L within distance (1 + ε) of
the p-radius.

The time bound in Theorem 13 is polynomial in n and k as long as % =
O(log(k + n)).

5 Conclusions

We have shown not only that two is the best approximation factor for HRC and
HDC achievable in polynomial time unless P=NP, but also that it is possible to
provide exact solutions or much better approximation solutions to HRC or HDC
in several special or relaxed cases. It seems that there are plenty of interesting
open problems in the latter direction. For example, is it possible to design very
close and efficient approximation algorithms for protein data (see Section 1.1)
taking into account the specific distribution of the input?
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Abstract. The Maximum Isomorphic Agreement Subtree (MIT) prob-
lem is one of the simplest versions of the Maximum Interval Weight
Agreement Subtree method (MIWT) which is used to compare phylo-
genies. More precisely MIT allows to provide a subset of the species
such that the exact distances between species in such subset is preserved
among all evolutionary trees considered. In this paper, the approximation
complexity of the MIT problem is investigated, showing that it cannot
be approximated in polynomial time within factor logδ n for any δ > 0
unless NP ⊆ DTIME(2polylog n) for instances containing three trees.
Moreover, we show that such result can be strengthened whenever in-
stances of the MIT problem can contain an arbitrary number of trees,
since MIT shares the same approximation lower bound of MAX CLIQUE.

1 Introduction

Evolutionary trees are unordered trees where each leaf is labeled by a distinct el-
ement in a set S of species and where all internal nodes have degree at least three.
Evolutionary trees are frequently used by biologists to represent classifications
of species, more precisely extant species label the leaves and edges are weighted
with the estimated distance (i.e. temporal) between the two species represented
by the endpoints of such edge. A number of methods to infer evolutionary trees
have been proposed, moreover it is rather common to study different biological
sequences or different sites of DNA, consequently various trees for the same set
of species can be obtained. This fact motivates the compelling need to compare
different trees, in order to extract a common history. The Maximum Agreement
Subtree method is a basic approach that allows to reconciliate different evolu-
tionary trees over the same set of species: it computes a subset of the extant
species about which all trees are confident or “agree”. A general way to define
an agreement subtree from a set T1, · · · , Tk of S-labeled trees has been formal-
ized in [1]. This method assumes that each edge is labeled by an interval weight
(a range of time to measure the duration of the evolution process) and looks for
a subset S′ of the extant species S such that:

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 119–128, 2000.
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– each edge of the subtree induced in each tree of the given trees is labeled by
a value belonging to the given interval,

– for each pair of extant species in S′, the total distance between them is the
same in all trees.

The problem stated above is called Maximum Interval Weight Agreement Sub-
tree (MIWT), and is a very general formulation of the problem of comparing
phylogenies. In order to obtain more efficient solutions, some restrictions have
been introduced to MIWT. A first natural restriction requires that each interval
contains one distinct value; such problem is called Maximum Weight Agreement
Subtree (MWT). A different restriction of MIWT is the one where an agreement
subtree is homeomorphic to a subtree of each tree in the instance, since it is
equivalent to require all intervals to be of the form [1, n − 1], where n is the
number of extant species considered. This problem is called Maximum Homeo-
morphic Agreement Subtree (MHW). Note that this problem is sometimes referred
to as Maximum Agreement Subtree and is abbreviated by (MAST). A third re-
striction of MIWT is the one where all intervals are of the form [1, 1], and is called
Maximum Isomorphic Agreement Subtree (MIT), as all subtrees induced by a fea-
sible solution must be isomorphic. The MIT problem is also a restricted case of
the maximum isomorphic subgraph problem, investigated in [11]. Since MIT and
MHT are the two more restricted problems among the ones we have mentioned,
most of the efforts of developing efficient algorithms have been concentrated on
them.

Efficient algorithms for the MHT problem for instances of two trees have
been widely investigated in literature. While some heuristics have been known
[7,14], the first polynomial time algorithm has been described only in 1993 by
Steel and Warnow [17]. Afterwards successive improvements have appeared in
literature [4,12,15]. To our knowledge the most efficient algorithms for the prob-
lem are due to Farach and Thorup which developed a O(n3/2 log n) algorithm
for rooted trees of bounded degree [5,6], to Cole and Hariharan [3,2] for the
case of rooted trees of unbounded degree, which gave a O(n log n) algorithm,
and to Kao, Lam, Przytycka, Sung and Ting [13] which described a technique
allowing to match the time complexity of the two previously cited algorithms
also in the case of unrooted trees. The problems MHT and MIT over a set of
trees, where at least one of the trees has bounded degree, can be solved in poly-
nomial time [1], even though the time complexity is exponential in the bound
for the degree. Moreover both problems are NP -hard for instances containing
three trees of unbounded degree, hence it is necessary to study the possibility of
designing polynomial time approximation algorithms. The approximation com-
plexity of the MHT problem has been deeply investigated in [9], where some
strong negative results have been obtained. Since the MIT is a simplified version
of the MIWT, it seems natural to investigate if the negative results for MHT hold
also for MIT or if such problem is easier to approximate. In our paper we show
that the negative results of [9] hold also for the MIT problem, as a consequence
of a nontrivial application of the self-improvement technique, consequently the
search for polynomial time approximation algorithms achieving a constant error
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ratio is NP -hard even for instances consisting of only three trees. Moreover we
have strengthened such negative results in the case of instances containing an ar-
bitrary number of trees, as we show that MIT shares the same inapproximability
properties of MAX CLIQUE [8], implying that there cannot exist a polynomial
time n1−ε ratio approximation algorithm for each ε > 0.

2 Preliminaries

Let S = {s1, . . . , sn} be a set of labels. An S-labeled tree has n leaves, each one
labeled with a distinct element of S, since each label identifies unambiguously
a leaf of the tree, in the following of the paper we will write a label x meaning
the leaf of the tree with label x. The Maximum Isomorphic Agreement Subtree
Problem (shortly MIT) is defined formally as follows:
Instance: a set T = {T1, . . . , Tm} of S-labeled trees.
Solution: an S∗-labeled tree T ∗, with S∗ ⊆ S, such that T ∗ is isomorphic to a
subgraph of all trees in T .
Measure: |S∗|, to be maximized.

All trees we will deal with in this paper are rooted, that is we distinguish a
special vertex of the tree T and we call such vertex root, denoted by r(T ). All
results presented in the paper are referred to rooted tree, but can be generalized
to the unrooted case.

Let T be a tree and let a, b be two nodes of T , then we will denote by dT (a, b)
the distance between a and b in T , that is the number of edges in the unique
simple path from a to b in T . Let T be a rooted tree, and let t be a node of T ,
then the depth of t in T is the distance of t from the root of T . The depth of
a tree T , denoted by depth(T ), is the maximum among the depths of its nodes.
Given two leaves a, b of T we define the least common ancestor, of a and b in
T , denoted by lcaT (a, b), as the maximum depth node of T which is ancestor of
both a and b.

It is immediate to note that the NP-completeness proof given by Amir and
Keselman in [1] is an L-reduction, as pointed out in [9] for the MHT problem.
Similarly it is possible to prove that MIT is MAX SNP-hard, that is there is
no polynomial time approximation scheme for it, unless P = NP.

Anyway, differently from [9], to prove our inapproximability results such
MAX SNP-hardness proof is not sufficient, but we have to deal with a restricted
version of the problem; more precisely we consider only instances consisting of
trees having leaves all at the same depth in every tree. Formally dTi(a, r(Ti)) =
dTj(b, r(Tj)) for all a, b ∈ S and every pair of trees Ti, Tj in the instance. We will
say that trees in such instances are restricted. This new problem will be called
R-MIT. Clearly all inapproximability results for that problem hold also for MIT.

The following Lemma, proved in [16], characterizes all feasible solutions of
each instance of R-MIT.

Lemma 2.1. Let T be a set of S-labeled trees, and let S∗ ⊆ S. Then there exists
a S∗-labeled tree T ∗ that is isomorphic to a subgraph of each tree in T iff for
each pair of labels a, b ∈ S∗, a and b have the same distance in all trees in T .
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As a consequence we can identify a feasible solution of an instance of MIT as
a subset of its label set. The following property of trees, whose straightforward
proof is omitted, will be used in the following of the paper.

Proposition 2.2. Let a, b be two leaves of a S-labeled tree with root r. Then
dT (a, b) = dT (a, r) + dT (b, r)− 2 dT (r, lcaT (a, b)).

3 R-MIT Is MAX SNP-Hard

In this section we are going to prove that the R-MIT problem is MAX SNP-
hard. This results is necessary to prove that MIT is hard to approximate even
on instances consisting of only three trees.

The problem used in the L-reduction to R-MIT is the Threedimensional
Bounded Matching (shortly 3DM-B). An instance of 3DM-B consists of three pair-
wise disjoint sets < X1, X2, X3 > and a set M of triples where M ⊆ X1×X2×X3

and every element in X1 ∪X2 ∪X3 occurs in at least one and at most B triples
of M . The goal is to find a maximum cardinality subset M1 of M such that no
two triples in M1 agree in any coordinate. The general 3DM-B problem is MAX
SNP-hard [10].

Let M =< X1, X2, X3, M > be an instance of the 3DM-B problem, with
M ⊆ X1×X2×X3, Xi = {xi,1, xi,2, . . . xi,|Xi|}. Then we will associate toM an
instance < T1, T2, T3 > of MIT. Each tree Ti consists of the following nodes and
edges: a root labeled ri, a node connected to the root for each element of Xi,
and finally for each element xi,j there is a node for each triple in M containing
xi,j and such node is adjacent to the node associated to xi,j. Then each tree Ti

is M -labeled.

x 1,3

x1,1 1,1ab                  cd x 1,3

r

x

x1,1 x1,2 x 1,3

cd

cd

Fig. 1. Example of instance of R-MIT associated to an instance of 3DM-B
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Since the distance from each node to the root is 2 in all trees of the instance
of MIT associated to an instance of 3DM-B, such set of trees is an instance of
R-MIT. The following Lemma is an immediate consequence of such fact.

Lemma 3.1. Let M =< X1, X2, X3, M > be an instance of 3DM-B and let
< T1, T2, T3 > be the associated instance of MIT. Given a tree Ti with 1 ≤ i ≤ 3,
and given two distinct leaves s, t of Ti, then the distance of s and t in Ti is 2 or
4.

Note that the distance of two leaves s and t in a tree Ti is 2 if and only if s
and t are labeled by triples of M that share the same element in the set Xi.

Lemma 3.2. Let M =< X1, X2, X3, M > be an instance of 3DM-B, let
< T1, T2, T3 > be the associated instance of R-MIT and let S ⊆ M . Then S
is a feasible solution of < T1, T2, T3 > iff each pair s, t of distinct triples in S
has distance 4 in all trees Ti.

Proof. By Lemma 2.1 S is a feasible solution iff each distinct pair s, t of triples
in S have the same distance in all trees Ti, that, by Lemma 3.1 is either 2 or
4. Assume to the contrary that there exists a pair s, t that has distance 2 in all
trees. Then by construction s is equal to t, contradicting the fact the all sets in
M are distinct. The other direction follows immediately by Lemma 2.1.

Theorem 3.3. The reduction from 3DM-B to R-MIT is an L-reduction.

Proof. Follows from Lemmas 3.1, 3.2.

4 Product of Trees

The inapproximability result over instances of three trees is obtained by means
of the self-improvement technique. In [9] such technique has been exploited to
prove a similar result for the MHT problem. Such technique requires a careful
definition of product between instances of the problem, defined as follows:

Definition 4.1. Let T1 be a S1-labeled tree, let T2 be a S2-labeled tree and let s
be a leaf of T1, then the tree T2,s is the tree obtained from T2 relabeling each leaf
s2 with the sequence ss2. Then the product T1 · T2 is the tree obtained from T1

replacing each leaf s with the tree T2·s.

Let T be a S-labeled tree, then T 2 = T · T and T i = T i−1 · T , i > 2. Note
that the label of a leaf of the tree T k is a string s1 . . . sk of k symbols over the
alphabet S.

An immediate property of the product of trees is stated below:

Proposition 4.1. Let T1, T2 be two restricted trees. Then T1 · T2 is also a
restricted tree.
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T1T T2 2T1

a    b    c

ad        ae

bd       be

cd       ce

d          e

Fig. 2. Product of trees

The following Lemma points out the motivation for our definition of product.

Lemma 4.2. Let T1, T2 be two restricted S-labeled trees, let a, b be two labels
in S and let α, β be two strings of k − 1 symbols of S. Then dT k

1
(αa, βb) =

dT k
2
(αa, βb) iff dT1(a, b) = dT2(a, b) and dT k−1

1
(α, β) = dT k−1

2
(α, β)

Proof. Please note that Prop. 2.2, together with the fact that T1 and T2 are re-
stricted trees (that is in T1 and T2 all leaves have the same depth), implies that it
is sufficient to prove that dT k

1
(lcaT k

1
(αa, βb), r(T k

1 )) = dT k
2
(lcaT k

2
(αa, βb), r(T k

2 ))
iff dT1(lcaT1(a, b), r(T1)) = dT2(lcaT2(a, b), r(T2)) and dT k−1

1
(lcaT k−1

1
(α, β),

r(T k−1
1 )) = dT k−1

2
(lcaT k−1

2
(α, β), r(T k−1

2 )).
Initially let us consider the case α = β, then, by definition of product,

dT k
1
(lcaT k

1
(αa, βb), r(T k

1 )) = dT1·α(lcaT1·α(αa, αb), r(T1·α)) + depth(T k−1
1 ),

dT k
2
(lcaT k

2
(αa, βb), r(T k

2 )) = dT2·α(lcaT2·α(αa, αb), r(T2·α))+ depth(T k−1
2 ), hence

dT k
1
(lcaT k

1
(αa, βb), r(T k

1 )) = dT k
2
(lcaT k

2
(αa, βb), r(T k

2 )) if and only if
dT1(lcaT1(a, b), r(T1)) = dT2(lcaT2(a, b), r(T2)). Assume now that α 6= β, then
lcaT k

1
(αa, βb) = lcaT k−1

1
(α, β) and lcaT k

2
(αa, βb) = lcaT k−1

2
(α, β). Consequently

dT k
1
(lcaT k

1
(αa, βb), r(T k

1 )) = dT k
2
(lcaT k

2
(αa, βb), r(T k

2 )) if and only if
dT k−1

1
(lcaT k−1

1
(α, β), r(T k−1

1 )) = dT k−1
2

(lcaT k−1
2

(α, β), r(T k−1
2 )). This suffices to

prove the Lemma.

The following lemma relates a feasible solution of < T1, T2, T3 > with a
feasible solution of < T k

1 , T k
2 , T k

3 >.

Lemma 4.3. Let < T1, T2, T3 > be an instance of R-MIT, and let F be a feasible
solution of such instance. Then it is possible to compute in polynomial time a
solution of < T k

1 , T k
2 , T k

3 > whose cost is cost(F )k.
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Proof. Let Fk be the set of strings of labels {f1 · · ·fk : fi ∈ F, 1 ≤ i ≤ k}.
We will prove that for each pair of strings of labels fα1 · · ·fαk , fβ1 · · ·fβk in Fk,
their distance is the same in all trees T k

1 , T k
2 , T k

3 . Let k1 be the minimum integer
such that Fk1 is not a solution of < T k1

1 , T k1
2 , T k1

3 >, w.l.o.g. we can assume that
fα1 · · ·fαk , fβ1 · · ·fβk do not have the same distance in T k1

1 and in T k1
2 . Note

that k1 > 1, as dT1(fαi , fβi) = dT2(fαi , fβi) = dT3(fαi , fβi) for all i, since all
fαi , fβi are in S. But Lemma 4.2 implies that dT1(fαk , fβk) 6= dT2(fαk , fβk) or
d

T
k1−1
1

(fα1 · · ·fαk−1 , fβ1 · · ·fβk1−1 ) 6= d
T

k1−1
2

(fα1 · · · fαk−1 , fβ1 · · · fβk1−1 ), con-
tradicting the minimality of k1.

Theorem 4.4. Let < T k
1 , T k

2 , T k
3 > be an instance of R-MIT and let Sk be a

feasible solution of < T k
1 , T k

2 , T k
3 >, then it is possible to compute in polynomial

time a feasible solution S1 of < T1, T2, T3 > such that cost(Sk) ≤ cost(S1)k.

Proof. Let Sk = {fα1 , . . . , fαk} be a feasible solution of < T k
1 , T k

2 , T k
3 >. By ap-

plying Lemma 4.2 iteratively we can obtain k feasible solutions Fi of
< T1, T2, T3 >, where each solution Fi contains exactly the symbols fαi of S
that are in the i-th position of a string in Sk. Let F ∗ be the largest of such Fi

and let F ∗
k be the set of strings {f1 . . . fk : fj ∈ F ∗, 1 ≤ j ≤ k}. Just as in

the proof of Lemma 4.3 it is possible to prove that F ∗
k is a feasible solution of

< T k
1 , T k

2 , T k
3 >. An immediate counting argument and the fact that F ∗ is the

Fi of maximum cardinality imply that |Sk| ≤ |F ∗
k | = |F ∗|k.

We are now able to state our main results:

Theorem 4.5. There does not exists a constant-ratio polynomial-time approx-
imation algorithm for R-MIT unless NP=P.

Proof. Assume to the contrary that there exists an ε-approximation polynomial-
time algorithm for R-MIT. Then let α > 0, and pose k = dlogα εe, consequently
αk ≥ ε. Since there exists an ε-approximation algorithm for R-MIT let be Apx(<
T1, T2, T3 >) be the solution returned by such algorithm for the instance <
T1, T2, T3 >, while Opt(< T1, T2, T3 >) denotes the optimum solution. Then, by
Lemmas 4.3, 4.4,

(
Opt(< T1, T2, T3 >)
Apx(< T1, T2, T3 >)

)k

=
Opt(< T k

1 , T k
2 , T k

3 >)
Apx(< T k

1 , T k
2 , T k

3 >)
≤ ε ≤ αk

hence (Opt(<T1,T2,T3>)
Apx(<T1,T2,T3>) ) =≤ α. Note that computing < T k

1 , T k
2 , T k

3 > from <

T1, T2, T3 > can be done in O(ndlogα εe) time, hence we have described a PTAS
for R-MIT. By Theorem 3.3 NP=P.

Corollary 4.6. There exists a constant δ > 0 such that R-MIT cannot be ap-
proximated within factor logδ n in polynomial time, unless NP ⊆
DTIME[2polylog n].
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Proof. Assume to the contrary that for all δ > 0 there exists a logδ n-approxi-
mation polynomial-time algorithm for R-MIT. Then let α > 0, and pose k =
dlog logδ ne, consequently ek ≥ logδ n. Just as in the proof of Theorem 4.5 we
will denote with Apx(< T1, T2, T3 >) the solution returned by the approximation
algorithm for the instance < T1, T2, T3 >, while Opt(< T1, T2, T3 >) denotes the
optimum solution. Then, by Lemmas 4.3, 4.4,

(
Opt(< T1, T2, T3 >)
Apx(< T1, T2, T3 >)

)k

=
Opt(< T k

1 , T k
2 , T k

3 >)
Apx(< T k

1 , T k
2 , T k

3 >)
≤ logδ n

taking the logarithms of both sides

k log
(

Opt(< T1, T2, T3 >)
Apx(< T1, T2, T3 >)

)
≤ log(logδ n)

Consequently

dlog logδ ne log
(

Opt(< T1, T2, T3 >)
Apx(< T1, T2, T3 >)

)
≤ log(logδ n)

implying that log(Opt(<T1,T2,T3>)
Apx(<T1,T2,T3>)

) ≤ 1. Hence Opt(<T1,T2,T3>)
Apx(<T1,T2,T3>)

≤ e. It is imme-
diate to note that that computing < T k

1 , T k
2 , T k

3 > from < T1, T2, T3 > can be
done in O(ndlog logδ ne) = 2polylogn time. Thus the claim follows from Thm. 4.5.

5 Inapproximability over Unbounded Number of Trees

The inapproximability result presented in the previous section can be strength-
ened when instances are not required to contain exactly three trees, but can con-
tain an arbitrary number of trees. This can be proved by a simple L-reduction
from MAX CLIQUE. Since such reduction preserves the optimum and the cost of
approximate solutions, MIT with unbounded number of tree inherits the same
inapproximability results of MAX CLIQUE, that is it cannot be approximated
within n1−ε for each ε > 0, unless ZPP = NP [8]. An instance of MAX CLIQUE
is an unoriented graph G =< V, E >, and a feasible solution is a clique of G,
that is is a subset C ⊆ V such that (c1, c2) ∈ E for each pair c1, c2 of vertices in
C. The goal is to maximize |C|.

The reduction is quite simple: let G = (V, E) be a graph with E 6= ∅. The
instance of MIT contains the V -labeled trees in the set {Tedge} ∪ {Tij : i, j ∈
V, (i, j) /∈ E}, where Tedge has root r and each leaf v of Tedge has pv as parent
and pv is a child of r. Each tree Tij consists of a root r, a node pij that is the
parent of both leaves vi, vj a node pz for each z ∈ V − {vi, vj} and each pz is
the parent of the leaf vz. Moreover pij and all pz with z ∈ V − {i, j} are the
children of the root.

The following Lemma points out the structure of all feasible solutions con-
sider in our reduction.
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Lemma 5.1. Let T be the set of V -labeled trees associated to an instance G =<
V, E > of MAX CLIQUE, and let T be a feasible solution of MIT(T ). Let v1, v2

be two distinct leaves of T . Then the distance between v1 and v2 in T is four.

Proof. Let v1, v2 be two distinct leaves of T . Since v1 and v2 are both in a
feasible solution T of T , by Lemma 2.1 their distance must be the same in all
trees in T . Since dTedge(v1, v2) = 4 then dT (v1, v2) = 4.

We will show how to compute a feasible solution of MIT from a feasible
solution of MAX CLIQUE and vice versa, so that the costs of the solution are the
same.

Let T be the instance of MIT, associated to the instance G =< V, E > of
MAX CLIQUE, and let V1 ⊂ V be a feasible solution of T . Please note that, by
Lemmas 2.1 and 5.1 a subset V1 ⊆ V is a feasible solution of T iff dT (v1, v2) = 4
for each pair of distinct elements vi, vj ∈ V1 and each tree T ∈ T . We will prove
that V1 is a clique of G. Assume to the contrary that V1 is not a clique of G, that
is there exist two vertices vi, vj ∈ V1 such that (vi, vj) ∈ E. By construction in
T there is the tree Tij, and dTij(vi, vj) = 2. Consequently by Lemma 5.1 vi and
vj cannot both be in a feasible solution of T . To compute a feasible solution of
T from a clique of G is trivial, hence the following theorem follows:

Theorem 5.2. MIT over an unbounded number of tree cannot be approximated
within n1−ε for each ε > 0, unless ZPP = NP.

6 Conclusions

The MIT problem is one of the simplest formulations of evolutionary trees com-
parison proposed in literature, while the most studied of such formulations is
the MHT problem. In our paper we have shown that MIT shares the same inap-
proximability bounds of MHT whenever the instances are restricted to contain
exactly 3 trees, while it inherits the same bounds of MAX CLIQUE when the
instances are unrestricted.
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Abstract. A widely-used method for determining the similarity of two
labeled trees is to compute a maximum agreement subtree of the two
trees. Previous work on this similarity measure only concerns with the
comparison of labeled trees of two special kinds, namely, uniformly la-
beled trees (i.e., trees with all their nodes labeled by the same symbol)
and evolutionary trees (i.e., leaf-labeled trees with distinct symbols for
distinct leaves). This paper presents an algorithm for comparing trees
that are labeled in an arbitrary manner. In addition to the generaliza-
tion, our algorithm is faster than the previous algorithms in many cases.

1 Introduction

A labeled tree is a rooted tree with an arbitrary subset of nodes being labeled
with symbols. Labeled trees are used to model the relationship of objects in
real-life systems. In recent years, many algorithms for comparing such trees
have been developed for diverse application areas including biology [6,17,18,22],
chemistry [26], linguistics [7,20], computer vision [16], pattern recognition [23,24],
and structured text databases [14,15,19].

A widely-used measure of the similarity of two labeled trees is the notion of
a maximum agreement subtree. A labeled tree R is said to be a label-preserving
homeomorphic subtree of another labeled tree T if there exists a one-to-one
mapping f from the nodes of R to the nodes of T such that for any nodes u, v, w
of R, (1) u and f(u) have the same label; and (2) w is the least common ancestor
of u and v if and only if f(w) is the least common ancestor of f(u) and f(v).
Let T1 and T2 be two labeled trees. An agreement subtree of T1 and T2 is a
labeled tree which is also a label-preserving homeomorphic subtree of the two
trees. A maximum agreement subtree is one which maximizes the number of
labeled nodes.
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In some applications, each symbol z may be associated with a positive integer
weight µ(z) to indicate the relative significance of each symbol. We generalize
the definition of a maximum agreement subtree of T1 and T2 to be one which
maximizes the total weight of labeled nodes; let mast(T1, T2) denote this max-
imum total weight. Let n = |T1|+ |T2|, i.e., the number of nodes in T1 and T2.
Let d be the maximum degree of T1 and T2. Let N be the maximum µ(z) over
all the symbols z. Note that when N = 1, µ(z) = 1 for all symbols z and the
new definition of a maximum agreement subtree is the same as the original one.

In the literature, many algorithms for computing mast(T1, T2) have been
developed. These algorithms focus on the special cases where N = 1 and T1

and T2 are (1) evolutionary tree [10], i.e., leaf-labeled trees with distinct symbols
for distinct leaves or (2) uniformly labeled trees, i.e., trees with all their nodes
unlabeled or labeled with the same symbol.

For evolutionary trees, Steel and Warnow [25] gave the first polynomial-time
algorithm, which runs in O(n4.5 logn) time. Farach and Thorup [5] reduced the
time complexity to O(n1.5 log n). Recently, Kao, et al. [13] further improved the
time complexity to O(n1.5) with a breakthrough for a long-standing open prob-
lem on maximum bipartite matchings. Faster algorithms for the case d = O(1)
have also been discovered recently. The algorithm of Farach, Przytycka and Tho-
rup [4] runs in O(

√
dn log3 n) time, and that of Kao [11] takes O(nd2 log2 n log d)

time. Cole and Hariharan [2] gave an O(n logn)-time algorithm for the case
where T1 and T2 are binary trees. Przytycka [21] removed the degree-2 restric-
tion with an O(

√
dn log n)-time algorithm.

For uniformly labeled trees T1 and T2, mast(T1, T2) requires longer time
to compute. Chung [1] gave an algorithm to determine whether T1 is a label-
preserving homeomorphic subtree of T2 using O(n2.5) time. Their algorithm
provides a tool for verifying whether an uniformly labeled tree T3 is an agreement
subtree of T1 and T2 in O(m2.5) time, where m = |T1|+ |T2|+ |T3|. Gupta and
Nishimura [9] gave an algorithm which actually computes a maximum agreement
subtree of T1 and T2 in O(n2.5 logn) time.

Instead of solving special cases, this paper gives an algorithm to compute
mast(T1, T2) where T1 and T2 are without restrictions (i.e., labels are not re-
stricted to leaves and may not be distinct). The generality of our algorithm
does not mean a sacrifice on speed. Let WT1,T2 =

∑
u∈T1

∑
v∈T2

δ(u, v) where
δ(u, v) = 1 if nodes u and v are labeled with the same symbol, and 0 other-
wise. We will omit the subscripts of WT1,T2 when the context is clear. When
N 6= 1, we show that mast(T1, T2) takes time O(

√
dW log n log(nN)). When

N = 1, we reduce the running time to O(
√

dW log2 n
d ). Thus, if T1 and T2 are

uniformly labeled trees, then W ≤ n2 and the time complexity of our algorithm
is O(

√
dn2 log2 n

d
), which is faster than the algorithm in [9] for any d. If T1 and

T2 are evolutionary trees, then W ≤ n and the time complexity of our algo-
rithm is O(

√
dn log2 n

d ). This time complexity is better than the past results for

d ≥ n/2O(
√

log n). In particular,
√

dn log2 n
d = O(n1.5) for any degree d.
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Section 2 discusses basics. Section 3 details our algorithm which computes
mast(T1, T2) in O(

√
dW log n log(nN)) time for N 6= 1 and in O(

√
dW log2 n

d )
time for N = 1. Section 4 concludes the paper with open problems.

2 Preliminaries

2.1 Basic Concepts

Restricted Subtrees: For a rooted tree T and any node u of T , let Tu denote
the subtree of T that is rooted at u. For any set L of symbols, the restricted
subtree of T with respect to L, denoted by T‖L, is the subtree of T whose nodes
are the nodes labeled with L and the least common ancestors of any two nodes
labeled with L, and whose edges preserve the ancestor-descendant relationship
of T . Note that T‖L may contain nodes with labels outside L; see Figure 1 for
an example. For any labeled tree Υ , let T‖Υ denote the restricted subtree of T
with respect to the set of symbols used in Υ .

T T‖L
a b

e

c

f d

c

d

a
e

f c

a

a b

c

f

Fig. 1. The restricted subtree T‖L with L = {a, b, c}. Note that T‖L contains a label
not in L.

Centroid Paths: A centroid path decomposition [2] of a rooted tree T is a
partition of its nodes into disjoint paths as follows. For each internal node u in
T , let C(u) denote the set of children of u. Among the children of u, one of them
is chosen to be the heavy child, denoted by hvy(u), if the subtree of T rooted at
hvy(u) contains the largest number of nodes; the other children of u are the side
children. The edge from u to its heavy child is a heavy edge. A centroid path is
a maximal path formed by heavy edges; the root centroid path is the centroid
path which contains the root of T . Let D(T ) denote the set of the centroid paths
of T . D(T ) forms the desired partition and can be constructed in O(|T |) time.
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For each path P in D(T ), let r(P ) denote the node in P which is the closest to
the root of T . Let ≺ denote the ordering on D(T ) where P1 ≺ P2 if and only if
r(P1) is a descendant of r(P2).

For each P ∈ D(T ) and each node u in P , the subtree of T rooted at a side
child of u is a sidetree of u as well as of P . Let side(P ) denote the set of all the
sidetrees of P . Note that the size of a sidetree of P is at most |T r(P)|/2.

Fact 1. Let P be the root centroid path of T1.

1. WT1,T2 = WT1,T2‖T1 ; thus, WΥ,T2‖Υ = WΥ,T2 for any sidetree Υ of P .
2. WT1,T2 = WP,T2 +

∑
Υ∈side(P) WΥ,T2 .

Intersecting Pairs: Consider P ∈ D(T1) and Q ∈ D(T2). For any nodes u ∈ P
and v ∈ Q and any sidetrees Υ of u and Γ of v, the sidetree pair (Υ, Γ ) of (P, Q)
is intersecting if Υ and Γ have some common symbol. The sidetree-node pair
(Υ, v) (and (u, Γ ), respectively) of (P, Q) is intersecting if there exists a node in
Υ (and Γ , respectively) which has the same label as v (and u, respectively). The
node pair (u, v) of (P, Q) is intersecting if (1) u and v have the same label; or
(2) there exist sidetrees Υ of u and Γ of v such that (Υ, Γ ), (Υ, v), or (u, Γ ) is
intersecting.

Let `PQ be the total number of node pairs (u, v) of (P, Q) such that u, v
have the same symbol plus the total number of intersecting sidetree pairs and
sidetree-node pairs of (P, Q). Let B(u, v) be the union of

– {(Υ, Γ ), (Υ, T v
2 ), (Tu

1 , Γ ) | (Υ, Γ ) is intersecting and Υ and Γ are sidetrees of
u and v, respectively }:

– {(Υ, T v
2 ) | (Υ, v) is intersecting and Υ is a sidetree of u};

– {(Tu
1 , Γ ) | (u, Γ ) is intersecting and Γ is a sidetree of v}.

Let B(P, Q) =
⋃

u∈P,v∈Q B(u, v). Note that |B(P, Q)| ≤ 3`PQ.

Maximum Weighted Matchings: Let mwm(G) denote the maximum possible
weight of any matching of a weighted bipartite graph G = (X, Y, E).

Fact 2. (see [13]) Let s = max{|X|, |Y |}. Let w be the total weight of the edges
in G. mwm(G) can be computed in O(

√
sw) time.

Our subtree algorithm needs to find maximum weight matchings for a number of
bipartite graphs. For many of these graphs, the size of the two vertex sets may
differ a lot. We improve the above result to take advantage of such difference.

Lemma 1. Let t = min{|X|, |Y |}. Let w be the total weight of the edges in G.
mwm(G) can be computed in O(

√
tw) time.

Proof. To be given in the full paper.

This paper uses maximum weight matchings of the bipartite graphs Guv and
Huv for any nodes u ∈ T1 and v ∈ T2 defined as follows:

– Guv is the bipartite graph between C(u) and C(v) where each edge (x, y)
has weight mast(T x

1 , T y
2 ).
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– Huv is the bipartite graph between C(u) − {hvy(u)} and C(v) − {hvy(v)}
where (x, y) is an edge of Huv if and only if mast(T x

1 , T y
2 ) > 0 (i.e., (T x

1 , T y
2 )

is an intersecting sidetree pair with T x
1 and T y

2 are sidetrees of u and v,
respectively), and where the weight of each edge (x, y) is mast(T x

1 , T y
2 ).

Lemma 2. Consider any centroid paths P of T1 and Q of T2. Let n1 = |T r(P)
1 |

and n2 = |T r(Q)
2 |. Let MPQ be the time required to compute mwm(Huv) for all

intersecting node pairs (u, v) of (P, Q). If N 6= 1, then

MPQ = O
(
min

{√
d,
√

n1,
√

n2

}
`PQ log(nN)

)
;

if N = 1, then MPQ = O
(
min

{√
d,
√

n1,
√

n2

}
W

T
r(P )
1 ,T

r(Q)
2

)
.

Proof. For N 6= 1, by Gabow-Tarjan matching algorithm [8], mwm(Huv) can be
computed in O

(
min

{√
d,
√

n1,
√

n2

}
`uv log(nN)

)
time where `uv is the num-

ber of intersecting sidetree pairs (Υ, Γ ) with Υ and Γ being sidetrees of u and
v, respectively. Thus, MPQ =

O


min

{√
d,
√

n1,
√

n2

} ∑
u∈P,v∈Q

`uv log(nN)




= O
(
min

{√
d,
√

n1,
√

n2

}
`PQ log(nN)

)
.

For N = 1, mwm(Huv) can be computed in O
(
min

{√
d,
√

n1,
√

n2

}
wuv

)
time

where wuv =
∑{WΥ,Γ | Υ is a sidetree of u and Γ is a sidetree of v} (by

Lemma 1). Thus, MPQ =

O


min

{√
d,
√

n1,
√

n2

} ∑
u∈P,v∈Q

wuv


=O

(
min

{√
d,
√

n1,
√

n2

}
W

T
r(P )
1 ,T

r(Q)
2

)
.

2.2 Technical Lemmas

This section states two technical results, which are crucial to our algorithm
for computing mast(T1, T2). It is based on the following formula, which is a
straightforward generalization of the formula used in [5] for finding maximum
agreement subtree of two evolutionary trees.

mast(Tu
1 , T v

2 ) = max




max{mast(Tu
1 , T c2

2 ) | c2 ∈ C(v)};
max{mast(T c1

1 , T v
2 ) | c1 ∈ C(u)};

mwm(Guv) if u and v are unlabeled;
mwm(Guv) + µ(z) if both u and v are labeled z.

(1)

Based on Equation (1), mast(T1, T2) can be computed by bottom-up dynamic
programming. However, to find mast(Tu

1 , T v
2 ) for all nodes u of T1 and v of T2,
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the dynamic program needs to compute Θ(n2) maximum weight matchings. To
reduce the time on compute the maximum weight matchings, we make use of
the following lemma, which implies that it suffices to focus on intersecting node
pairs of centroid paths.

Lemma 3. Let P and Q be the root centroid paths of T1 and T2, respectively.
Suppose that we are given the values mast(Υ, Γ ) for all the pairs (Υ, Γ ) ∈
B(P, Q) and the values mwm(Huv) for all intersecting node pairs (u, v) of (P, Q).
Then, for any subset S of node pairs of (P, Q), we can compute mast(T x

1 , T y
2 )

for all (x, y) ∈ S in O((`PQ + |S|) logn) time.

Proof. See Appendix A.

Remark. Cole and Hariharan [2] and Przytycka [21] obtained this lemma for
the case where T1 and T2 are evolutionary trees.

The next theorem combines Lemmas 2 and 3 and is important to our algo-
rithm for computing mast(T1, T2).

Theorem 1. Consider the root centroid path P of T1 and any centroid path Q
of T2. Suppose that the values mast(Υ, Γ ) for all the pairs (Υ, Γ ) ∈ B(P, Q) are
given. The following values can be computed in O(`PQ logn+MPQ) time where
MPQ is defined in Lemma 2.

1. mast(T1, T2).
2. mast(T1, T

v
2 ) and mast(Tu

1 , T2) for all intersecting node pairs (u, v) of (P, Q).

Proof. Let S = {(r(P ), r(Q))} ∪ {(r(P ), v), (u, r(Q)) | (u, v) is an intersecting
node pair}. Note that |S| = O(`PQ) and the set of values required by this lemma
is {mast(Υ, Γ ) | (Υ, Γ ) ∈ S}. Based on Lemmas 2 and 3, these values can be
computed using O(`PQ logn +MPQ) time, as stated.

3 An Algorithm for Computing mast(T1, T2)

In this section, we present a recursive algorithm for computing mast(T1, T2).
This algorithm recursively computes mast(Υ, T2) for every sidetree Υ attached
to the root centroid path of T1. The information gathered is then used to com-
pute mast(T1, T2) using a dynamic programming approach based on Theorem 1.
Figure 2 presents our algorithm. For the sake of recursion, the algorithm com-
putes values other than mast(T1, T2), namely, mast(T1, T

v
2 ) for all nodes v of

T2. Steps 3 and 4 of the algorithm are further explained below.
Step 3 is based on the following observation of Farach and Thorup [5]. Let P

be the root centroid path of T1. Let Υ be a sidetree of P . Let U be a set of nodes
in T2‖Υ . Then for all v ∈ T2, mast(Υ, T v

2 ) = 0 if v has no descendant in U ;
otherwise, mast(Υ, T v

2 ) = mast(Υ, (T2‖Υ )u) where u is the highest descendant
of v in U . Thus, for every Υ ∈ side(P ) and every node v of T2, mast(Υ, T v

2 ) can
be retrieved by finding the highest descendant of v in U . Using Euler tours [3],
Step 3 can preprocess in linear time the O(n) values obtained in Step 2 so that
mast(Υ, T v

2 ) can be retrieved in O(log n) time.
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Input: T1, T2;
Output: mast(T1, T

v
2 ) for all nodes v of T2;

1. Let P be the root centroid path of T1;
2. For each sidetree Υ of P , call recursively Agree(Υ, T2‖Υ );
3. Using the values found in Step 2, do an O(n) time preprocessing so that for

every Υ ∈ side(P ) and every node v of T2, mast(Υ, Tv
2 ) can be retrieved in

O(log n) time;
4. For each centroid path Q ∈ D(T2) in increasing order according to ≺:

(a) Extract the values of mast(Υ, Γ ) for all (Υ, Γ ) ∈ B(P, Q);

(b) Find mast(T1, T
v
2 ) and mast(Tu

1 , T
r(Q)
2 ) for all intersecting node pairs

(u, v) of (P, Q) based on Theorem 1;
(c) Find mast(T1, T

v
2 ) for all nodes v of Q;

Fig. 2. Algorithm Agree(T1 , T2)

Let us consider Step 4. We handle Q ∈ D(T2) in increasing order according
to ≺. When the algorithm handles Q, it first retrieves mast(Υ, Γ ) for all (Υ, Γ ) ∈
B(P, Q) based on Step 4a. Recall that for every pair (Υ, Γ ) of B(P, Q), either
Υ is a sidetree of P or Γ is a sidetree of Q. For all (Υ, Γ ) ∈ B(P, Q) such that
Υ is a sidetree of P , the values mast(Υ, Γ ) can be extracted in O(`PQ logn)
time after the preprocessing in Step 2. The rest of the pairs in B(P, Q) must be
of the form (Tu

1 , Γ ) where u is a node of P and Γ is a sidetree of Q. For each
such (Tu

1 , Γ ), it can be verified that mast(Tu
1 , Γ ) is already available when the

path pair (P, Q′) is handled where Q′ is the root centroid path of Γ . After the
retrieval of mast(Υ, Γ ) for all (Υ, Γ ) ∈ B(P, Q), the values wanted in Step 4b
can be found based on Theorem 1.

To explain Step 4c, let v1, v2, . . . , vk be a subsequence of nodes in Q such
that v1 = r(Q) and for each vi with i > 1, there exists some u in P such that
(u, vi) is intersecting. The values of mast(T1, T

vi

2 ) for all vi are available from
Step 4b. The value of mast(T1, T

v
2 ) for v located in a subpath between vi and

vi+1 is mast(T1, T
vi+1
2 ). As a result, Step 4 computes the values of mast(T1, T

v
2 )

for all nodes v of T2.
Section 3.1 shows that Agree(T1 , T2) takes O(

√
dWT1,T2 log n log(nN)) time

for N 6= 1. Section 3.2 considers the case where N = 1, for which the time
complexity is only O(

√
dWT1,T2 log2 n

d
).

3.1 Time Complexity of Agree(T1, T2) for N 6= 1

Lemma 4. Let P be the root centroid path of T1. Then,

∑
Q∈D(T2)

`PQ = O

(
WP,T2 log |T2|+

∑ {
WΥ,T2 log

|T2|
|T2‖Υ | | Υ ∈ side(P )

})
.

Proof. Note that
∑{`PQ | Q ∈ D(T2)} = A1 + A2 + A3 + A4 where A1 = the

total number of node pairs of (P, Q) which are labeled with the same symbol over
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all Q ∈ D(T2); A2 = the total number of intersecting sidetree-node pairs (u, Γ )
of (P, Q) over all Q ∈ D(T2); A3 = the total number of intersecting sidetree-
node pairs (Υ, v) of (P, Q) over all Q ∈ D(T2); and A4 = the total number of
intersecting sidetree pairs (Υ, Γ ) of (P, Q) over all Q ∈ D(T2).

For a fixed Q, the number of node pairs of (P, Q) which are labeled with the
same symbol is at most

∑
u∈P,v∈Q δ(u, v) = WP,Q. Therefore, A1 =

∑{WPQ |
Q ∈ D(T2)} = WP,T2 .

For a fixed sidetree Υ of P and a fixed Q, the number of intersecting sidetree-
node pairs (Υ, v) of (P, Q) is at most WΥ,Q. Therefore, A2 =

∑{WΥ,Q | Υ ∈
side(P ) and Q ∈ D(T2)} =

∑{WΥ,T2 | Υ ∈ side(P )}.
For a fixed sidetree Γ of a particular Q, the number of intersecting sidetree-

node pairs (u, Γ ) of (P, Q) is at most WP,Γ . Therefore, A3 =
∑{WP,Γ | Γ ∈

side(Q) and Q ∈ D(T2)} = WP,T2 log |T2|.
For a fixed sidetree Υ of P , let R be the tree formed from T2‖Υ by adding an

edge between the root of T2 and that of T2‖Υ . Let S = ∪{side(Q) | Q ∈ D(T2)}.
For each edge (x, y) in R with x being the parent of y, (x, y) corresponds to
a simple path Qxy in T2 from x to y. By the definition of intersecting, for all
sidetrees Ψ ∈ S, (Υ, Ψ) is an intersecting sidetree pair if and only if the root of
Ψ is on some path Qxy where (x, y) is an edge in R.

For each edge (x, y) in R, the number of sidetrees whose roots are on Qxy

is less than log |T x
2 |

|T y
2 | . Thus, the number of sidetrees in S which is intersecting

with Υ is less than SUM(R) =
∑

(x,y)∈R log |T x
2 |

|T y
2 | . We claim that SUM(R) =

O
(
|T2‖Υ | log |T2|

|T2‖Υ |
)
. Then,

A4 = O

(∑{
|T2‖Υ | log

|T2|
|T2‖Υ | | Υ ∈ side(P )

})

= O

(∑{
WΥ,T2 log

|T2|
|T2‖Υ | | Υ ∈ side(P )

})
.

The rest of this proof shows that SUM(R) = O
(
|T2‖Υ | log |T2|

|T2‖Υ |
)
. Let Z

be the set of all the edges (x, y) ∈ R where y is a leaf. Since |Z| ≤ |R|
and {T x

2 | (x, y) ∈ Z} is a set of disjoint subtrees of T2,
∑

(x,y)∈Z log |T x
2 |

|T y
2 | ≤∑

(x,y)∈Z log |T x
2 | ≤ |R| log |T2|

|R| . Let R′ be the tree obtained by first removing
all the edges in Z and then replacing every maximal internally branchless un-
labeled path with an edge between its two endpoints. (An internally branchless
unlabeled path is a path from a node to a proper descendant such that all its
nodes, except possibly the endpoints, are unlabeled and have at most one child
each.) Note that |R′| ≤ |R|/2 and SUM(R) = |R| log |T2|

|R| + SUM(R′). Since

|R| = |T2‖Υ |, SUM(R) = O
(
|R| log |T2|

|R|
)

= O
(
|T2‖Υ | log |T2|

|T2‖Υ |
)
.

Theorem 2. Agree(T1, T2) takes O(
√

dWT1,T2 logn log(nN)) time.

Proof. Let Φ(T1, T2) be the time complexity of Agree(T1 , T2). Steps 1 and 3 of
Agree(T1 , T2) takes O(n) time. Step 2 takes time

∑{Φ(Υ, T2‖Υ ) | Υ ∈ side(P )}.
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Step 4a takes time O(
∑{`PQ log n | Q ∈ D(T2)}). By Theorem 1, Step 4b takes

time O(
∑{√d`PQ log(nN) | Q ∈ D(T2)}). Step 4c requires O(

∑{|Q| | Q ∈
D(T2)}) = O(n) time. In summary,

Φ(T1, T2) = O


 ∑

Q∈D(T2)

√
d`PQ log(nN)


 +

∑
Υ∈side(P)

Φ(Υ, T2‖Υ )

By Lemma 4 and Fact 1,

Φ(T1, T2) = O(
√

dWT1,T2 log |T2| log(nN)) = O(
√

dWT1,T2 log n log(nN)).

3.2 Time Complexity of Agree(T1, T2) for N = 1

This section assumes N = 1. Let T ′(T1, T2) be the time required for Steps 1,
3, 4a, 4c, and the non-matching computation of Step 4b for all recursion levels
of Agree (T1, T2). Let T ′′

1 (T1, T2) and T ′′(T1, T2) be the times required for the
matching computation of Step 4b for the first recursion level and for all recursion
levels of Agree(T1 , T2), respectively.

Lemma 5. T ′(T1 , T2) = O(WT1,T2 log2 n).

Proof. In the first recursion level, Steps 1, 3, 4a, and 4c take time O(
∑{`PQ log n

| Q ∈ D(T2)}) by an argument similar to the proof of Theorem 2. The non-
matching computation of Step 4b requires O(

∑{`PQ logn | Q ∈ D(T2)}) time.
Steps 1, 3, 4a, 4c, and the non-matching computation part of Step 4b in all the
remaining recursion levels take time

∑{T ′(Υ, T2‖Υ ) | Υ ∈ side(P )}. Therefore,
T ′(T1, T2) =

∑
Q∈D(T2) `PQ logn +

∑
Υ∈side(P) T ′(Υ, T2‖Υ ). By Lemma 4 and

Fact 1, T ′(T1, T2) = O(WT1,T2 log |T2| logn) = O(WT1,T2 log2 n).

Lemma 6. If N = 1, then

T ′′
1 (T1, T2) = O

(
min

{√
dWT1,T2 log

|T2|
d

,
√
|T1|WT1,T2 log

|T2|
|T1|

})
.

Proof. Let the root centroid path in T2 be the level-0 centroid path. For every
centroid path X, if the parent of r(X) is a node in a level-i centroid path, let
X be a level-(i + 1) centroid path. This classification divides D(T2) into level-i

centroid paths for i = 1, . . .dlog |T2|e. Let ∆i =
∑ {

min
[√

d,
√|T1|,

√
|T2|r(Q)

]

W
T1,T

r(Q)
2
| Q is a level-i centroid path of T2

}
. Note that for each level-i centroid

path Q, |T r(Q)
2 | ≤ |T2|

2i . Also, if Q1 and Q2 are two different level-i centroid paths,
then T

r(Q1)
2 and T

r(Q2)
2 are disjoint. Therefore, ∆i is not greater than

min

{√
d,

√
|T1|,

√
|T2|
2i

} ∑
{W

T1,T
r(Q)
2
| Q is a level-i centroid path of T2}

≤ min

{√
d,

√
|T1|,

√
|T2|
2i

}
WT1,T2 .
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By Theorem 1, the matching computation of Step 4b takes time

O

(∑ {
min

[√
d,

√|T1|,
√
|T r(Q)

2 |
]

W
T1,T

r(Q)
2
| Q ∈ D(T2)

})
. Therefore,

Step 4b takes time

O


dlog |T2|e∑

i=1

∆i




= O




⌈
log

|T2|
min{d,|T1|}

⌉
∑
i=1

min
{√

d,
√
|T1|

}
WT1,T2 +

dlog |T2|e∑
i=

⌈
log

|T2|
min{d,|T1|}

⌉WT1,T2

√
|T2|
2i




= O

(
min

{√
d,

√
|T1|

}
log

|T2|
min{d, |T1|}WT1,T2

)

= O

(
min

{√
dWT1,T2 log

|T2|
d

,
√
|T1|WT1,T2 log

|T2|
|T1|

})
, as stated.

Lemma 7. If N = 1, then T ′′(T1 , T2) = O
(√

dWT1,T2 log2 n
d

)
.

Proof. By Lemma 6, the matching computation of Step 4b in the first recursion
level takes time T ′′

1 (T1, T2)=O
(
min

{√
dWT1,T2 log |T2|

d ,
√|T1|WT1,T2 log |T2|

|T1|
})

.
For the remaining recursion levels, the matching computation of Step 4b takes
time

∑{T ′′(Υ, T2‖Υ ) | Υ ∈ side(P )}. Therefore, T ′′(T1, T2) =

O

(
min

{√
dWT1,T2 log

|T2|
d

,
√
|T1|WT1,T2 log

|T2|
|T1|

})
+

∑
Υ∈side(P)

T ′′(Υ, T2‖Υ )

(2)
As in Lemma 6, the centroid paths of T1 can be classified into level-i centroid

paths for i = 1, . . . , dlog |T1|e. Define ∆i to be∑ {
min

[√
dWΥ,T2 log

|T2|
d

,
√
|Υ |WΥ,T2 log

|T2|
|Υ |

]
| Υ is a sidetree of some

level-i centroid path of T1

}
.

Note that |Υ | ≤ |T1|
2i for every sidetree Υ of some level-i centroid path of T1.

Also, for two different sidetrees Υ1 and Υ2 of some level-i centroid paths of T1,
Υ1 and Υ2 are disjoint. Hence,

∆i ≤ min

{√
dWT1,T2 log

|T2|
d

,

√
|T1|
2i

WT1,T2 log
2i|T2|
|T1|

}
.
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Since Equation (2) is a tail recursion, T ′′(T1, T2) =

O


dlog |T1|e∑

i=1

∆i




= O




⌈
log

|T1|
d

⌉
∑
i=1

√
dWT1,T2 log

|T2|
d

+
dlog |T1|e∑

i=
⌈
log

|T1|
d

⌉
√
|T1|
2i

WT1,T2 log
2i|T2|
|T1|




= O

(√
dWT1,T2 log

|T2|
d

log
|T1|
d

)

= O
(√

dWT1,T2 log2 n

d

)
.

Theorem 3. If N = 1, then Agree(T1, T2) takes O(
√

dWT1,T2 log2 n
d ) time.

Proof. By Lemmas 5 and 7, Agree(T1 , T2) takes time T ′(T1, T2) + T ′′(T1, T2)
=O(
√

dWT1,T2 log2 n
d ).

4 Open Problems

This paper shows that mast(T1, T2) can be computed in O(
√

dWT1,T2 log n

log(nN)) time for N 6= 1 and in O(
√

dWT1,T2 log2 n
d ) time for N = 1. Note

that if T1 and T2 are evolutionary trees, our results do not match the result
in [21] for small d. Thus, we conjecture that mast(T1, T2) can be computed in
O(
√

dWT1,T2 log(nN)) time for N 6= 1 and in O(
√

dWT1,T2 log n
d
) time for N = 1.
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A Lemma 3

Consider P ∈ D(T1) and Q ∈ D(T2). Let u1, u2, . . . , up (v1, v2, . . . , vq, respec-
tively) be the nodes in P (Q, respectively) in order from root to leaf. Let G(P, Q)
be the bipartite multisubgraph between u1, . . . , up and v1, . . . , vq where (ui, vj)
is an edge if and only if (ui, vj) is an intersecting node pair of (P, Q). The mul-
tiplicity and weights of (ui, uj) are specified as follows.

If ui and vj have the same label or are both unlabeled, (ui, vj) has two
weighted copies:

– white edge: The weight is mwm(Huivj ) if u and v are both unlabeled; the
weight is mwm(Huivj ) + µ(z) if u and v have the same label z.

– gray edge: Let H ′
uivj

be the bipartite subgraph of (C(ui), C(vj), C(ui) ×
C(vj) −{(hvy(ui), hvy(vj))}) where (x, y) is an edge of H ′

uivj
if and only if

mast(T x
1 , T y

2 ) > 0 and where the weight of (x, y) is mast(T x
1 , T y

2 ). If u and
v are both unlabeled, the weight of the gray edge is mwm(H ′

uivj
); if u and

v have the same label z, the weight is the maximum of mwm(H ′
uivj

) + µ(z),
max{mast(Tu

1 , Γ ) | Γ is a sidetree of v}, and max{mast(Υ, T v
2 ) | Υ is a

sidetree of u}.
If ui and vj are unlabeled, then (ui, vj) has two additional weighted copies:

– green edge: The weight is max{mast(Tui

1 , Γ ) | Γ is a sidetree of vj}.
– red edge: The weight is max{mast(Υ, T

vj

2 ) | Υ is a sidetree of ui}.
If ui and vj have different symbols, then (ui, vj) has only one weighted copy:

– gray edge: The weight is the greater of max{mast(Tu
1 , Γ ) | Γ is a sidetree

of v} and max{mast(Υ, T v
2 ) | Υ is a sidetree of u}.

Lemma 8 shows that G(P, Q) can be constructed in O(`PQ log d) time based
on the following two facts.

Fact 3 (See [12]). Consider a bipartite graph G and two nodes x and y of G.
Let M be a maximum weight matching of G − {x, y}. Then, mwm(G) can be
computed by augmenting M using at most two augmenting paths.

Fact 4 (See [21]). For all intersecting node pairs (u, v) of (P, Q), we can
construct graphs H ′′

uv from H ′
uv in O(`PQ log d) time such that mwm(H ′′

uv) =
mwm(H ′

uv), |H ′′
uv| = |Huv|, and Huv is a subgraph of H ′′

uv.

Lemma 8. Given mast(Υ, Γ ) for all (Υ, Γ ) ∈ B(P, Q) and a maximum weight
matchings of Huv for every intersecting node pair (u, v) of (P, Q), G(P, Q) can
be constructed in O(`PQ log d) time.

Proof. This proof shows that for all intersecting node pairs (u, v) of (P, Q), the
values mwm(Huv), mwm(H ′

uv), max{mast(Tu
1 , Γ ) | Γ is a sidetree of v}, and

max{mast(Υ, T v
1 ) | Υ is a sidetree of u} can be computed in O(`PQ log d) time.

Then, G(P, Q) can be constructed using O(`PQ) additional time.
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For a fixed v of Q, let ui1 , . . . , uiz be the nodes of P with i1 > i2 > . . . > iz
such that (uik , v) is intersecting. We can compute f(k) = max{mast(T

uik

1 , Γ ) |
Γ is a sidetree of v} for all k based on the recurrence f(k) = max{f(k −
1), max{mast(T

uik

1 , Γ ) | Γ is a sidetree of v and (T
uik

1 , Γ ) ∈ B(uik , v)}}. This
takes O(

∑
k |B(uik , v)|) time. Therefore, we can compute max{mast(Tu

1 , Γ ) | Γ
is a sidetree of v} for all intersecting node pairs (u, v) in time

O(
∑
v∈Q

∑
u∈P

|B(u, v)|) = O(`PQ).

Similarly, we can compute max{mast(Tu
1 , Γ ) | Γ is a sidetree of v} for all inter-

secting node pairs (u, v) with the same time complexity.
The values mwm(Huv) are already available. The rest of this proof con-

siders the computation of mwm(H ′
uv). By Fact 4, we can construct H ′′

uv from
H ′

uv for all intersecting node pairs (u, v) using O(`PQ logd) time such that
mwm(H ′′

uv) = mwm(H ′
uv), |H ′′

uv| = O(|H ′
uv|) and H ′′

uv is a subgraph of H ′
uv.

Then, as H ′′
uv − {hvy(u), hvy(v)} = Huv, by Fact 3, each mwm(H ′′

uv) can be
computed by augmenting a maximum weight matching of Huv using at most two
augmenting paths. Therefore, the values of all mwm(H ′′

uv) and hence mwm(H ′
uv)

can be computed using time
∑

u∈P,v∈Q 2|H ′′
uv| = O(

∑
u∈P,v∈Q |Huv|) = O(`PQ).

In summary, the values of mwm(H ′
uv) for all intersecting node pairs (u, v) can

be computed in O(`PQ logd) time.

For edges (ui, vj) and (ui′ , vj′) of G(P, Q), (ui, vj) is below (ui′ , vj′) if i > i′

and j > j′. They form a crossing if (i < i′ and j > j′) or (i > i′ and j < j′). A
matching in G(P, Q) is an agreement matching [21] if the following statements
hold:

1. Its white edges, if any, do not form any crossing.
2. In addition to those non-crossing white edges, it may contain (1) at most

one red-green crossing (i.e., the crossing between a red edge (ui, vj) and a
green edge (ui′ , vj′) with i < i′) or (2) at most one gray edge which is below
all the white edges.

The weight of an agreement matching is the total weights of its edges. A max-
imum agreement matching is an agreement matching in G(P, Q) which maxi-
mizes the weight; this maximum weight is denoted as mam(G(P, Q)). The fol-
lowing lemma shows the relationship between maximum agreement matchings
and maximum agreement subtrees.

Lemma 9. For any u ∈ P and v ∈ Q, mast(Tu
1 , T v

2 ) = mam(G(P u, Qv)).

Proof. The proof follows from the definitions of maximum agreement matchings
and maximum agreement subtrees.

Fact 5 (See [2,21]). Given G(P, Q) and a set S ⊆ P × Q, mam(G(P u, Qv))
for all (u, v) ∈ S can be computed using O((`PQ + |S|) logn) time.

Lemma 3 follows from Lemmas 8, 9, and Fact 5.
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Abstract. Perfect phylogeny is one of the fundamental models for study-
ing evolution. We investigate the following generalization of the problem:
The input is a species-characters matrix. The characters are binary and
directed, i.e., a species can only gain characters. The difference from
standard perfect phylogeny is that for some species the state of some
characters is unknown. The question is whether one can complete the
missing states in a way admitting a perfect phylogeny. The problem
arises in classical phylogenetic studies, when some states are missing or
undetermined. Quite recently, studies that infer phylogenies using in-
serted repeat elements in DNA gave rise to the same problem. The best
known algorithm for the problem requires O(n2m) time for m characters

and n species. We provide a near optimal Õ(nm)-time algorithm for the
problem.

1 Introduction

When studying evolution, the divergence patterns leading from a single ancestor
species to its contemporary descendants are usually modeled by a tree structure.
Extant species correspond to the tree leaves, while their common progenitor
corresponds to the root of this phylogenetic tree. Internal nodes correspond to
hypothetical ancient species, which putatively split up and evolved into distinct
species. Tree branches model changes through time of the hypothetical ancestor
species. The common case is that one has information regarding the leaves, from
which the phylogenetic tree is to be inferred. This task, called phylogenetic re-
construction (cf. [7]), was one of the first algorithmic challenges posed by biology,
and the computational community has been dealing with problems of this flavor
for over three decades (see, e.g., [12]).

In the character-based approach to tree reconstruction, contemporary species
are described by their attributes or characters. Each character takes on one of
several possible states. The input is represented by a matrix A where aij is the
state of character j in species i, and the i-th row is the character vector of species
i. The output sought is a hypothesis regarding evolution, i.e., a phylogenetic tree
along with the suggested character-vectors of the internal nodes. This output
must satisfy properties specified by the problem variant.

One important variant of the phylogenetic reconstruction problem is finding
a perfect phylogeny. In this variant, the phylogenetic tree is required to have the
property that for each state of a character, the set of all nodes that have that
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state induces a connected subtree. The general perfect phylogeny problem is NP-
hard [4,20]. When considering the number of possible states per character as a
parameter, the problem is fixed parameter tractable [1,15]. For binary characters,
having only two states, perfect phylogeny is linear-time solvable [11].

Another common variant of phylogenetic reconstruction is the parsimony
problem, which calls for a solution with fewest state changes altogether. A
change is counted whenever the state of a character changes between a species
and an offspring species. This problem is known to be NP-hard [8]. A special
case introduced by Camin and Sokal [5] assumes that characters are binary and
directed, namely, only 0 → 1 changes may occur. Noting by 1 and 0 the pres-
ence and absence, respectively, of the character, this means that characters can
only be gained during evolution. Another related binary variant is Dollo par-
simony [6,19], which assumes that the change 0 → 1 may happen only once,
i.e., a character can be gained once, but it can be lost several times. Both of
these variants are polynomially solvable (cf. [7]). When no perfect phylogeny is
possible, one can seek a largest subset of the characters which admits a perfect
phylogeny. Characters in such a subset are said to be compatible. Compatibility
problems have been studied extensively (see, e.g., [17]).

In this paper, we discuss a generalization of binary perfect phylogeny which
combines the assumptions of both Camin-Sokal parsimony and Dollo parsimony.
The setup is as follows: The characters are binary and directed. As in perfect
phylogeny, the input is a matrix of character vectors, with the difference that
some character states are missing. The question is whether one can complete
the missing states in a way admitting a perfect phylogeny. We call this problem
Incomplete Directed Perfect phylogeny (IDP).

The problem of handling incomplete phylogenetic data arises whenever some
of the data is missing. It is also encountered in the context of morphological
characters, where for some species it may be impossible to reliably assign a state
to a character. The popular PAUP software package [21] provides an exponential
solution to the problem by exhaustively searching the space of missing states.
Indeed, the problem of determining whether a set of incomplete undirected char-
acters is compatible was shown to be NP-complete, even in the case of binary
characters [20].

Quite recently, a novel kind of genomic data has given rise to the same prob-
lem: Nikaido et al. [18] use inserted repetitive genomic elements, particularly
SINEs, as a source of evolutionary information. SINEs are short DNA sequences
that were copied and randomly reinserted into various genomic loci during evo-
lution. The specific insertion events are identifiable by the flanking sequences
on both sides of the insertion site. These insertions are assumed to be unique
events in evolution, because the odds of having separate insertion events at the
very same locus are negligible. Furthermore, a SINE insertion is assumed to be
irreversible, i.e., once a SINE sequence has been inserted somewhere along the
genome, it is practically impossible for the exact, complete SINE to leave that
specific locus. However, the site and its flanking sequences may be lost when a
large genomic region, which includes them, is deleted. In that case we do not
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know whether an insertion had occurred in the missing site. One can model such
data by assigning to each locus a character, whose state is ’1’ if the SINE oc-
curred in that locus, ’0’ if the locus is present but does not contain the SINE,
and ’?’ if the locus is missing. The resulting reconstruction problem is precisely
Incomplete Directed Perfect phylogeny.

The incomplete perfect phylogeny problem becomes polynomial when the
characters are directed: Benham et al. [3] studied the compatibility problem on
generalized characters. Their work implies an O(n2m)-time algorithm for IDP,
where n and m denote the number of species and characters, respectively. A
problem related to IDP is the consensus tree problem [2,13]. This problem calls
for constructing a consensus tree from homeomorphic binary subtrees, and is
solvable in polynomial time. One can reduce IDP to the latter problem, but the
reduction may take Ω(n2m) time.

Our approach to the IDP problem is graph theoretic. We first provide sev-
eral graph and matrix characterizations for solvable instances of binary directed
perfect phylogeny. We then reformulate IDP as a graph sandwich problem: The
input data is recast into two graphs, and solving IDP is shown to be equiva-
lent to finding a graph of a particular type ”sandwiched” between them. This
formulation allows us to devise a polynomial algorithm for IDP. The determin-
istic complexity of the algorithm is shown to be O(nm + k log2(n + m)), for an
instance with k 1-entries in the matrix. Alternatively, we give a randomized ver-
sion of the algorithm which takes O(nm+k log(l2/k)+l(log l)3 log log l) expected
time, where l = n + m. Since an Ω(nm) lower bound was shown by Gusfield
for directed binary perfect phylogeny [11], our algorithm has near optimal time
complexity.

The paper is organized as follows: In Section 2 we provide some preliminaries.
Section 3 gives the characterizations and the graph sandwich formulation. In
Section 4 we present the polynomial algorithm. For lack of space, some proofs
are shortened or omitted.

2 Problem Formulation

We first specify some terminology and notation. We reserve the terms nodes and
branches for trees, and will use the terms vertices and edges for other graphs.
Matrices are denoted by an upper-case letter, while their elements are denoted
by the corresponding lower-case letter.

Let G = (V, E) be a graph. We denote its set of vertices also by V (G), and
its set of edges also by E(G). For a vertex v ∈ V we define its degree to a subset
R ⊆ V to be the number of edges connecting v to vertices in R. The length of a
path in G is the number of edges along it.

Let T be a rooted tree over a leaf set S with branches directed from the root
towards the leaves. For a node x in T we denote the leaf set of the subtree rooted
at x by L(x). L(x) is called a clade of T . For consistency, we consider ∅ to be a
clade of T as well, and call it the empty clade. S, ∅ and all singletons are called
trivial clades. We denote by triv(S) the collection of all trivial clades. Two sets



146 Itsik Pe’er, Ron Shamir, and Roded Sharan

are said to be compatible if they are either disjoint, or one of them contains the
other.

Observation 1. A collection S of subsets of a set S is the set of clades of some
tree over S iff S contains triv(S) and its subsets are pairwise compatible.

A tree is uniquely characterized by the set of its clades. The transformation
between a branch-node representation of a tree and a list of its clades is straight-
forward. Hereafter, we identify a tree T with the set {S ′ : S ′ is a clade of T }.
Let Ŝ be a subset of the leaves of T . Then the subtree of T induced on Ŝ is the
collection {Ŝ ∩ S ′ : S ′ ∈ T } (which defines a tree).

Throughout the paper we denote by S = {s1, . . . , sn} the set of all species
and by C = {c1, . . . , cm} the set of all (binary) characters. For a graph K, we
define C(K) ≡ C ∩ V (K) and S(K) ≡ S ∩ V (K). Let Bn×m be a binary matrix
whose rows correspond to species, each row being the character-vector of the
corresponding species. That is, bij = 1 iff the species si has the character cj .
A phylogenetic tree for B is a rooted tree T with n leaves corresponding to the
n species of S, such that each character cj is associated with a clade S ′ of T ,
satisfying:
(1) si ∈ S ′ iff bij = 1.
(2) Every non-trivial clade of T is associated with at least one character.
For a character c, the node x of T , whose clade L(x) is associated with c, is
called the origin of c w.r.t. T .

Let An×m be a {0, 1, ?} matrix in which aij = 1 if si has cj , aij = 0 if si

lacks cj , and aij =? if it is not known whether si has cj . A is called incomplete
if it contains at least one ’?’. For a character cj and a value x ∈ {0, ?, 1}, the
x-set of cj in A is the set of species cj(A, x) ≡ {si : aij = x}. cj is called a null
character if its 1-set is empty.

A binary matrix B is called a completion of A if aij ∈ {bij, ?} for all i, j. Thus,
a completion replaces all the ?-s in A by zeroes and ones. If B has a phylogenetic
tree T , we say that T is a phylogenetic tree for A as well. We also say that
T explains A via B, and that A is explainable. An example of an incomplete
matrix A, a completion of A, and a phylogenetic tree which explains A, is given
in Figure 1.

The following lemma, closely related to Observation 1, has been proven in-
dependently by several authors:

Lemma 1. A binary matrix B has a phylogenetic tree iff the 1-sets of every two
characters are compatible.

An analogous lemma holds for undirected characters (cf. [11]). In contrast,
for incomplete matrices, even if every pair of columns has a phylogenetic tree,
the full matrix might not have one. Such an example was provided by [7] for
undirected characters. We provide a simpler example for directed characters in
Figure 2.
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Fig. 1. Left to right: An incomplete matrix A, a completion B of A, and a phylogenetic
tree that explains A via B. A character x to the right of a vertex v means that v is the
origin of x.

Characters
1 0 0

1 1 0
Species

? 1 1

0 ? 1

Fig. 2. An incomplete matrix which has no phylogenetic tree although every pair of
its columns has one.

We are now ready to state the IDP problem:
Incomplete Directed Perfect Phylogeny (IDP):
Instance: An incomplete matrix A.
Goal: Find a tree which explains A, or determine that no such tree exists.

3 Characterizations of Explainable Binary Matrices

3.1 Forbidden Subgraph Characterization

Let B be a species-characters binary matrix of order n×m. Construct the bipar-
tite graph G(B) = (S, C, E) with E = {(si, cj) : bij = 1}. For a subset S ′ ⊆ S of
species, we say that a character c is S ′-universal in B, if S ′ ⊆ c(B, 1).

An induced path of length four in G(B) is called a Σ subgraph if it starts
(and therefore ends) at a vertex corresponding to a species (see Figure 3). A
graph with no induced Σ subgraph is said to be Σ-free.

Proposition 1. If G(B) is connected and Σ-free, then there exists a character
which is S-universal in B.

Proof. Suppose to the contrary that G(B) has no S-universal character. Consider
the collection of all 1-sets of characters in B. Let c be a character whose 1-set
is maximal w.r.t. inclusion in this collection. Let s′′ be a species which lacks c.
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c
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Characters Species

Fig. 3. The Σ subgraph.

Since c has a non-empty 1-set and G(B) is connected, there exists a path from
s′′ to c in G(B). Consider the shortest such path P . Since G(B) is bipartite, the
length of P is odd. P cannot be of length 1, by the choice of s′′ . Furthermore,
if P is of length greater than 3, then its first 5 vertices induce a Σ subgraph, a
contradiction. Thus P = (s′′, c′, s′, c) must be of length 3. By maximality of the
1-set of c, it is not contained in the 1-set of c′. Hence, there exists a species s
which has the character c but lacks c′ . Together with the vertices of P , s induces
a Σ subgraph, as depicted in Figure 3, a contradiction.

The following theorem restates Lemma 1 in terms of graph theory.

Theorem 1. B has a phylogenetic tree iff G(B) is Σ-free.

Corollary 1. Let Â be a submatrix of A. If A is explainable, then so is Â.
Furthermore, if T explains A, then Â is explained by the subtree of T induced
on its rows.

Let Ψ be a graph property. In the Ψ sandwich problem one is given a vertex
set V and a partition of (V × V ) \ {(v, v) : v ∈ V } into three subsets: E0 -
the forbidden edges, E1 - the mandatory edges, and E? - the optional edges.
The objective is to find a supergraph of (V, E1) which satisfies Ψ and contains
no forbidden edges. For the property of having no induced Σ subgraphs, the
problem is formally defined as follows:
Σ-Free-Sandwich:
Instance: A vertex set V , and two disjoint edge sets E0, E1 over V .
Question: Is there a set F of edges such that F ⊇ E1, F ∩ E0 = ∅, and the
graph (V, F ) satisfies Ψ?

Proposition 2. Σ-free-sandwich is equivalent to IDP.

Hence, the required graph (V, F ) must be “sandwiched” between (V, E1) and
(V, E1 ∪E?). The reader is referred to [10,9] for a discussion of various sandwich
problems.

Theorem 1 motivates looking at the IDP problem with input A as an instance
((S, C), EA

0 , EA
? , EA

1 ) of the Σ-free sandwich problem. Here, EA
x = {(si, cj) :

aij = x}, for x = 0, ?, 1. In the sequel, we omit the superscript A when it is clear
from the context.

Note, that there is an obvious 1-1 correspondence between completions of A
and possible solutions of ((S, C), E0, E?, E1). Hence, in the sequel we refer to
matrices and their corresponding sandwich instances interchangeably.
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3.2 Forbidden Submatrix Characterizations

A binary matrix B is called canonical if it can be decomposed as follows:
(1) Its k0 ≥ 0 left columns are all zero.
(2) Its next k1 ≥ 0 columns are all one.
(3) There exist canonical matrices B1, . . . ,Bl, such that the rest (0 or more) of
the columns of B form the block-structure illustrated in Figure 4.

We say that a matrix B avoids a matrix X , if no submatrix of B is identical
to X .

Theorem 2. Let B be a binary matrix. The following are equivalent:

1. B has a phylogenetic tree.
2. G(B) is Σ-free.
3. Every matrix obtained by permuting the rows and columns of B avoids the

following matrix:

Z =




1 1
1 0
0 1





4. There exists an ordering of the rows and columns of B which yields a canon-
ical matrix.

5. There exists an ordering of the rows and columns of B so that the resulting
matrix avoids the following matrices:

X1 =
[
0 1
1 0

]

,X2 =
[
0 1
1 1

]

,X3 =
[
1 1
0 1

]

,X4 =




1
0
1





Proof.

1⇔2 Theorem 1.
2⇔3 Trivial.
1⇒4 Suppose T is a tree that explains B. Assign to each node of T an index

which equals its position in a preorder visit of T . Sort all characters according
to the preorder indices of their origin nodes (letting null characters come
first). Sort all species according to the preorder indices of their corresponding
leaves in T . The result is a canonical matrix.

4⇒5 Easily verifiable from the definition of canonical matrices.
5⇒3 Suppose to the contrary that B has an ordering of its rows and columns,

so that rows i1, i2, i3 and columns j1, j2 of the resulting matrix compose the
submatrix Z. Consider the permutations θrow, θcol of the rows and columns
of B, respectively, which yield a matrix avoiding X1, . . . ,X4. In this ordering,
row θrow(i1) necessarily lies between rows θrow(i2) and θrow(i3), or else,
the submatrix X4 occurs. Suppose that θrow(i2) < θrow(i3) and θcol(j1) <
θcol(j2), then X3 occurs, a contradiction. The remaining cases are similar.
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Note, that a matrix which avoids X4 has the consecutive ones property in
columns. Gusfield [11, Theorem 3] has proven that a matrix which has a phyloge-
netic tree can be reordered so as to satisfy that property. In fact, the reordering
used by Gusfield’s proof generates an essentially canonical matrix.

...0

0

10

B2

Bl

B1

B3

Fig. 4. Recursive definition of canonical matrices. Each Bi is constructed in the same
manner.

Klinz et al. [16] study and review numerous problems of permuting matrices
to avoid forbidden submatrices.

4 The Algorithm

Let A be the input matrix. Define Gx(A) = (S, C, EA
x ) for x =?, 1. For a subset

∅ �= S ′ ⊆ S, we say that a character is S ′-semi-universal in A if its 0-set does
not intersect S ′.

We now present an algorithm for solving IDP. The algorithm outputs a tree
T which explains A, or outputs False if no such tree exists.

1. G← G1(A),T ← triv(S).
2. Remove all S-semi-universal and all null characters from G.
3. While E(G) �= ∅ do:

(a) For each connected component K of G such that |E(K)| ≥ 1 do:
i. Let Ŝ ← S(K).
ii. Compute the set U of all characters in K which are Ŝ-semi-universal

in A.
iii. If U = ∅ then output False and halt.
iv. Otherwise, remove U from G and update T ← T ∪ {Ŝ}.

4. Output T .

Theorem 3. The above algorithm correctly solves IDP.

Proof. Suppose that the algorithm returns False. Then there exists an iteration
of the ’while’ loop at which some connected component K contained no S(K)-
semi-universal character. Suppose to the contrary that some F ∗ solves A, and let
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G∗ = (S, C, F ∗). Let H∗ be the subgraph of G∗ induced by V (K). By definition,
H∗ is connected and by Theorem 1, it is also Σ-free. Therefore, by Proposition 1
it has an S(K)-universal character. That character must be S(K)-semi-universal
in A, a contradiction.

On the other hand, suppose that the algorithm returns a collection T of
sets. We shall prove that T is a tree which explains A. We first prove that the
collection T of sets is pairwise compatible, implying, by Observation 1, that T
is a tree. Let S1, S2 be two subsets in T . Let ti denote the iteration of the ’while’
loop at which Si was added to T , for i = 1, 2. If t1 = t2 then S1 and S2 are
clearly disjoint. Otherwise, suppose w.l.o.g., that t1 < t2 and S1∩S2 �= ∅. Let K1

denote the connected component containing S1 at iteration t1 of the algorithm.
The edge set of G at iteration t1 contains the one at iteration t2. Therefore, K1

contains the vertices in S2. It follows that S1 ⊇ S2.
It remains to show that the resulting tree is a phylogenetic tree forA. Suppose

that a character c was removed from G as a part of some set U in Step 3(a)iv.
Associate with c the clade Ŝ, which was added to T at that same step. Observe,
that each non-trivial clade Ŝ ∈ T is associated with at least one character.
Associate with each S-semi-universal character the clade S. Associate with each
null character the empty clade. Finally, define a binary matrix Bn×m with bsc = 1
iff s belongs to the clade Sc associated with c. Since asc �= 1 for all s �∈ Sc and
asc �= 0 for all s ∈ Sc, B is a completion of A. The claim follows.

The algorithm can be naively implemented in O(hnm) time, where h ≤
min{m, n} denotes the height of the reconstructed tree. This can be seen by
noting that each iteration of the ’while’ loop increases the height of the output
tree by one. We give a better bound in the following theorem.

Theorem 4. The complexity of the algorithm is O(nm+|E1| log2(n+m)) deter-
ministic time. Alternatively, there exists a randomized algorithm that solves IDP
in O(nm + |E1| log(l2/|E1|) + l(log l)3 log log l) expected time, where l = n + m.

Proof. Each iteration of the ’while’ loop splits the (potential) clades added in
the previous one. Thus, the algorithm performs an iteration per level of the
tree returned, and at most h iterations. The connected components of G can
be initialized in O(|E1| + n + m) time, and maintained using a dynamic data
structure for graph connectivity. Using the dynamic algorithm of [14] the con-
nected components of G can be maintained during |E1| edge deletions at a cost of
O(|E1| log2(n+m)) time spent in Step 3(a)iv. Alternatively, using the Las-Vegas
type randomized algorithm for decremental dynamic connectivity [22], the edge
deletions can be supported in O(|E1| log(l2/|E1|) + l(log l)3 log log l) expected
time.

The connected components of G must be explicitly recomputed from the
dynamic data structure for each iteration. This takes O(h(m + n)) = O(nm)
time in total. Since each set added to T in Step 3(a)iv corresponds to at least
one character, and each character is associated with exactly one set, updating
T requires in total O(nm) time.

It remains to show how semi-universal characters can be efficiently found in
Step 3(a)ii. Let G(t) denote the graph G at iteration t of the ’while’ loop. For
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a character c, denote by d1
c(t) its degree in G(t), and by d?

c(t) the degree of c
in G?(A) to its connected component Kc in G(t). Given d1

c(t),d?
c(t), one can

check in O(1) time whether c is S(Kc)-semi-universal. d1
c(t) remains unchanged

throughout, and equals d1
c(1). d?

c(t) can be maintained as follows. d?
c(1) is initial-

ized in O(|E?|) time (given the connected components of G(1)). At the beginning
of iteration t, d?

c(t + 1) is initialized to d?
c(t). Each time a connected component

Kc of G(t) is split into sub-components K1, . . . , Kl due to the removal of char-
acters in Step 3(a)iv, we update d?

c(t+1) as follows: For c ∈ C(Kj), we decrease
d?

c(t + 1) by |{(s, c) ∈ E? : s ∈ S(Kp), p �= j}|. This takes O(|E?|) time for all
c, t. Finally, finding the semi-universal characters over all iterations costs O(hm)
time. The complexity follows.

We remark, that an Ω(mn) time lower bound for (undirected) binary perfect
phylogeny was proven by Gusfield [11]. A closer look at Gusfield’s proof reveals
that it applies, as is, also to the directed case. As IDP generalizes directed binary
perfect phylogeny, any algorithm for this problem would require Ω(mn) time.

5 Concluding Remarks

We have given a polynomial algorithm for reconstructing a phylogeny from in-
complete binary directed data, using a graph theoretic reformulation of the prob-
lem. The algorithm is near optimal and takes Õ(nm) time.

An interesting question regarding IDP is whether one can identify if there
exists a “most general” solution, so that all others are obtained from it by
refinements (additional clades). We have proven that in case a “most general”
solution exists, the algorithm described here provides that solution. The full
version of this manuscript will include this proof, along with a more general
polynomial time algorithm, that also determines if such a solution exists.
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Abstract. Arc-annotated sequences are useful in representing the struc-
tural information of RNA and protein sequences. Recently, the longest
arc-preserving common subsequence problem has been introduced in [6,7]
as a framework for studying the similarity of arc-annotated sequences. In
this paper, we consider arc-annotated sequences with various arc struc-
tures and present some new algorithmic and complexity results on the
longest arc-preserving common subsequence problem. Some of our results
answer an open question in [6,7] and some others improve the hardness
results in [6,7].
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1 Introduction

Given two sequences S and T over some fixed alphabet Σ, the sequence T is
a subsequence of S if T can be obtained from S by deleting some letters from
S. Notice that the order of the remaining letters of S must be preserved. The
length of a sequence S is the number of letters in it and is denoted as |S|. Given
two sequences S1 and S2 (over some fixed alphabet Σ), the classical longest
common subsequence (LCS) problem asks for a longest sequence T that is a
subsequence of both S1 and S2 . Suppose |S1| = n and |S2| = m, the longest
common subsequence of S1 and S2 can be found by dynamic programming in
time O(nm) [9,13]. For simplicity, we use S[i] to denote the ith letter in sequence
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S, and S[i, j] to denote the substring of S consisting of the ith letter through
the jth letter.

For any sequence S, an arc annotation (or arc set) P of S is a set of unordered
pairs of positions in S. Each pair (i, j) ∈ P , where 1 ≤ i < j ≤ |S|, is said to
connect the two letters at positions i and j and is called an arc between the two
letters. Such a pair (S, P ) of sequence and arc annotation will be referred to as
an arc-annotated sequence [6]. Observe that a (plain) sequence without any arc
annotation can be viewed as an arc-annotated sequence with an empty arc set.

Arc-annotated sequences are useful in describing the secondary and tertiary
structures of RNA and protein sequences [1,4,6,8,10,12,14]. For example, one
may use arcs to represent bonds between nucleotides in an RNA sequence or
contact forces between amino acids in a protein sequence. Therefore, the prob-
lem of comparing arc-annotated sequences has applications in the structural
comparison of RNA and protein sequences and has received much recent atten-
tion in the literature [1,6,8,10,14]. In this paper, we follow the LCS approach
proposed in [6] and study the LCS problem for arc annotated sequences.

1.1 The Arc-Annotated LCS Problem and Its Restricted Versions

Given two arc annotated sequences S1 and S2 with arc sets P1 and P2 respec-
tively, a common subsequence T of S1 and S2 induces a bijective mapping from
a subset of {1, . . . , |S1|} to a subset of {1, . . . , |S2|} (for the detail description,
see [6,7]). The common subsequence T is arc-preserving if the arcs induced by
the mapping are preserved, i.e., for any (i1, j1) and (i2, j2) in the mapping,

(i1, i2) ∈ P1 ⇐⇒ (j1, j2) ∈ P2.

The longest arc-preserving common subsequence problem is to find a longest
common subsequence of S1 and S2 that is arc-preserving (with respect to the
given arc sets P1 and P2) [6].

It is shown in [6,7] that the (general) longest arc-preserving common subse-
quence problem is NP-hard, if the arc annotations are unrestricted. Since in the
practice of RNA and protein sequence comparison arc sets are likely to satisfy
some constraints (e.g., bond arcs do not cross in the case of RNA sequences),
it is of interest to consider various restrictions on arc structures. We consider
the following four natural restrictions on an arc set P which are first discussed
in [6]:

1. no sharing of endpoints:
∀(i1, i2), (i3, i4) ∈ P , i1 6= i4, i2 6= i3, and i1 = i3 ⇐⇒ i2 = i4.

2. no crossing:
∀(i1, i2), (i3, i4) ∈ P , i1 ∈ [i3, i4] ⇐⇒ i2 ∈ [i3, i4].

3. no nesting:
∀(i1, i2), (i3, i4) ∈ P , i1 ≤ i3 ⇐⇒ i2 ≤ i3.

4. no arcs:
P = ∅.
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These restrictions are used progressively and inclusively to produce five dis-
tinct levels of permitted arc structures for the longest arc-preserving common
subsequence problem:

– unlimited — no restrictions;
– crossing — restriction 1;
– nested — restrictions 1 and 2;
– chain — restrictions 1, 2 and 3;
– plain — restriction 4.

1.2 Summary of Results

In the following, we will use the notation LCS(level-1, level-2) to represent the
longest arc-preserving common subsequence problem where the arc structure of
sequence S1 is of level level-1 and the arc structure of sequence S2 is of level
level-2. Without loss of generality, we always assume that level-1 is at the same
level or higher than level-2. In other words, we assume that the arc structure of
sequence S1 is at least as complex as that of sequence S2.

For each position of a sequence, the number of arcs crossing it (including
the arcs connecting to this position) is the arc-cutwidth of the sequence at this
position [6]. The cutwidth of the sequence is defined to be the maximum arc-
cutwidth over all positions. Given two arc-annotated sequences (S1, P1) and
(S2, P2), the maximum of their cutwidths is defined as the cutwidth of the longest
arc-preserving common subsequence problem concerning (S1, P1) and (S2, P2).
Some of our results are concerned with sequences with bounded cutwidth.

The following table summarizes the algorithmic and complexity results on
the longest arc-preserving common subsequence problem obtained in [6,7] and
this paper. Denote |S1| = n and |S2| = m.

plain chain nested crossing unlimited

unlimited NP-hard [6,7]
not approximable within ratio nε, ε ∈ (0, 1

4 )
crossing NP-hard [6,7]

MAX SNP-hard
admits a 2-approximation

nested O(nm3) complexity open
admits a 2-approximation

chain O(nm) [6,7]
plain O(nm) [9,13]

Fig. 1. Results on LCS(level-1, level-2).

Our results on problems LCS(nested, chain) and LCS(nested, plain) in fact
answer an open question in [6,7].
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The rest of the paper is organized as follows. In Section 2, we design the 2-
approximation algorithm for problem LCS(crossing, crossing), which implies that
problems LCS(crossing, nested), LCS(crossing, chain), LCS(crossing, plain), and
LCS(nested, nested) all admit 2-approximation algorithms. In Section 3, we show
that problem LCS(crossing, plain) is MAX SNP-hard. This implies that problems
LCS(crossing, chain), LCS(crossing, nested) and LCS(crossing, crossing) are also
MAX SNP-hard. This excludes the possibility for any of these problems to have
a polynomial time approximation scheme (PTAS). In Section 4, we first design
a dynamic programming algorithm to solve problem LCS(nested, plain) and then
extend it to problem LCS(nested, chain) and to problem LCS(crossing, nested)
where the first sequence has a bounded cutwidth. Some concluding remarks are
given in Section 5.

2 Approximation Algorithms

The NP-hardness of problem LCS(crossing, plain) [6,7] implies that problem
LCS(level-1, level-2) is NP-hard whenever an input arc-annotated sequence has an
unlimited or crossing arc structure. In the following, we give a 2-approximation
algorithm for problem LCS(crossing, crossing), which also implies 2-approximation
algorithms for problem LCS(crossing, nested), problem LCS(crossing, chain), and
problem LCS(crossing, plain).

Let (S1, P1) and (S2, P2) be a pair of arc-annotated sequences. The algorithm
begins with the classical dynamic programming for the classical LCS problem for
the two plain sequences S1 and S2. Let Y denote the subsequence achieved and
M denote the mapping between positions in S1 and S2 induced by Y . Assume
that |Y | = L and M = {(i1, j1), . . . , (iL, jL)}. We note that M is not necessarily
arc-preserving so far.

We now construct a graph GM , where each match (ik, jk) represents a vertex
and two vertices (ik, jk) and (il, jl) are connected by an edge if and only if
either (ik, il) ∈ P1 or (jk, jl) ∈ P2, but not both. Notice that the maximum
degree of any vertex in GM is at most 2. Consider a connected component of
GM . If it contains more than one vertices, then it must be either a simple path
or a simple cycle. It follows that we may delete at most half of the vertices
in the component to make each of the remaining vertices isolated. Repeating
this deletion procedure for all connected components containing more than one
vertices until we get a graph G′

M , in which every component is a singleton. Let M ′

denote the subset of matches corresponding to those remaining vertices in G′
M .

It follows that |M ′| ≥ |M |/2. Clearly, the subsequence inducing M ′ (which is
obtained by deleting those letters corresponding to the deleted matches), denoted
by Y ′, is an arc-preserving common subsequence. The high level description of
the algorithm, called AlgorithmMLCS, is depicted in Figure 2.

Since |Y ′| ≥ |Y |/2 and |Y | is an upper bound for the length of a longest arc-
preserving common subsequence for (S1, P1) and (S2 , P2), the above algorithm
is a 2-approximation for LCS(crossing, crossing). Hence, we have the following
theorem.
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Algorithm MLCS
Input: An instance of problem LCS(crossing, crossing): (S1, P1) and (S2, P2).
Output: an arc-preserving common subsequence.
1. Compute an LCS Y for (S1, S2) using dynamic programming.

Let M denote the mapping induced by Y .
2. Construct the graph GM for M .
3. For each connected component C containing more than one vertices
3.1 Delete (at most) half of the vertices therein to isolate the remaining vertices.
4. Let G′

M be the final graph and M ′ the set of matches corresponding to the
vertices in G′

M .
5. Construct Y ′, the subsequence corresponding to mapping M ′.
6. Output Y ′ as the solution subsequence.

Fig. 2. The algorithmMLCS.

Theorem 1. Problem LCS(crossing, crossing) has a 2-approximation algorithm
with time complexity O(nm).

The following corollary is straightforward.

Corollary 1. Problem LCS(crossing, nested), problem LCS(crossing, chain), and
problem LCS(crossing, plain) have 2-approximation algorithms running in O(nm)
time.

3 Inapproximability Results

In this section, we show that (1) problem LCS(unlimited, plain) cannot be ap-
proximated within ratio nε for any ε ∈ (0, 1

4), where n denotes the length of the
longer input sequence and (2) problem LCS(crossing, plain) is MAX SNP-hard.
To do that, we need the following well known problems.

Maximum Independent Set-B (MaxIS-B): Given a graph G in which every
vertex has a degree at most B, find the largest independent set of G, i.e., a
subset of vertices in which no two vertices are connected in graph G.

Maximum Independent Set-Cubic (MaxIS-Cubic): Given a cubic graph G
(i.e., every vertex has a degree 3), find a largest independent set of G.

Lemma 1. [11,3] MaxIS-B is MAX SNP-complete when B ≥ 3.

The following lemma is necessary.

Lemma 2. MaxIS-Cubic is MAX SNP-complete.

Proof. The proof will be done by constructing an L-reduction [11] from MaxIS-3
to MaxIS-Cubic, using a technique from [5]. Given an instance of MaxIS-3, which
is a graph G(V, E) with |V | = n, we may assume that G is connected. Suppose
that there are i vertices of degree 1, j vertices of degree 2 and n− i− j vertices
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free vertices

Fig. 3. The graph H .

of degree 3. Let opt(G) denote the size of a maximum independent set of G, then
it follows trivially that opt(G) ≥ n/4. Therefore, we have

i + j ≤ 4 · opt(G).

We construct an instance of MaxIS-Cubic, a graph denoted by G′, as follows.
Construct 2i + j triangles of which each has two vertices connecting to two
adjacent vertices in a cycle of size 2(2i + j) as shown in Figure 3. Denote this
graph as H . Call the vertex of each triangle that is not adjacent to the cycle
a free vertex in H . Clearly, the cycle itself has a maximum independent set of
size 2i + j. Since for each triangle the maximum independent set is a singleton,
graph H has a maximum independent set of size exactly 2(2i + j). Moreover,
we see that there is a maximum independent set of size 2(2i + j) for graph H
consisting of no free vertices. The graph G′ is then constructed from graphs G
and H by connecting each degree 1 vertex in G to two unique free vertices in H
and connecting each degree 2 vertex in G to one unique free vertex in H . Notice
that resulting graph G′ is indeed a cubic graph.

Suppose that V ′ is a maximum independent set for G (of size opt(G)), we
may add a maximum independent set for H consisting of no free vertices into
it to form an independent set for graph G′. This independent set would have a
size of k′ = opt(G) + 2(2i + j). It follows that

opt(G′) ≥ opt(G) + 2(2i + j). (1)

On the other hand, let V ′′ be an independent set for G′ with |V ′′| = k′. Then
deleting from V ′′ the vertices which are in graph H (the number of such vertices
is at most 2(2i + j)) will form an independent set for G of size k satisfying

k ≥ k′ − 2(2i + j). (2)
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Therefore, (1) becomes

opt(G′) = opt(G) + 2(2i + j) ≤ opt(G) + 4(i + j) ≤ 17 · opt(G), (3)

and (2) becomes k − opt(G) ≥ k′ − opt(G′), or equivalently,

|k − opt(G)| ≤ |k′ − opt(G′)|. (4)

This completes the L-reduction.
Since problem MaxIS-Cubic is a special case of MaxIS-3, it is in the class

MAX SNP. Hence, it is MAX SNP-complete. 2

Theorem 2. Problem LCS(unlimited, plain) cannot be approximated within ratio
nε for any ε ∈ (0, 1

4 ), where n is the length of the longer input sequence.

Proof. We will show that MaxIS, the unrestricted Maximum Independent Set
problem, can be L-reduced to problem LCS(unlimited, plain). Since MaxIS cannot
be approximated within ratio nε for any ε ∈ (0, 1

4) [2], where n is the number of
vertices in the graph, the theorem follows.

Let graph G(V, E), where V = {1, . . . , n}, be an instance of MaxIS. Without
loss of generality, we assume that the graph G is connected. The instance I of
LCS(unlimited, plain) consists of two sequences defined as follows: S1 = an with
P1 = E and S2 = an with P2 = ∅. It is clear then that an independent set V ′ =
{vi1, . . . , vik} one-to-one corresponds to a arc-preserving common subsequence
consisting of the i1th, . . ., ikth a’s from sequence S1. That is, LCS(unlimited,
plain) in fact includes MaxIS as a subproblem. 2

As a corollary, we have

Corollary 2. Problem LCS(unlimited, chain), problem LCS(unlimited, nested),
and problem LCS(unlimited, unlimited) cannot be approximated within ratio nε

for any ε ∈ (0, 1
4 ), where n is the length of the longer input sequence.

Theorem 3. Problem LCS(crossing, plain) is MAX SNP-hard.

Proof. To show its MAX SNP-hardness, we will L-reduce MaxIS-Cubic to prob-
lem LCS(crossing, plain). Given a cubic graph G(V, E), let n = |V |. For each
vertex u ∈ V , construct a segment Tu of letters aaaabbccc. Sequence S1 is ob-
tained by concatenating the n segments Tu, u ∈ V . The arc set P1 on sequence
S1 is constructed as follows: Whenever there is an edge (u, v) ∈ E, introduce an
arc between a letter c from Tu to a letter c from Tv, ensuring that each letter c is
used only once. Sequence S2 is obtained by concatenating n identical segments
of aaaacccbb and its arc set P2 = ∅. This constitutes an instance I of problem
LCS(crossing, plain). See Figure 4 for an illustration.

Suppose that graph G has a maximum independent set V ′ with cardinality
k. We put four letters a and three letters c from each Tu, u ∈ V ′ into sequence
Y and put four letters a and two letters b from each Tu, u /∈ V ′ into sequence
Y . Clearly, sequence Y is a common subsequence of both S1 and S2. From the
independency of V ′, we know that sequence Y inherits no arcs from P1, and thus
it is an arc-preserving common subsequence. Let opt(I) denote the length of an
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u v
. . . a a a b b c c c . . .

. . .. . .

a a a a b b c c c . . .

. . .

a

a a a a c c c cc b b c b ba a a a

u v

Fig. 4. Instance I constructed from cubic graph G.

longest arc-preserving common subsequence of S1 and S2, and opt(G) denote
the cardinality of a maximum independent set of graph G. It follows from the
above that

opt(I) ≥ opt(G) + 6n. (5)

On the other hand, suppose that we have an arc-preserving common subse-
quence Y of length k′ for (S1 , P1) and (S2, P2). We observe first that Y inherits
no arcs from P1 since P2 = ∅. Define a match between letters from the two seg-
ments at the same position in S1 and S2, i.e., S1[9l+1, 9l+9] and S2[9l+1, 9l+9]
for some 1 ≤ l ≤ n, to be canonical. It is easy to see that the abundance of let-
ters a in both S1 and S2 allow us to consider only common subsequences Y that
induce mappings M consisting of only canonical matches. I.e., we assume that
for each (i, j) ∈ M , i, j ∈ [9l + 1, 9l + 9] for some l.

Consider the canonical matches defined by the mapping M (induced by Y )
between segments S1[9l+1, 9l+9] and S2[9l+1, 9l+9] for every l. Clearly, (i) the
four a’s should be matched and (ii) if a b is matched then no c’s can be matched
and vice versa. If only one or two c’s are matched, we modify M (and thus Y )
as follows: unmatch the c’s and match the two b’s. Clearly, this modification
doesn’t make the solution worse. We repeat this modification until the canonical
matches between each segment pair contains either all three c-matches or two
b-matches. Denote the final mapping as M ′.

We now define a subset V ′ of vertices of G as follows: for every segment
Tu in sequence S1, if all its three c’s are matched M ′, we put u in V ′. By the
construction of arc set P1, no pair of vertices in V ′ are connected in graph G and
hence V ′ is an independent set for G. Let k = |V ′|, then we have k ≥ k′ − 6n.
Since G is a cubic graph, n/4 ≤ opt(G) ≤ n/2 and inequality (5) becomes

opt(I) = opt(G) + 6n ≤ 25 · opt(G). (6)

Hence k ≥ k′ − 6n = k′ − (opt(I) − opt(G)), which is equivalent to

|k− opt(G)| ≤ |k′ − opt(I)|. (7)

Inequalities (6) and (7) show that our reduction is an L-reduction, and thus
problem LCS(crossing, plain) is MAX SNP-hard. 2
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As a corollary, we have

Corollary 3. Problem LCS(crossing, chain), problem LCS(crossing, nested), and
problem LCS(crossing, crossing) are all MAX SNP-hard.

We note in passing that there is a similar, but more restrictive, LCS definition
[14], where in addition to our condition that, for any (i1, j1) and (i2, j2) in the
mapping, (i1, i2) ∈ P1 if and only if (j1, j2) ∈ P2, it also requires that for
any (i1, j1) in the mapping, if (i1, i2) ∈ P1 then, for some j2, (i2, j2) is in the
mapping, and if (j1, j2) ∈ P2 then, for some i2, (i2, j2) is in the mapping. For
that definition LCS(crossing, crossing) is NP-hard and LCS(crossing, nested) is
solvable in polynomial time [14].

4 Dynamic Programming Algorithm for LCS(nested, plain)

Given a pair (S1, P1) and (S2, ∅) of arc-annotated sequences with P1 being
nested, denote n = |S1| and m = |S2|. For any arc u ∈ P1, let ul and ur

denote its left and right endpoints, respectively. We also use u(i) to denote the
arc in P1 incident on position i of sequence S1. If u(i) does not exist, then we call
position i free. We formulate a recurrence relation for computing the length of
a longest arc-preserving common subsequence for the pair (S1 , P1) and (S2, ∅).

Let DP (i, i′; j, j′), where 1 ≤ i ≤ i′ ≤ n and 1 ≤ j ≤ j′ ≤ m, de-
note the length of a longest arc-preserving common subsequence for the pair
(S1[i, i′], P1[i, i′]) and (S2[j, j′], ∅). Define χ(S1[i], S2[j]) = 1 if S1[i] = S2[j], or 0
otherwise. Our algorithm is a two-step dynamic programming.

The first step of our algorithm is as follows:
For each arc (i1, j1) ∈ P1, we perform the following computation.

Phase 1: If j1 − i1 > 1, then let i = i1 + 1 and let i′ be a position in [i, j1 − 1],
such that for any arc (k, k′) ∈ P1, either [i, i′] ⊆ [k, k′], or [k, k′] ⊆ [i, i′], or
[i, i′] ∩ [k, k′] = ∅.

If i′ is free, then

DP (i, i′; j, j′) = max




DP (i, i′ − 1; j, j′ − 1) + χ(S1[i′], S2[j′]),
DP (i, i′ − 1; j, j′),
DP (i, i′; j, j′ − 1).

If i′ is not free (i.e., i′ = u(i′)r) and i 6= u(i′)l, then

DP (i, i′; j, j′) = max
j≤j′′≤j′

{
DP (i, u(i′)l − 1; j, j′′ − 1) + DP (u(i′)l, i

′; j′′, j′)
}

.

Phase 2:

DP (i1, j1; j, j′) = max




DP (i1 + 1, j1 − 1; j + 1, j′) + χ(S1 [i1], S2[j]),
DP (i1 + 1, j1 − 1; j, j′ − 1) + χ(S1[j1], S2[j′]),
DP (i1 + 1, j1 − 1; j, j′),
DP (i1, j1; j, j′ − 1),
DP (i1, j1; j + 1, j′).
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Note that for any two arcs (i1, j1) and (i2, j2) in P1, let s1 and s2 be the sets
of i′ satisfying conditions of Phase 1, then s1 and s2 are disjoint. Therefore the
total number of entries for DP (i, i′; j, j′) is O(nm2). This means that the first
step can be done in (nm3).

The second step of the algorithm is very similar to Phase 1 of the first step.
Let i′ be any position in [1, n], such that for any arc (k, k′) ∈ P1, either

[1, i′] ⊆ [k, k′], or [k, k′] ⊆ [i, i′], or [1, i′] ∩ [k, k′] = ∅.
If i′ is free, then

DP (1, i′; j, j′) = max




DP (1, i′ − 1; j, j′ − 1) + χ(S1 [i′], S2[j′]),
DP (1, i′ − 1; j, j′),
DP (1, i′; j, j′ − 1).

If i′ is not free (i.e., i′ = u(i′)r) and u(i′)l 6= 1, then

DP (1, i′; j, j′) = max
j≤j′′≤j′

{
DP (1, u(i′)l − 1; j, j′′ − 1) + DP (u(i′)l, i

′; j′′, j′)
}

.

It is clear that this step can be done in O(nm3) too. Therefore the time
complexity of the algorithm is O(nm3). The value DP (1, n; 1, m), which is com-
puted either in Phase 2 of the first step, or in the second step, is the length of the
longest arc-preserving common subsequence. By using a standard back-tracing
technique, we can find a longest arc-preserving common subsequence for the
pair (S1, P1) and (S2, ∅) from the table entries. Therefore, we have the following
theorem, which answers an open question in [6,7].

Theorem 4. Problem LCS(nested, plain) can be solved in time O(nm3).

We may extend the above construction to solve problem LCS(nested, chain)
as well as to problem LCS(crossing, nested) in which the cutwidth of the first
sequence is upper bounded by a constant k. For example, for problem LCS(nested,
chain), we expand the entry DP (i, i′; j, j′) to entry DP (i, i′; j, j′; α, β), where α
and β denote the positions between the jth and j′th on the second sequence
S2[j, j′] that the letters therein cannot be matched to any letter in the first
sequence S1[i, i′]. More specifically, for a given pair of j and j′, there might be
an arc in P2 crossing (not connecting to) position j (j′, respectively) and its right
(left, respectively) endpoint lying inside [j +1, j′−1]. Since we want to compute
the arc-preserving common subsequence of S1[i, i′] and S2[j, j′] independently, we
have to register if this endpoint can be included into the common subsequence. If
it cannot, we will then let α (β, respectively) denote this right (left, respectively)
endpoint of the arc crossing position j (j′, respectively). In the other cases, α
(β, respectively) denotes nothing (represented by −). The recurrence relation
needs modifications to fit the computation. For example, in Phase 1 and i′ is
free, let ρ denote the rightmost position in S2[j, j′ − 1] that is not α, neither β.
If j′ = u(j′)l then we need to compute

DP (i, i′; j, j′; α,−) = max




DP (i, i′ − 1; j, ρ; α′,−) + χ(S1[i′], S2[j′]),
DP (i, i′ − 1; j, j′; α,−),
DP (i, i′; j, ρ; α′,−),
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and
DP (i, i′; j, j′; α, j′) = DP (i, i′; j, ρ; α′,−),

where α′ = α if α < ρ, − otherwise;
If j′ = u(j′)r(6= α) then we need to compute

DP (i, i′; j, j′; α,−) = max




DP (i, i′ − 1; j, ρ; α, β′) + 1, if S1[i′] = S2 [j′],
DP (i, i′ − 1; j, j′; α,−),
DP (i, i′; j, j′ − 1; α,−),

where β′ = u(j′)l if j ≤ u(j′)l < ρ, − otherwise; and

DP (i, i′; j, j′; α, j′) = DP (i, i′; j, j′ − 1; α,−);

In the other cases, we need to compute

DP (i, i′; j, j′; α, β) = max




DP (i, i′ − 1; j, ρ; α′, β′) + χ(S1[i′], S2[j′]),
DP (i, i′ − 1; j, j′; α, β),
DP (i, i′; j, ρ; α′, β′),

where α′ = α if α < ρ, − otherwise; β′ = β if β < ρ, − otherwise.
The case in which i′ is not free, the Phase 2 and the second step of the

algorithm can be similarly modified. Notice that each entry DP (i, i′; j, j′) is
expanded to at most four entries. Again, each entry can be computed in O(m)
time from its “preceding” entries. It follows that problem LCS(nested, chain)
can be solved in time O(nm3). For problem LCS(crossing, nested), each entry
DP (i, i′; j, j′) is expanded by introducing k pairs of parameters, α1, β1, α2, β2,
· · ·, αk, βk, to denote the 2k possible positions in sequence S1[i, i′] that the letters
therein cannot be matched to any letter in sequence S2[j, j′]. These expanded
entries can be used to solve problem LCS(crossing, nested) where the cutwidth
of the first input sequence is upper bounded by a constant k.

Theorem 5. Problem LCS(nested, chain) can be solved in time O(nm3). The
restricted version of problem LCS(crossing, nested) where the cutwidth of the first
input sequence is upper bounded by a constant k can be solved in time O(4knm3).

We note in passing that the restricted version of problem LCS(crossing, cross-
ing) where both input sequences have cutwidth upper bounded by k is solvable
in time O(9knm) [6].

5 Concluding Remarks

In this paper, we have considered the longest common subsequence problem
for arc-annotated sequences with arc structures of various types, and presented
some new algorithmic and complexity results. We leave as an open problem to
determine the computational complexity of problem LCS(nested, nested).

Acknowledgment. We thank Professor Paul Kearney for many helpful discus-
sions.
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Abstract. We present a Boyer–Moore approach to string matching over
LZ78 and LZW compressed text. The key idea is that, despite that we
cannot exactly choose which text characters to inspect, we can still use
the characters explicitly represented in those formats to shift the pat-
tern in the text. We present a basic approach and more advanced ones.
Despite that the theoretical average complexity does not improve be-
cause still all the symbols in the compressed text have to be scanned, we
show experimentally that speedups of up to 30% over the fastest previ-
ous approaches are obtained. Moreover, we show that using an encoding
method that sacrifices some compression ratio our method is twice as
fast as decompressing plus searching using the best available algorithms.

1 Introduction

The string matching problem is defined as follows: given a pattern P = p1 . . . pm

and a text T = t1 . . . tu, find all the occurrences of P in T , i.e. return the set
{|x|, T = xPy}. The complexity of this problem is O(u) in the worst case and
O(u logσ(m)/m) on average (where σ is the size of the alphabet Σ), and there
exist algorithms achieving both time complexities using O(m) extra space [3,6].

A particularly interesting case of string matching is related to text com-
pression. Text compression [4] tries to exploit the redundancies of the text to
represent it using less space. There are many different compression schemes,
among which the Ziv-Lempel family [23,24] is one of the best in practice be-
cause of their good compression ratios combined with efficient compression and
decompression time.

The compressed matching problem was first defined in the work of Amir
and Benson [1] as the task of performing string matching in a compressed text
without decompressing it. Given a text T , a corresponding compressed string
Z = z1 . . . zn, and a pattern P , the compressed matching problem consists in
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finding all occurrences of P in T , using only P and Z. A naive algorithm, which
first decompresses the string Z and then performs standard string matching,
takes time O(m+u). An optimal algorithm takes worst-case time O(m+n+R),
where R is the number of matches (note that it could be that R = u > n).

The compressed matching problem is important in practice. Today’s textual
databases are an excellent example of applications where both aspects of the
problem are crucial: the texts should be kept compressed to save space and I/O
time, and they should be efficiently searched. These two combined requirements
are not easy to achieve together, as the only solution before the 90’s was to
process queries by uncompressing the texts and then searching into them.

There exist a few works about searching on compressed text, which we cover
in the next section. The most promising ones run over the LZ78/LZW variants
of the LZ family. They have achieved a good O(m2 + n + R) worst case search
time, and there exist practical implementations able to search in less time than
that needed for decompression plus searching. All those works have concentrated
in the worst case.

However, Boyer–Moore type techniques, which are able to skip some char-
acters in the text, have never been explored for searching compressed text. Our
work points in this direction. We present an application of Boyer–Moore tech-
niques for string matching over LZ78/LZW compressed texts. The resulting al-
gorithms are Ω(n) time on average, O(mu) time the worst case, and O(n) extra
space. This does not improve the existing complexities, but they are faster in
practice than all previous work for m ≥ 15, taking up to 30% less time than
the fastest existing implementation. We also present experiments showing that,
using an LZ78 encoder that sacrifices some compression ratio for decompression
speed, our algorithms are twice as fast as a decompression followed by a search
using the best algorithms for both tasks.

2 Related Work

Two different approaches exist to search compressed text. The first one is rather
practical. Efficient solutions based on Huffman coding [10] on words have been
presented in [16], but they need that the text contains natural language and
is large (say, 10 Mb or more). Moreover, they allow only searching for whole
words and phrases. There are also other practical ad-hoc methods [15], but
the compression they obtain is poor. Moreover, in these compression formats
n = Θ(u), so the speedups can only be measured in practical terms.

The second line of research considers Ziv-Lempel compression, which is based
on finding repetitions in the text and replacing them with references to similar
strings previously appeared. LZ77 [23] is able to reference any substring of the
text already processed, while LZ78 [24] and LZW [20] reference only a single
previous reference plus a new letter that is added. String matching in Ziv-Lempel
compressed texts is much more complex, since the pattern can appear in different
forms across the compressed text. The first algorithm for exact searching is from
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1994 [2], which searches in LZ78 needing time and space O(m2 + n) for the
existence problem.

The only search technique for LZ77 [7] is a randomized algorithm to deter-
mine in time O(m + n log2(u/n)) whether a pattern is present or not in the
text. It seems that with O(R) extra time both [2] and [7] could find all the R
occurrences of the pattern.

An extension of [2] to multipattern searching was presented in [13], together
with the first experimental results in this area. They achieve O(m2 + n) time
and space, although this time m is the total length of all the patterns. Other
algorithms for different specific search problems have been presented in [8,11].

New practical results appeared in [17], who presented a general scheme to
search on Ziv-Lempel compressed texts (simple and extended patterns) and spe-
cialized it for the particular cases of LZ77, LZ78 and a new variant proposed
which was competitive and convenient for search purposes. A similar result, re-
stricted to the LZW format, was independently found and presented in [14].
Finally, [12] generalized the existing algorithms and nicely unified the concepts
in a general framework.

3 Basic Concepts

3.1 The Ziv-Lempel Compression Formats LZ78 and LZW

The general idea of Ziv-Lempel compression is to replace substrings in the text
by a pointer to a previous occurrence of them. If the pointer takes less space
than the string it is replacing, compression is obtained. Different variants over
this type of compression exist, see for example [4]. We are particularly interested
in the LZ78/LZW format, which we describe in depth (this is taken from [17]).

The Ziv-Lempel compression algorithm of 1978 (usually named LZ78 [24])
is based on a dictionary of blocks, in which we add every new block computed.
At the beginning of the compression, the dictionary contains a single block b0

of length 0. The current step of the compression is as follows: if we assume
that a prefix T1...j of T has been already compressed in a sequence of blocks
Z = b1 . . . br, all them in the dictionary, then we look for the longest prefix of
the rest of the text Tj+1...u which is a block of the dictionary. Once we found this
block, say bs of length `s, we construct a new block br+1 = (s, Tj+`s+1), we write
the pair at the end of the compressed file Z, i.e Z = b1 . . . brbr+1, and we add
the block to the dictionary. It is easy to see that this dictionary is prefix-closed
(i.e. any prefix of an element is also an element of the dictionary) and a natural
way to represent it is a trie.

We give as an example the compression of the word ananas in Figure 1. The
first block is (0, a), and next (0, n). When we read the next a, a is already the
block 1 in the dictionary, but an is not in the dictionary. So we create a third
block (1, n). We then read the next a, a is already the block 1 in the dictionary,
but as do not appear. So we create a new block (1, s).

The compression algorithm is O(u) in the worst case and efficient in practice
if the dictionary is stored as a trie, which allows rapid searching of the new text
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Fig. 1. Compression of the word ananas with the algorithm LZ78.

prefix (for each character of T we move once in the trie). The decompression
needs to build the same dictionary (the pair that defines the block r is read
at the r-th step of the algorithm), although this time it is not convenient to
have a trie, and an array implementation is preferable. Compared to LZ77, the
compression is rather fast but decompression is slow.

Many variations on LZ78 exist, which deal basically with the best way to
code the pairs in the compressed file, or with the best way to cope with limited
memory for compression. A particularly interesting variant is from Welch, called
LZW [20]. In this case, the extra letter (second element of the pair) is not coded,
but it is taken as the first letter of the next block (the dictionary is started with
one block per letter). LZW is used by Unix’s Compress program.

In this paper we do not consider LZW separately but just as a coding variant
of LZ78. This is because the final letter of LZ78 can be readily obtained by
keeping count of the first letter of each block (this is copied directly from the
referenced block) and then looking at the first letter of the next block.

3.2 Boyer–Moore String Matching

The Boyer–Moore (BM) family of text searching algorithms proceed by sliding
a window of length m over the text. The window is a potential occurrence of the
pattern in the text. The text inside the window is checked against the pattern
normally from right to left (although not always). If the whole window matches
then an occurrence is reported. To shift the window, a number of criteria are
used, which try to balance between the cost to compute the shift and the amount
of shifting obtained. Two main techniques are used:

Occurrence Heuristic: Pick a character in the window and shift the window
forward the minimum necessary to align the selected text character with the
same character in the pattern. Horspool [9] uses the m-th window character
and Sunday [19] the (m+1)-th (actually outside the window). These methods
need a table d that for each character gives its last occurrence in the pattern
(the details depend on the versions). The Simplified BM (SBM) method [5]
uses the character at the position that failed while checking the window,
which needs a larger table indexed by window position and character.
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Match Heuristic: If the pattern was compared from right to left, some part
of it has matched the text in the window, so we precompute the minimum
shift necessary to align the part that matched again with the pattern. This
requires a table of size m that for each pattern position gives that last oc-
currence of Pi...m in P1...m−1. This is used in the original Boyer and Moore
method [5].

4 A Simple Boyer–Moore Technique

Consider Figure 2, where we have plotted a hypothetical window approach to
a text compressed using LZ78. Each LZ78 block is formed by a line and a final
box. The box represents the final explicit character c of the block b = (s, c), while
the line represents the implicit characters, i.e. a text that has to be obtained by
resorting to previous referenced blocks (s, then the block referenced by s, and
so on).

P

T

Fig. 2. A window approach over LZ78 compressed text. Black boxes are the
explicit characters at the end of each block, while the lines are the implicit text
that is represented by a reference.

Trying to apply a pure BM in this case may be costly, because we need
to access the characters “inside” the blocks (the implicit ones). A character at
distance i to the last character of a block needs going i blocks backward in the
referencing chain, as each new LZ78 block consists of a previous one concatenated
with a new letter.

Therefore we prefer to start by considering the explicit characters in the
window. To maximize the shifts, we go from the rightmost to the leftmost. We
precompute a table

B(i, c) = min({i} ∪ {i− j, 1 ≤ j ≤ i ∧ Pj = c})

which gives the maximum safe shift given that at window position i the text
character is c (this is similar to the SBM table, and can be easily computed
in O(m2 + mσ) time). Note that the shift is zero if the pattern matches that
window position.

As soon as one of the explicit characters permits a non-zero shift, we shift the
window. Otherwise, we have to consider the implicit characters. Figure 3 shows
the order in which we consider them. The last block is left for the end, since
despite it can give good shifts, it is costly to reach the relevant characters (the
block can be unfolded only from right to left). The other blocks are unfolded
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in right to left order, block by block. When unfolding a block, we obtain a new
text character (right to left) for each step backward in the referencing chain. For
each such character, if we obtain a non-zero shift we immediately advance the
window and restart the whole process with a new window.

3 2 1456 7

P

T

Fig. 3. Evaluation order for the simple algorithm. First the explicit characters
right to left, then the implicit ones right to left (save the last one), and finally
the last block.

If, after having considered all the characters we have not obtained a non-zero
shift, we can report an occurrence of the pattern at the current window position.
The window can then be advanced by one.

The algorithm can be applied on-line, that is, reading the compressed file
block by block from disk. We read zero or more blocks until the last block read
finishes ahead the window, then apply the previous procedure until we can shift
the window, and start again. For each block read we store its last character, the
block it references, its position in the uncompressed text and its length (these
last two are not stored in the compressed file but computed on the fly).

Note that it is possible that the pattern is totally contained in a block, in
which case the above algorithm will unfold the block to compare its internal
characters against the pattern. It is clear that the method is efficient only if the
pattern is not too short compared to the block length.

A slight improvement over this scheme is to add a kind of “skip-loop”: instead
of delaying the shifting until we read enough blocks, try to shift with the explicit
character of each new block read. This is in practice like considering the explicit
characters in left to right order. It needs more and shorter shifts but resorts less
to previously stored characters. We call “BM-simple” our original version and
“BM-simple-opt” this improvement.

Note that even in the best case we have a complexity of Ω(n) because all the
text blocks have to be scanned. However, the method is faster in practice than
previous algorithms, as shown later. Appendix A depicts the complete algorithm.

5 Multicharacter Boyer–Moore

Although the simple method is fast enough for reasonably large alphabets, it fails
to produce good shifts when the alphabet is small (e.g. DNA). Multicharacter
techniques, consisting in shifting by q-tuples of characters instead of one char-
acter, have been successfully applied to search uncompressed DNA [18]. Those
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techniques effectively increase the alphabet size and produce longer shifts in
exchange for slightly more costly comparisons.

We have attempted such an approach for our problem. We select a number
q and build the shift tables considering q-grams. For instance, for the pattern
"abcdefg", the 3-gram "cde" considered at the last position yields a shift of 2,
while "xxx" yields a shift of 5. Once the pattern is preprocessed we can shift using
text q-grams instead of text characters. That is, if the text window is x1x2 . . . xm

we try to shift using the q-grams xm−q+1 . . . xm, then xm−q . . . xm−1, etc. until
x1 . . . xq. If none of these q-grams produces as positive shift, then the pattern
matches the window. The preprocessing takes O(m2 + mσq) time.

The method is applied to the same LZ78 encoding as follows. At search time,
we do not store anymore the last character of each block but its last q-gram.
This last q-gram is computed on the fly, the format of the compressed file is
the same as before. To compute it, we take the referenced block, strip the first
character of its final q-gram and append the extra character of the new block.
Then, the basic method is used except because we shift using the whole q-grams.

One complication appears when the block is shorter than q. In this case
the best choice is to pad its q-gram with the last characters of the block that
appears before it (if this is done all the time then the previous block does have
a complete q-gram, except for the first blocks of the text). However, we must be
careful when this short block is referenced, since only the characters that really
belong to it must be taken from its last q-gram.

Finally, if q is not very small, the shift tables can be very large (O(σq) size).
We have used hashing from the q-grams to an integer range 0 . . .N −1 to reduce
the size of the tables and to lower the preprocessing time to O(m2 + mN). This
makes it necessary an explicit character-wise checking of possible matches, which
is anyway required because we cannot efficiently check the first q− 1 characters
of the pattern.

We have implemented this technique using q = 4 (which is appropriate to
store the q-gram in a word of our machine), and it is called “BM-multichar” in
the experiments, where we show that it improves over BM-simple on DNA text.

6 Shifting by Complete Blocks

Despite that we have obtained good results with BM-multichar, we present now
a more sophisticated technique that gave better results.

The idea is that, upon reading a new block, we could shift using the whole
block. However, we cannot have an B(i, b) table with one entry for each possible
block b. Instead, we precompute

J(i, `) = max( {j, ` ≤ j < i ∧ Pj−`+1...j = Pi−`+1...i}
∪ {j, 0 ≤ j < ` ∧ P1...j = Pi−j+1...i})

that tells, for a given pattern substring of length ` ending at i, the ending point
of its closest previous occurrence in P (a partial occurrence trimmed at the
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beginning of the pattern is also valid). The J table can be computed in O(m2)
time by the simple trick of going from ` = 0 to ` = m and using J(∗, ` − 1)
to compute J(∗, `), so that for all the cells of the form J(i, ∗) there is only one
backward traversal over the pattern.

Now, for each new block read br = (s, c), we compute its last occurrence in
P , last(r). This is acomplished as follows. We start considering last(s), i.e. the
last position where the referenced block appears in P . We check if Plast(s)+1 = c,
in which case last(r) = last(s) + 1. If this is not the case, we need to obtain
the previous occurrence of bs in P , but this is also the previous occurrence of a
pattern substring ending at last(s). So we can use the J table to obtain all the
following occurrences of bs inside P , until we find one that is followed by c (and
then this is the last occurrence of br = bsc in P ) or we conclude that last(r) = 0.
This process takes O(min(mn, σm)) across all the search and is cheap in practice.

Once we have computed the last occurrence of each block inside P , we can
use the information to shift the window. However, it is possible that the last
occurrence of a block br inside P is indeed after the current position of br inside
the window. In the simple approach (Section 4) this is solved by computing
B(i, c), i.e. the last occurrence of c inside P before position i. This would require
too much effort in our case. We prefer to use J again in order to find previous
occurrences of br inside P until we find one that is at the same position of br in
the window or before. If it is at the same position we cannot shift, otherwise we
displace the window. Figure 4 illustrates.

b r

P

last(r)J(last(r),|b |)r

Fig. 4. Using the whole LZ78 block to shift the window. If its last occurrence in
P is ahead, we use J until finding the adequate occurrence.

The blocks covered by the window are checked one by one, from right to left
(excluding the last one whose endpoint is not inside the window). As soon as
one allows a shift the window is advanced and the process restarted. If no shift
is possible, the last block is unfolded until we obtain the contained block that
corresponds exactly to the end of the window and make a last attempt with it.
If all the shifting attempts fail, the window position is reported as a match and
shifted in one.

As before, we read blocks until surpass the window and then try to shift. This
method is called “BM-blocks” in this paper. The alternative method of trying
to shift with each new block read is called “BM-blocks-opt”. The algorithm is
depicted in Appendix B.
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In the same spirit of shifting using a variable number of characters, we have
also adapted the match heuristic of BM. In this case, however, we cannot guar-
antee that the pattern will be matched right-to-left as on uncompressed text.
Therefore, we compute a table C(i, j) that gives the maximum shift if we have
matched Pi...j and Pi−1 has mismatched. The definition of C is very similar to
that of J . The C table is used when we compare the internal characters, since in
that case a contiguous portion of P has been compared (the situation when com-
paring the explicit characters is much more complex since an arbitrary subset of
the pattern positions have been compared). This method, called “BM-complete”
in the experiments, did not yield good results.

7 Experimental Results

We tested our algorithms against the fastest existing implementation of previous
work [17]1, using the same LZ78 compression format. The format uses a version
that loses some compression in exchange for better decompression/search time.
It stores the pair (s, c) as follows: s is stored as a sequence of bytes where the
last bit is used to signal the end of the code; and c is coded as a whole byte.

The experiments were run on an Intel Pentium III machine running Linux.
We have averaged user times over two different files of 10 Mb each. Patterns of
lengths 10 to 100 were randomly selected from the texts (1,000 patterns of each
length) and the same patterns were used for all the algorithms. The first text,
WSJ, is a set of articles from The Wall Street Journal 1987 (natural language),
while the second one is DNA with lines cut every 60 characters. We show user
times in all the experiments.

Table 1 shows results related to compression efficiency for our compression
format and two widely used compressors. As can be seen, our compression ratios
are worse than those of classical compressors. On the other hand, decompression
time is faster for our format, which improves search time.

Method Compression ratio Compression time Decompression time

Ours WSJ: 45.02% WSJ: 5.09 sec WSJ: 0.79 sec
(LZ78) DNA: 39.69% DNA: 4.31 sec DNA: 0.72 sec

Unix Compress WSJ: 38.75% WSJ: 2.52 sec WSJ: 0.92 sec
(LZW) DNA: 27.91% DNA: 2.43 sec DNA: 0.75 sec

Gnu gzip WSJ: 33.57% WSJ: 10.63 sec WSJ: 0.81 sec
(LZ77) DNA: 30.43% DNA: 25.10 sec DNA: 0.78 sec

Table 1. Results on compression and decompression using different formats.

Figure 5 shows a comparison of the diverse search methods we have proposed
along the paper. As can be seen, BM-simple-opt is the best choice for natural
1 The bit-parallel algorithm of [14] should be similar, but it is implemented over Unix

Compress and it is slower.
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language, while BM-blocks (without the “optimization”) is the best on DNA.
BM-multichar works better than BM-simple on DNA, but BM-blocks is superior.
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Fig. 5. Search time (in seconds of user time) for our different algorithms.

Figure 6 compares our best algorithms against previous work. The previous
algorithm [17] is called “Bit-parallel” and our implementation of it works only
until m = 32 (it would be slower, not faster, for longer patterns). We have also
considered the “naive” approach of decompressing-then-searching. Two choices
are shown: DS uses our LZ78 format and decompresses the file in memory while
applying a Sunday [19] search algorithm over it; “D+Agrep” first decompresses
the text and then then runs agrep over it. Agrep [21,22] is considered the fastest
text searching tool, and we recall that the decompression time of our format is
the fastest.

As can be seen, our algorithms are significantly faster than Bit-parallel (up
to 30%) and than both decompress-then-search approaches (up to 50%), even
for short patterns (m ≥ 15).
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Fig. 6. Search time (in seconds of user time) of the best previous algorithms and
our new ones.
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It is also interesting that the methods reach soon a limit on m from where
they do not improve anymore. This is due to the need for reading all the text
blocks, regardless of how long is the pattern. This is unavoidable in principle to
know the text position we are on.

If we compute the scanning efficiency of our best algorithms, we have that
they are able to search at up to 16.6 Mb/sec on DNA and 22.2 Mb/sec on natu-
ral language text (computed on the uncompressed text). Bit-parallel obtains 14
Mb/sec on DNA and 16 Mb/sec on WSJ, while decompress-then-search achieves
13 Mb/sec on DNA and 12 Mb/sec on WSJ. If we have the text already decom-
pressed, then agrep alone scans the text at about 300 Mb/sec times faster. This
shows that, despite that we offer an interesting alternative to decompressing
and searching of texts that have to be compressed by some other reason, we are
far from giving an extra reason to compress the text (i.e. achieving less time in
searching the compressed text than for searching the uncompressed text).

On the other hand, we would like to point out that these results have a strong
dependence with respect to the type of machine used. The same experiments run
on a Sun UltraSparc-1 of 167 MHz gave, for m = 30 on WSJ, 1.4 seconds for
BM-simple-opt as well as for the bit-parallel algorithm of [17], while agrep took
about 0.45 seconds. We developed another version of BM-simple-opt based on a
different coding that, in exchange for 2% to 4% extra space, permits to know the
length of the new block without accessing the referenced one. This new algorithm
takes about 0.85 seconds under the above conditions, which is 60% of the time of
the bit-parallel algorithm and about twice the time of pure agrep. This version,
however, is slower than the original one on the Intel machine. This shows that
locality of reference is much more important on the Sun machine.

8 Conclusions

We have presented the first Boyer–Moore approaches to string matching over
Ziv-Lempel compressed text (specifically, the LZ78 format). We first presented
a simple approach close to the Simplified-Boyer–Moore algorithm that is the best
for all but very small alphabets (e.g. it is suitable for natural language). Then
we presented stronger approaches, the most successful one based on shifting on
complete LZ78 blocks. This one is the fastest for small alphabets (e.g. DNA
text). Our experimental results show that the new algorithms are faster than
the best previous approaches even from patterns of length 15, achieving up to
30% reductions in the search time. The new algorithms hold the characteristic
feature of all the search algorithms of Boyer–Moore type: the algorithms run
faster when the pattern gets longer (up to a certain limit).

We could theoretically strenghten the algorithms in the following way: if the
window contains a border between blocks then we apply our shifting machinery,
but when it is inside a block we simply copy the matches already found in the
text area that the containing block references, and shift the window to the end
of the block. However, in practice the blocks are not so long for this to make a
real difference.
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We are currently working in improving the current techniques and exploring
new ones, as there are many open options. A very interesting question is whether
it is possible to avoid reading all the text blocks, as this is the major bottleneck
for further improvement.
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11. J. Kärkkäinen, G. Navarro, and E. Ukkonen. Approximate string matching over
ziv-lempel compressed text. In Proc. CPM’2000, LNCS1848, 2000, pp. 195–209.

12. T. Kida, Y. Shibata, M. Takeda, A. Shinohara, and S. Arikawa. A unifying frame-
work for compressed pattern matching. In Proc. 6th Intl. Symp. on String Process-
ing and Information Retrieval (SPIRE’99), pages 89–96. IEEE CS Press, 1999.

13. T. Kida, M. Takeda, A. Shinohara, M. Miyazaki, and S. Arikawa. Multiple pattern
matching in LZW compressed text. In Proc. DCC’98, 1998.

14. T. Kida, M. Takeda, A. Shinohara, M. Miyazaki, and S. Arikawa. Shift-And ap-
proach to pattern matching in LZW compressed text. In Proc. CPM’99, LNCS
1645, pages 1–13, 1999.

15. U. Manber. A text compression scheme that allows fast searching directly in the
compressed file. ACM Trans. on Information Systems, 15(2):124–136, 1997.

16. E. Moura, G. Navarro, N. Ziviani, and R. Baeza-Yates. Fast and flexible word
searching on compressed text. ACM Trans. on Information Systems, 2000. To
appear. Previous versions in SIGIR’98 and SPIRE’98.

17. G. Navarro and M. Raffinot. A general practical approach to pattern matching
over Ziv-Lempel compressed text. In Proc. CPM’99, LNCS 1645, pages 14–36,
1999.

18. H. Peltola and J. Tarhio. String matching in the DNA alphabet. Software Practice
and Experience, 27(7):851–861, 1997.

19. D. Sunday. A very fast substring search algorithm. CACM, 33(8):132–142, 1990.

20. T. A. Welch. A technique for high performance data compression. IEEE Computer
Magazine, 17(6):8–19, June 1984.



178 Gonzalo Navarro and Jorma Tarhio

21. S. Wu and U. Manber. Fast text searching allowing errors. Comm. of the ACM,
35(10):83–91, October 1992.

22. S. Wu and U. Manber. Agrep – a fast approximate pattern-matching tool. In Proc.
USENIX Technical Conference, pages 153–162, Berkeley, CA, USA, Winter 1992.

23. J. Ziv and A. Lempel. A universal algorithm for sequential data compression.
IEEE Trans. Inf. Theory, 23:337–343, 1977.

24. J. Ziv and A. Lempel. Compression of individual sequences via variable length
coding. IEEE Trans. Inf. Theory, 24:530–536, 1978.

A The Simple Optimized Algorithm in Detail

Search (P,m,Z,n)

/* Preprocessing */

for (i ∈ 1 . . . m, c ∈ Σ) B(i, c) ← i
for (i ∈ 1 . . . m)

for (j ∈ i . . . m) B(j,Pi) ← j − i
/* Searching */

tpos ← 0 /* window initial position */

rpos ← 0 /* amount of text read */

length(0) ← 0 /* length of the blocks */

from(0) ← 0 /* text position of the blocks */

i ← 0 /* number of current block */

while (true)
readBlocks:

if (rpos− tpos ≤ m)

while (true)
i ← i + 1
if (i > n) finish the search

obtain bi = (j, c) from Z
ref(i) ← j /* referenced block */

lastchar(i) ← c /* char at the end */

from(i) ← rpos
length(i) ← length(j) + 1
rpos ← rpos + length(i)
if (rpos− tpos > m) break loop

tpos ← tpos + B(rpos − tpos, c)
/* try to shift with explicit characters */

j ← i
while (true)

offset← from(j)− tpos
if (offset < 1) break loop

shift ← B(offset,char(j − 1))
if (shift > 0)

tpos ← tpos + shift
goto label readBlocks

j ← j − 1
/* unable to shift by explicit characters, unfold */

j ← i− 1
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while (true)
length← length(j)− 1
k ← j
offset← from(j)− tpos
if (offset + length ≤ 0) goto label expandLast

while (length > 0)
k ← ref(k)
shift ← B(offset + length, char(k))
if (shift > 0)

tpos ← tpos + shift
goto label readBlocks

length ← length− 1
if (offset+ length ≤ 0) goto label expandLast

j ← j − 1
/* only the last (i-th) block rests to be tested */

expandLast:

length ← length(i) − 1
k ← i
offset← from(i)− tpos
while (offset + length > m)

k ← ref(k)
length ← length− 1

while (length > 0 ∧ offset + length > 0)
k ← ref(k)
shift ← B(offset + length, char(k))
if (shift > 0)

tpos ← tpos + shift
goto label readBlocks

length ← length− 1
/* it passed all the tests, report the match */

report a match beginning at tpos
tpos ← tpos + 1

B The Algorithm that Shifts by Blocks in Detail

Search (P,m,Z,n)

/* Preprocessing (O(m2), not O(m3)) */

for (` ∈ 0 . . . m) J(0, `) ← 0
for (i ∈ 1 . . . m) J(i, 0) ← i
for (` ∈ 1 . . . m)

for (i ∈ 2 . . . m)

j ← J(i− 1, `− 1)
while (j > 0 ∧ Pj+1 6= Pi) j ← J(j, `− 1)
if (j = 0 ∧ Pj+1 6= Pi) j ← j − 1
J(i, `) ← j + 1
/* Searching */

tpos ← 0 /* window initial position */

rpos ← 0 /* amount of text read */
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length(0) ← 0 /* length of the blocks */

from(0) ← 0 /* text position of the blocks */

last(0) ← m
i ← 0 /* number of current block */

while (true)
readBlocks:

while (rpos− tpos ≤ m)

i ← i + 1
if (i > n) finish the search

obtain bi = (j, c) from Z
ref(i) ← j /* referenced block */

lastchar(i) ← c /* char at the end */

from(i) ← rpos
length(i) ← length(j) + 1
pos ← last(j)
if (length(j) > m) ` ← m else ` ← length(j)
while (pos > 0 ∧ (pos = m ∨ Ppos+1 6= c))

pos ← J(pos, `)
if (pos = 0 ∧ (P1 6= c)) pos ← pos− 1
last(i) ← pos + 1
rpos ← rpos + length(i)
/* try to shift with complete blocks (exclude last one) */

j ← i− 1
while (true)

offset← from(j + 1)− tpos
if (offset < 1) break loop

pos ← last(j)
if (pos > offset)

` ← length(j)
if (` > m) ` ← m
pos ← J(pos, `)
while (pos > offset) pos ← J(pos, `)

if (pos < offset)
tpos ← tpos + offset− pos
goto label readBlocks

j ← j − 1
/* only the last (i-th) block rests to be tested */

j ← i
offset← from(j)− tpos−m
length ← length(i)
while (offset + length > 0)

j ← ref(j)
length ← length− 1

pos ← last(j)
if (pos < m)

tpos ← tpos + m − pos
goto label readBlocks

/* it passed all the tests, report the match */

report a match beginning at tpos
tpos ← tpos + 1
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Abstract. We apply the Boyer–Moore technique to compressed pat-
tern matching for text string described in terms of collage system, which
is a formal framework that captures various dictionary-based compres-
sion methods. For a subclass of collage systems that contain no trun-
cation, our new algorithm runs in O(‖D‖ + n ·m + m2 + r) time using
O(‖D‖ + m2) space, where ‖D‖ is the size of dictionary D, n is the
compressed text length, m is the pattern length, and r is the number of
pattern occurrences. For a general collage system, the time complexity is
O(height(D)·(‖D‖+n)+n·m+m2+r), where height(D) is the maximum
dependency of tokens in D. We showed that the algorithm specialized for
the so-called byte pair encoding (BPE) is very fast in practice. In fact
it runs about 1.2 ∼ 3.0 times faster than the exact match routine of the
software package agrep, known as the fastest pattern matching tool.

1 Introduction

The problem of compressed pattern matching is to find pattern occurrences in
compressed text without decompression. The goal is to search in compressed files
faster than a regular decompression followed by an ordinary search (Goal 1).
This problem has been extensively studied for various compression methods by
several researchers in the last decade. For recent developments, see the survey
[18].

This paper, however, focuses on another aspect of compressed pattern match-
ing. We intend to reduce the time taken to search through a text file by reducing
the size of it in a special way. That is, we regard text compression as a means of
speeding up pattern matching rather than of saving storage or communication
costs. The research goal to this direction is to search in compressed files faster
than an ordinary search in the original files (Goal 2). If the goal is achieved,
files that are usually not compressed because they are often read, can now be
compressed for a speed-up. Let td, ts, and tc be the time for a decompression,
the time for searching in uncompressed files, and the time for searching in com-
pressed files, respectively. Goal 1 aims for td + ts > tc while Goal 2 for ts > tc.
Thus, Goal 2 is more difficult to achieve than Goal 1.
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Let n and N denote the compressed text length and the original text length,
respectively. Theoretically, the best compression has n =

√
N for the Lempel-

Ziv-Welch (LZW) encoding [22], and n = log N for LZ77 [25]. Thus an O(n)
time algorithm for searching directly in compressed text is considered to be bet-
ter than an O(N) time algorithm for searching in the original text. However, in
practice n is linearly proportional to N for real text files. For this reason, an
elaborate O(n) time algorithm for searching in compressed text is often slower
than a simple O(N) time algorithm running on the original text, namely, does
not achieve Goal 2. For example, it is reported in [12,11,16] that the proposed
algorithms of compressed pattern matching for LZW achieved Goal 1, but did
not achieve Goal 2. In order to achieve Goal 2, we shall re-estimate existing
compression methods, choose a suitable one, and then develop an efficient com-
pressed pattern matching algorithm for it. It should be emphasized that we are
not particular about the traditional criteria, i.e., the compression ratio and the
compression/decompression time.

As an effective tool for such a re-estimation, we introduced in [10] a collage
system, that is a formal system to describe a string by a pair of dictionary D
and sequence S of tokens defined in D. The basic operations are concatena-
tion, truncation, and repetition. Collage systems give us a unifying framework
of various dictionary-based compression methods. We developed in [10] a general
compressed pattern matching algorithm for the framework, which basically sim-
ulates the move of the Knuth-Morris-Pratt (KMP) automaton [13] on original
texts. For a collage system which contains no truncation, the algorithm runs in
O(n + r) time after an O(‖D‖+ m2) time and space preprocessing, where ‖D‖
denotes the size of dictionary D, m is the pattern length, and r is the num-
ber of pattern occurrences. For the case of LZW, it matches the same bound
given in [12]. For a general collage system, which contains truncation, it runs in
O(height(D) · n + r) time after an O(height(D) · ‖D‖+ m2) time preprocessing
using O(‖D‖ + m2) space, where height(D) denotes the maximum dependency
of the operations in D. These results show that the truncation slows down the
compressed pattern matching to the factor height(D). It coincides with the ob-
servation by Navarro and Raffinot [16] that LZ77 is not suitable for compressed
pattern matching compared with LZ78/LZW compression.

In a recent work [19], we focused on the compression method called the byte
pair encoding (BPE) [9]. It describes a text as a collage system with concatena-
tion only, in which the size of D is restricted to at most 256 so as to encode each
token of S into one byte. Decompression is fast and requires small work space.
Moreover, partial decompression is possible. This is a big advantage of BPE com-
pared with the Lempel-Ziv family. Despite such advantages, BPE was seldom
used until now. The reason is mainly for the following two disadvantages: the
compression is terribly slow and the compression ratio is not as good as those of
Compress and Gzip. However, we have shown that BPE is suitable for speeding
up pattern matching. The algorithm proposed in [19] runs in O(n+r) time after
an O(‖D‖ ·m) time and space preprocessing, and it is indeed faster than such
O(N) time algorithms as the KMP algorithm and the Shift-Or algorithm [24,4].
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Moreover, it can be extended to deal with multiple patterns. The searching time
is reduced at almost the same rate as the compression ratio.

However, there are sublinear time algorithms for the usual (not compressed)
pattern matching problem, such as the Boyer–Moore (BM) algorithm [5], which
skip many characters of text and run faster than the O(N) time algorithms on
the average, although the worst-case running time is O(mN). Our algorithm
presented in [19] defeats the exact match routine of agrep [23] for highly com-
pressible texts such as genomic data. But it is not better than agrep when
searching for a long pattern in texts that are not highly compressible by BPE.
Then a question arises: Does text compression speed up such a sublinear time
algorithm?

In this paper, we give an affirmative answer to this question. We present
a general, BM type algorithm for texts described in terms of collage system.
The algorithm runs on the sequence S, with skipping some tokens. To our best
knowledge, this is the first attempt to develop such an algorithm in compressed
text.1 The token-wise processing has two advantages compared with the usual
character-wise processing. One is quick detection of a mismatch at each stage of
the algorithm, and the other is larger shift depending upon one token (not upon
one character) to align the phrase with its occurrence within the pattern. For a
general collage system, the algorithm runs in O((height(D) + m) · n + r) time,
after an O(height(D) · ‖D‖ + m2) time preprocessing with O(‖D‖+ m2) space.
In the case of no truncation, it runs in O(mn + r) time, after an O(‖D‖+ m2)
time and space preprocessing. However, we cannot shift the pattern without
knowing the total length of phrases corresponding to skipped tokens. This slows
down the algorithm in practice. To do without such information, we assume that
the skipped phrases are all of length C, the maximum phrase length in D, and
divide the shift value by C. The value of C is crucial in this approach. For the
BPE compression, we observed that putting a restriction on C makes no great
sacrifice of compression ratio even for C = 3, 4. Experimental results show that
the proposed algorithm searching in BPE compressed files is about 1.2 ∼ 3.0
times faster than agrep on the original files.

There are a few researches that aims Goal 2. The first attempt was made
by Manber [14]. The compression scheme used is similar to but simpler than
BPE, in which the maximum phrase length C is restricted to 2. The approach
is to encode a given pattern and to apply any search routine in order to find the
encoded pattern within compressed files. The problem in this approach is that
the pattern may have more than one encoding. The solution given in [14] is to
devise a way to restrict the number of possible encodings for any string with
sacrifices in compression ratio. Thus the reductions in file size and searching
time are only about 30%. Miyazaki et al. [15] presented an efficient realization of
pattern matching machine for searching directly in a Huffman encoded text. The
reduction in searching time is almost the same as that in file size. Moura et al. [8]
proposed a compression scheme that uses a word-based Huffman encoding with

1 However, Navarro et al. [17] in this conference gives a similar algorithm, which is
restricted to the LZ78/LZW format.
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a byte-oriented code, which allows a search twice faster than agrep. However,
the compression method is not applicable to such texts as genomic sequence data
since they cannot be segmented into words. Our previous and new algorithms
can deal with such texts.

2 Preliminaries

Let Σ be a finite alphabet. An element of Σ∗ is called a string. Strings x, y, and
z are said to be a prefix, factor, and suffix of the string u = xyz, respectively. A
prefix, factor, and suffix of a string u is said to be proper if it is not u. The length
of a string u is denoted by |u|. The empty string is denoted by ε, that is, |ε| = 0.
The ith symbol of a string u is denoted by u[i] for 1 ≤ i ≤ |u|, and the factor of
a string u that begins at position i and ends at position j is denoted by u[i : j]
for 1 ≤ i ≤ j ≤ |u|. For convenience, let u[i : j] = ε for j < i. For a string u
and a non-negative integer i, the string obtained by removing the length i prefix
(resp. suffix) from u is denoted by [i]u (resp. u[i]). That is, [i]u = u[i + 1 : |u|]
and u[i] = u[1 : |u| − i].

3 A Unifying Framework for Compressed Pattern
Matching

In a dictionary-based compression, a text string is described by a pair of a
dictionary and a sequence of tokens, each of which represents a phrase defined in
the dictionary. Kida et al. [10] introduced a unifying framework, named collage
system, which abstracts various dictionary-based methods, such as the Lempel-
Ziv family and the static dictionary methods. In [10] they presented a general
compressed pattern matching algorithm for the framework. Consequently, any
compression method within the framework has a compressed pattern matching
algorithm as an instance.

3.1 Collage System

A collage system is a pair 〈D,S〉 defined as follows:D is a sequence of assignments
X1 =expr1; X2 =expr2; · · · ; X` =expr`, where each Xk is a token (or a variable)
and exprk is any of the form

a for a ∈ Σ ∪ {ε}, (primitive assignment)
XiXj for i, j < k, (concatenation)
[j]Xi for i < k and an integer j, (prefix truncation)
X

[j]
i for i < k and an integer j, (suffix truncation)

(Xi)j for i < k and an integer j. (j times repetition)

Each token represents a string obtained by evaluating the expression as it implies.
The strings represented by tokens are called phrases. Denote by X.u the phrase
represented by a token X. The size of D is the number n of assignments and
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denoted by ‖D‖. Define the height of a token X to be the height of the syntax
tree whose root is X. The height of D is defined by height(D) = max{height(X) |
X in D}. It expresses the maximum dependency of the tokens in D. On the other
hand, S = Xi1 , Xi2 , . . . , Xin is a sequence of tokens defined in D. The collage
system represents a string obtained by concatenating the phrases represented by
Xi1 , Xi2 , . . . , Xin .

3.2 Pattern Matching in Collage Systems

Our problem is defined as follows.

Given a pattern π = π[1 : m] and a collage system 〈D,S〉 with S =
S[1 : n], find all locations at which π occurs within the original text
S[1].u · S[2].u · · ·S[n].u.

Kida et al. [10] presented an algorithm solving the above problem. Figure 1 gives
an overview of the algorithm, which processes S token-by-token. The algorithm

Input: Pattern π and collage system consisting of D and S = S[1 : n].

Output: All occurrences of π in the original text.

begin

/* Preprocessing for computing JumpKMP and OutputKMP. */

Preprocess the pattern π and the dictionary D;

/* Main routine */

state := 0; ` := 0;

for i := 1 to n do begin

for each d ∈ OutputKMP(state,S[i]) do

Report a pattern occurrence that ends at position ` + d;

state := JumpKMP(state,S[i]); ` := ` + |S[i].u|
end

end.

Fig. 1. General algorithm for searching in a collage system.

simulates the move of the KMP automaton running on the original text, by using
two functions JumpKMP and OutputKMP, both take as input a state and a token.
The former is used to substitute just one state transition for the consecutive state
transitions of the KMP automaton caused by each of the phrases, and the latter
is used to report all pattern occurrences found during the state transitions. Thus
the definitions of the two functions are as follows.

JumpKMP(j, t) = δ(j, t.u),

OutputKMP(j, t) =
{
|v|

∣∣∣∣v is a non-empty prefix of t.u
such that δ(j, v) is the final state

}
,

where δ is the state transition function of the KMP automaton.
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Theorem 1 (Kida et al. [10]). The algorithm of Fig. 1 runs in O(height(D) ·
n+r) time after an O(height(D)·‖D‖+m2) time preprocessing using O(‖D‖+m2)
space, where r is the number of pattern occurrences. The factor height(D) can
be dropped if D contains no truncation.

This idea is a generalization of the algorithm due to Amir et al. [3], which is
restricted to LZW compressed texts. Shibata et al. [20] applied a similar tech-
nique to the case of the compression using anti-dictionaries [6]. An extension
of [3] to multiple pattern searching was presented by Kida et al. [12], which is
based on the Aho-Corasick (AC) pattern matching algorithm [1]. The technique
of [12] was then generalized to multiple pattern searching in collage systems
which contain concatenation only [10]. Bit-parallel realization of [3] was inde-
pendently proposed in [11,16] and proved to be fast in practice for a short pattern
(m ≤ 32).

3.3 Practical Aspects

Theorem 1 suggests that a compression method which describes a text as a col-
lage system with no truncation might be suitable for the compressed pattern
matching. For example, the collage systems for LZW contain no truncation but
those for LZ77 have truncation. It implies that LZW is suitable compared with
LZ77. This coincides with the observation by Navarro and Raffinot [16] that the
compressed pattern matching for LZ77 achieves none of Goal 1 and Goal 2, but
that for LZW achieves Goal 1. However, it was observed that the compressed
pattern matching for LZW is too slow to achieve Goal 2. We have two reasons.
One is that in LZW the dictionary D is not encoded explicitly: it will be in-
crementally re-built from S. The preprocessing of D is therefore merged into
the main routine (see Fig. 1 again). The other reason is as follows. Although
JumpKMP can be realized using only O(‖D‖ + m2) space so that it answers in
constant time, the constant factor is relatively large. The two-dimensional array
realization of JumpKMP would improve this, but it requires O(‖D‖ ·m) space,
which is unrealistic because ‖D‖ is linear in n in the case of LZW.

From the above observations the desirable properties for compressed pattern
matching can be summarized as follows.

– The dictionary D contains no truncation.
– The dictionary D is encoded separately from the sequence S.
– The size of D is small enough.
– The tokens of S are encoded using a fixed length code.

The BPE compression [9] is the one which satisfies all of the properties.
The collage systems for BPE have concatenation only, and ‖D‖ is restricted
to at most 256 so as to encode each token of S into one byte. By using the
two-dimensional array implementation, we presented in [19] an algorithm for
searching in BPE compressed files, which runs in O(n+r) time after an O(‖D‖ ·
m) time and space preprocessing. This algorithm defeats the BM algorithm for
highly compressible text files such as biological data. However, it is not better
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T [0] := $; /* $ is a character that never occurs in pattern */
i := m;
while i ≤ N do begin

state := 0; ` := 0;
while g(state, T [i− `]) is defined do begin

state := g(state, T [i− `]); ` := ` + 1
end;
if state = m then report a pattern occurrence;
i := i + σ(state, T [i− `])

end

Fig. 2. BM algorithm on uncompressed text.

than the BM algorithm in the case of searching for a long pattern in text files
that are not highly compressible by BPE. For this reason, we try to devise a BM
type algorithm for searching in BPE compressed files.

4 BM Type Algorithm for Compressed Pattern Matching

We first briefly sketches the BM algorithm, and show a general, BM type al-
gorithm for searching in collage systems. Then, we discuss searching in BPE
compressed files from the practical viewpoints.

4.1 BM Algorithm on Uncompressed Text

The BM algorithm performs the character comparisons in the right-to-left direc-
tion, and slides the pattern to the right using the so-called shift function when
a mismatch occurs. The algorithm for searching in text T [1 : N ] is shown in
Fig. 2. Note that the function g is the state transition function of the (partial)
automaton that accepts the reversed pattern, in which state j represents the
length j suffix of the pattern (0 ≤ j ≤ m).

Although there are many variations of the shift function, they are basically
designed to shift the pattern to the right so as to align a text substring with its
rightmost occurrence within the pattern. Let

rightmost occ(w) = min
{

` > 0
∣∣∣∣π[m− `− |w|+ 1 : m− `] = w, or
π[1 : m− `] is a suffix of w

}
.

The following definition, given by Uratani and Takeda [21] (for multiple pattern
case), is the one which utilizes all information gathered in one execution of the
inner-while-loop in the algorithm of Fig. 2.

σ(j, a) = rightmost occ(a · π[m− j + 1 : m]).

The two-dimensional array realization of this function requires O(|Σ| ·m) mem-
ory, but it becomes realistic due to recent progress in computer technology.
Moreover, the array can be shared with the goto function g. This saves not only
memory requirement but also the number of table references.
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4.2 BM Type Algorithm for Collage System

Now, we show a BM type algorithm for searching in collage systems. Figure 3
gives an overview of our algorithm. For each iteration of the while-loop, we report

/*Preprocessing for computing JumpBM(j, t), OutputBM(j, t), and Occ(t) */
Preprocess the pattern π and the dictionary D;

/* Main routine */
focus := an appropriate value;
while focus ≤ n do begin

Step 1: Report all pattern occurrences that are contained in the phrase S[focus].u
by using Occ(t);

Step 2: Find all pattern occurrences that end within the phrase S[focus].u
by using JumpBM(j, t) and OutputBM(j, t);

Step 3: Compute a possible shift ∆ based on information gathered in Step 2;
focus := focus + ∆

end

Fig. 3. Overview of BM type compressed pattern matching algorithm.

in Step 1 all the pattern occurrences that are contained in the phrase represented
by the token we focus on, determine in Step 2 the pattern occurrences that end
within the phrase, and then shift our focus to the right by ∆ obtained in Step 3.
Let us call the token we focus on the focused token, and the phrase it represents
the focused phrase. For step 1, we shall compute during the preprocessing, for
every token t, the set Occ(t) of all pattern occurrences contained in the phrase
t.u. The time and space complexities of this computation are as follows.

Lemma 1 (Kida et al. 1999). We can build in O(height(D) · ‖D‖+m2) time
using O(‖D‖+ m2) space a data structure by which the enumeration of the set
Occ(t) is performed in O(height(t)+`) time, where ` = |Occ(t)|. If D contains no
truncation, it can be built in O(‖D‖+m2) time and space, and the enumeration
requires only O(`) time.

In the following we discuss how to realize Step 2 and Step 3.
Figure 4 illustrates pattern occurrences that end within the focused phrase.

A candidate for pattern occurrence is a non-empty prefix of the focused phrase
that is also a proper suffix of the pattern. There may be more than one candidate
to be checked. One naive method is to check all of them independently, but we
take here another approach. We shall start with the longest one. For the case of
uncompressed text, we can do it by using the partial automaton for the reversed
pattern stated in Section 4.1. When a mismatch occurs, we change the state by
using the failure function and try to proceed into the left direction. The process
is repeated until the pattern does not have an overlap with the focused phrase. In
order to perform such processing over compressed text, we use the two functions
JumpBM and OutputBM defined in the sequel.
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Let lpps(w) denote the longest prefix of a string w that is also a proper suffix
of the pattern π. Extend the function g into the domain {0, . . . , m} × Σ∗ by
g(j, aw) = g(g(j, w), a), if g(j, w) is defined and otherwise, g(j, aw) is undefined,
where w ∈ Σ∗ and a ∈ Σ. Let f(j) be the largest integer k (k < j) such that
the length k suffix of the pattern is a prefix of the length j suffix of the pattern.
Note that f is the same as the failure function of the KMP automaton. Define
the functions JumpBM and OutputBM by

JumpBM(j, t) =




g(j, t.u), if j 6= 0;
g(j, lpps(t.u)), if j = 0 and lpps(t.u) 6= ε;
undefined, otherwise.

OutputBM(j, t) =
{

true, if g(j, w) = m and w is a proper suffix of t.u;
false, otherwise.

The procedure for Step 2 is shown in Fig. 5.
We now discuss how to compute the possible shift ∆ of the focus. Let

Shift(j, t) = rightmost occ(t.u · π[m− j + 1 : m]).

Assume that starting at the token S[focus], we encounter a mismatch against a
token t in state j. Find the minimum integer k > 0 such that

Shift(0,S[focus]) ≤
k∑

i=1

∣∣∣S[focus + i].u
∣∣∣, or (1)

Shift(j, t) ≤
k∑

i=0

∣∣∣S[focus + i].u
∣∣∣−

∣∣∣lpps(S[focus].u)
∣∣∣. (2)

Note that the shift due to Eq. (1) is possible independently of the result of the
procedure of Fig. 5. When returning at the first if-then statement of the proce-
dure in Fig. 5, we can shift the focus by the amount due to Eq. (1). Otherwise,
we shift the focus by the amount due to both Eq. (1) and Eq. (2) for j = state
and t = S[focus−`] just after the execution of the while-loop at the first iteration
of the repeat-until loop.

Compressed text

Original text

Pattern occurrences

focus

Fig. 4. Pattern occurrences.
.
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procedure Find pattern occurrences(focus : integer);
begin

if JumpBM(0,S[focus]) is undefined then return;
state := JumpBM(0,S[focus]); d := state; ` := 1;
repeat

while JumpBM(state,S[focus− `]) is defined do begin
state := JumpBM(state,S[focus− `]); ` := ` + 1

end;
if OutputBM(state,S[focus− `]) = true then report a pattern occurrence;
d := d− (state− f(state)); state := f(state)

until d ≤ 0
end;

Fig. 5. Finding pattern occurrences in Step 2.

Lemma 2. The functions JumpBM, OutputBM, and Shift can be built in
O(height(D) · ‖D‖ + m2) time and O(‖D‖ + m2) space, so that they answer
in O(1) time. The factor height(D) can be dropped if D contains no truncation.

Proof. We can prove the lemma by using techniques similar to those in [10], but
the proof is omitted for lack of space. ut

Theorem 2. The algorithm of Fig. 3 runs in O(height(D) · (‖D‖+n) +n ·m+
m2 + r) time, using O(‖D‖ + m2) space. If D contains no truncation, the time
complexity becomes O(‖D‖+ n ·m + m2 + r).

4.3 Searching in BPE Compressed Files

We again take the two-dimensional array implementation for the functions
JumpBM, OutputBM, and Shift. Since the collage systems for BPE contain no
truncation, the construction of the functions seems to require O(‖D‖+m2) time
and space in addition to O(‖D‖·m) time and space. However, we can build them
in another way, and have the following result.

Theorem 3. The tables storing JumpBM, OutputBM, and Shift can be built in
O(‖D‖ ·m) time and space, if D contains concatenation only.

Proof. We can fill the entries of the tables in a bottom-up manner by using the
directed acyclic word graph [7] for the reversed pattern. ut

The computation of ∆ stated in Section 4.2 requires knowing the lengths of
the phrases represented by the skipped tokens. This slows down the searching
speed. To do without such information, we assume they are all of length C,
where C is the maximum phrase length, and let

∆(j, t) = max
(
dShift(0, t)/Ce, bShift(j, t)/Cc

)
.

The value of C is a crucial factor in such an approach, We estimated the change
of compression ratios depending on C. The text files we used are:
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Medline. A clinically-oriented subset of Medline, consisting of 348,566 refer-
ences. The file size is 60.3 Mbyte and the entropy is 4.9647.

Genbank. The file consisting only of accession numbers and nucleotide se-
quences taken from a data set in Genbank. The file size is 17.1 Mbyte and
the entropy is 2.6018.

Table 1 shows the compression ratios of these texts for BPE, together with
those for the Huffman encoding, gzip, and compress, where the last two are
well-known compression tools based on LZ77 and LZW, respectively. Remark
that the change of compression ratios depending on C is non-monotonic. The
reason for this is that the BPE compression routine we used builds a dictionary
D in a greedy manner only from the first block of a text file. It is observed that
we can restrict C with no great sacrifice of compression ratio. Thus we decided
to use the BPE compressed file of Medline for C = 3, and that of Genbank for
C = 4 in our experiment in the next section.

Table 1. Compression ratios (%).

Huffman
BPE

compress gzip
C = 3 C = 4 C = 5 C = 6 C = 7 C = 8 unlimit.

Medline 62.41 59.44 58.46 58.44 58.53 58.47 58.58 59.07 42.34 33.35

Genbank 33.37 36.93 32.84 32.63 32.63 32.34 32.28 32.50 26.80 23.15

5 Experimental Results

We estimated the performances of the following programs:

(A) Decompression followed by ordinary search.
We tested this approach with the KMP algorithm for the compression meth-
ods: gzip, compress, and BPE. We did not combine the decompression pro-
grams and the KMP search program using the Unix ‘pipe’ because it is slow.
Instead, we embedded the KMP routine in the decompression programs, so
that the KMP automaton processes the decoded characters ‘on the fly’.
The programs are abbreviated as gunzip+KMP, uncompress+KMP, and
unBPE+KMP, respectively.

(B) Ordinary search in original text.
KMP, UT (the Uratani-Takeda variant [21] of BM), and agrep.

(C) Compressed pattern matching.
AC on LZW [12], Shift-Or on LZW [11], AC on Huffman [15], AC on BPE
[19], and BM on BPE (the algorithm proposed in this paper).

The automata in KMP, UT, AC on Huffman, AC on BPE, and BM on BPE
were realized as two-dimensional arrays of size `× 256, where ` is the number of
states. The texts used are Medline and Genbank mentioned in Section 4.3, and
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the patterns searched for are text substrings randomly gathered from them. Our
experiment was carried out on an AlphaStation XP1000 with an Alpha21264
processor at 667MHz running Tru64 UNIX operating system V4.0F. Figure 6
shows the running times (CPU time). We excluded the preprocessing times since
they are negligible compared with the running times. We observed the following
facts.

– The differences between the running times of KMP and the three programs
of (A) correspond to the decompression times. Decompression tasks for LZ77
and LZW are thus time-consuming compared with pattern matching task.
Even when we use the BM algorithm instead of KMP, the approach (A) is
still slow for LZ77 and LZW.

– The proposed algorithm (BM on BPE) is faster than all the others. Espe-
cially, it runs about 1.2 times faster than agrep for Medline, and about 3
times faster for Genbank.

6 Conclusion

We have presented a BM type algorithm for compressed pattern matching in col-
lage system, and shown that an instance of the algorithm searches in BPE com-
pressed texts 1.2 ∼ 3.0 faster than agrep does in the original texts. For searching
a very long pattern (e.g., m > 30), a simplified version of the backward-dawg-
matching algorithm [7] is very fast as reported in [2]. To develop its compressed
matching version will be our future work.
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Abstract. We present a solution to the problem of performing approx-
imate pattern matching on compressed text. The format we choose is
the Ziv–Lempel family, specifically the LZ78 and LZW variants. Given
a text of length u compressed into length n, and a pattern of length m,
we report all the R occurrences of the pattern in the text allowing up to
k insertions, deletions and substitutions, in O(mkn +R) time. The exis-
tence problem needs O(mkn) time. We also show that the algorithm can
be adapted to run in O(k2n + min(mkn, m2(mσ)k) + R) average time,
where σ is the alphabet size. The experimental results show a speedup
over the basic approach for moderate m and small k.

1 Introduction

The string matching problem is defined as follows: given a pattern P = p1 . . . pm

and a text T = t1 . . . tu, find all the occurrences of P in T , i.e. return the set
{|x|, T = xPy}. The complexity of this problem is O(u) in the worst case
and O(u logσ(m)/m) on average (where σ is the alphabet size), and there exist
algorithms achieving both time complexities using O(m) extra space [8,3].

A generalization of the basic string matching problem is approximate string
matching: an error threshold k < m is also given as input, and we want to
report all the ending positions of text substrings which match the pattern after
performing up to k character insertions, deletions and replacements on them.
Formally, we have to return the set {|xP ′|, T = xP ′y and ed(P, P ′) ≤ k}, where
ed(P, P ′) is the “edit distance” between both strings, i.e. the minimum number of
character insertions, deletions and replacements needed to make them equal. The
complexity of this problem is O(u) in the worst case and O(u(k + logσ(m))/m)
on average. Both complexities have been achieved, despite that the space and
preprocessing cost is exponential in m and k in the first case and polynomial in
m in the second case. The best known worst case time complexity is O(ku) if
the space has to be polynomial in m (see [14] for a survey).
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A particularly interesting case of string matching is related to text com-
pression. Text compression [5] tries to exploit the redundancies of the text to
represent it using less space. There are many different compression schemes,
among which the Ziv–Lempel family [23,24] is one of the best in practice be-
cause of their good compression ratios combined with efficient compression and
decompression time.

The compressed matching problem was first defined in the work of Amir
and Benson [1] as the task of performing string matching in a compressed text
without decompressing it. Given a text T , a corresponding compressed string
Z = z1 . . . zn, and a pattern P , the compressed matching problem consists in
finding all occurrences of P in T , using only P and Z. A naive algorithm, which
first decompresses the string Z and then performs standard string matching,
takes time O(m+u). An optimal algorithm takes worst-case time O(m+n+R),
where R is the number of matches (note that it could be that R = u > n).

The compressed matching problem is important in practice. Today’s textual
databases are an excellent example of applications where both problems are
crucial: the texts should be kept compressed to save space and I/O time, and they
should be efficiently searched. Surprisingly, these two combined requirements
are not easy to achieve together, as the only solution before the 90’s was to
process queries by uncompressing the texts and then searching into them. In
particular, approximate searching on compressed text was advocated in [1] as an
open problem.

This is the problem we solve in this paper: we present the first solution
for compressed approximate string matching. The format we choose is the Ziv–
Lempel family, focusing in the LZ78 and LZW variants. By modifying the basic
dynamic programming algorithm, we achieve a time complexity of O(mkn + R)
and a space complexity of O(n(mk + log n)) bits (i.e. O(1 + mk/ log n) times
the memory necessary to decompress). The existence problem needs O(mkn)
time and space. We show that the algorithm can be adapted to run in O(k2n +
min(mkn, m2(mσ)k) + R) average time, where σ is the alphabet size.

Some experiments have been conducted to assess the practical interest of our
approach. We have developed a variant of LZ78 which is faster to decompress in
exchange for somewhat worse compression ratios. Using this compression format
our technique can take less than 70% of the time needed by decompressing and
searching on the fly with basic dynamic programming for moderate m and small
k values. Dynamic programming is considered as the most flexible technique to
cope with diverse variants of the problem. However, decompression followed by
faster search algorithms specifically designed for the edit distance still outper-
forms our technique, albeit those algorithms are less flexible to cope with other
variants of the problem.

2 Related Work

We consider in this work Ziv-Lempel compression, which is based on finding
repetitions in the text and replacing them with references to similar strings
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previously appeared. LZ77 [23] is able to reference any substring of the text
already processed, while LZ78 [24] and LZW [21] reference only a single previous
reference plus a new letter that is added. The first algorithm for exact searching
is from 1994 [2], which searches in LZ78 needing time and space O(m2 + n).

The only search technique for LZ77 [9] is a randomized algorithm to deter-
mine in time O(m+n log2(u/n)) whether a pattern is present or not in the text
(it seems that with O(R) extra time they could find all the pattern occurrences).

An extension of [2] to multipattern searching was presented in [11], together
with the first experimental results in this area. They achieve O(m2 + n) time
and space, although this time m is the total length of all the patterns.

New practical results appeared in [16], who presented a general scheme to
search on Ziv–Lempel compressed texts (simple and extended patterns) and
specialized it for the particular cases of LZ77, LZ78 and a new variant proposed
which was competitive and convenient for search purposes. A similar result,
restricted to the LZW format, was independently found and presented in [12].
In [17] a new, faster, algorithm was presented based on Boyer-Moore.

The aim of this paper is to present a general solution to the approximate
string matching problem on compressed text in the LZ78 and LZW formats.

3 Approximate String Matching by Dynamic
Programming

We introduce some notation for the rest of the paper. A string S is a sequence
of characters over an alphabet Σ. If the alphabet is finite we call σ its size. The
length of S is denoted as |S|, therefore S = s1 . . . s|S| where si ∈ Σ. A substring
of S is denoted as Si...j = sisi+1 . . . sj , and if i > j, Si...j = ε, the empty string
of length zero. In particular, Si = si. The pattern and the text, P and T , are
strings of length m and u, respectively.

We recall that ed(A, B), the edit distance between A and B, is the minimum
number of characters insertions, deletions and replacements needed to convert A
into B or vice versa. The basic algorithm to compute the edit distance between
two strings A and B was discovered many times in the past, e.g. [18]. This was
converted into a search algorithm much later [19]. We first show how to compute
the edit distance between two strings A and B. Later, we extend that algorithm
to search a pattern in a text allowing errors.

To compute ed(A, B), a matrix C0...|A|,0...|B| is filled, where Ci,j represents
the minimum number of operations needed to convert A1...i to B1...j. This is
computed as Ci,0 = i, C0,j = j, and

Ci,j = if (Ai = Bj) then Ci−1,j−1 else 1 + min(Ci−1,j, Ci,j−1, Ci−1,j−1)

where at the end C|A|,|B| = ed(A, B).
We consider the text searching problem now. The algorithm is basically the

same, with A = P and B = T (computing C column-wise so that O(m) space
is required). The only difference is that we must allow that any text position
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is the potential start of a match. This is achieved by setting C0,j = 0 for all
j ∈ 0 . . . u. That is, the empty pattern matches with zero errors at any text
position (because it matches with a text substring of length zero).

The algorithm then initializes its column C0...m with the values Ci = i, and
processes the text character by character. At each new text character Tj , its
column vector is updated to C′0...m. The update formula is

C′i = if (Pi = Tj) then Ci−1 else 1 + min(C′i−1, Ci, Ci−1)

With this formula the invariant that holds after processing text position j is
Ci = led(P1...i, T1...j), where

led(A, B) = min
i∈1...|B|

ed(A, Bi...|B|)

that is, Ci is the minimum edit distance between P1...i and a suffix of the text
already seen. Hence, all the text positions where Cm ≤ k are reported as ending
points of occurrences.

The search time of this algorithm is O(mu) and it needs O(m) space.
The dynamic programming matrix has a number of properties that have been

used to derive better algorithms. We are interested in two of them.

Property 1. Let A and B be two strings such that A = A1A2. Then there exist
strings B1 and B2 such that B = B1B2 and ed(A, B) = ed(A1, B1)+ed(A2 , B2).

That is, there must be some point inside B where its optimal comparison
against A can be divided at any arbitrary point in A. This is easily seen by
considering an optimal path on the C matrix that converts A into B. The path
must have at least one node in each row (and column), and therefore it can
be split in a path leading to the cell (|A1|, r), for some r, and a path leading
from that cell to (|A|, |B|). Thus, r = |B1|, which determines B1. For example
ed(”survey”, ”surgery”) = ed(”surv”, ”surg”) + ed(”ey”, ”ery”).

The second property refers to the so-called active cells of the C vector when
searching P allowing k errors. All the cells before and including the last one with
value ≤ k are called “active”. As noted in [20]:

Property 2. The output of the search depends only on the active cells, and the
rest can be assumed to be k + 1.

Between consecutive iterations of the dynamic programming algorithm, the
last active cell can be incremented at most in 1 (because neighboring cells of the
C matrix differ at most in 1). Hence the last active cell can be maintained at
O(1) amortized time per iteration. The search algorithm needs to work only on
the active cells. As conjectured in [20] and proved in [6,4], there are O(k) active
cells per column on average and therefore the dynamic programming takes O(ku)
time on average.

Considering Property 2, we use a modified version of ed in this paper. When
we use ed(A, B) we mean the exact edit distance between A and B if it is ≤ k,
otherwise any number larger than k can be returned. It is clear that the output
of an algorithm using this definition is the same as with the original one.
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4 A General Search Approach

We present now a general approach for approximate pattern matching over a
text Z = b1 . . . bn, that is expressed as a sequence of n blocks. Each block br

represents a substring Br of T , such that B1 . . . Bn = T . Moreover, each block
Br is formed by a concatenation of a previously seen blocks and an explicit letter.
This comprises the LZ78 and LZW formats. Our goal is to find the positions in
T where occurrences of P end with at most k errors, using Z.

Our approach is to adapt an algorithm designed to process T character by
character so that it processes T block by block, using the fact that blocks are
built from previous blocks and explicit letters. In this section we show how have
we adapted the classical dynamic programming algorithm of Section 3. We show
later that the O(ku) algorithm based on active cells can be adapted as well.

We need a little more notation before explaining the algorithm. Each match
is defined as either overlapping or internal. A match j is internal if there is an
occurrence of P ending at j totally contained in some block Br (i.e. if the block
repeats the occurrence surely repeats). Otherwise it is an overlapping match. We
also define b(r), for a block b and a natural number r, as follows: b(0) = b and
b(r+1) = (b′)(r), where b′ is the block referenced by b. That is, b(r) is the block
obtained by going r steps in the backward referencing chain of b.

The general mechanism of the search is as follows: we read the blocks br one
by one. For each new block b read, representing a string B, and where we have
already processed T1...j, we update the state of the search so that after working
on the block we have processed T1...j+|B| = T1...jB. To process each block, three
steps are carried out: (1) its description (to be specified shortly) is computed,
(2) the occurrences ending inside the block B are reported, and (3) the state of
the search is updated. The state of the search consists of two elements

– The last text position considered, j (initially 0).
– A vector Ci, for i ∈ 0 . . .m, where Ci = led(P1...i, T1...j). Initially, Ci = i.

This vector is the same as for plain dynamic programming.

The description of all the blocks already seen is maintained. Say that block
b represents the text substring B. Then the description of b is formed by the
length len(b) = |B|, the referenced block ref(b) = b(1) and some vectors indexed
by i ∈ 1 . . .m (their values are assumed to be k + 1 if accessed outside bounds).

– Ii,i′(b) = ed(Pi...i′ , B), for i ∈ 1 . . .m, i′ ∈ max(i+|B|−k−1, i−1) . . .min(i+
|B|+ k − 1, m), which at each point gives the edit distance between B and
Pi...i′ . Note that I has O(mk) entries per block. In particular, the set of
possible i′ values is empty if i > m+k+1−|B|, in which case Ii,i′(b) = k+1.

– Pi(b) = led(P1...i, B), for i ∈ 1 . . .m, gives the edit distance between the
prefix of length i of P and a suffix of B. P has O(m) entries per block.

– M(b) = b(r), where r = min{r′ ≥ 0, Pm(b(r′)) ≤ k}. That is, M(b) is the
last block in the referencing chain for b that finishes with an internal match
of P . Its value is −1 if no such block exists.

Figure 1 illustrates the I matrix and how is it filled under different situations.
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Fig. 1. The I matrix for a block b representing a string B.

5 Computing Block Descriptions

We show how to compute the description of a new block b′ that represents
B′ = Ba, where B is the string represented by a previous block b and a is
an explicit letter. The procedure is almost the same as for LZW so we omit
it here and concentrate on LZ78 only. An initial block b0 represents the string
ε, and its description is: len(b0) = 0; Ii,i′(b0) = i′ − i + 1, i ∈ 1 . . .m, i′ ∈
i− 1 . . .min(i + k − 1, m); Pi(b0) = i, i ∈ 1 . . .m; and M(b0) = −1.

We give now the update formulas for the case when a new letter a is added
to B in order to form B′. These can be seen as special cases of dynamic pro-
gramming matrices between B and parts of P .

– len(b′) = len(b) + 1.
– ref(b′) = b.
– Ii,i′(b′) = Ii,i′−1(b) if a = Pi′ , and 1 + min(Ii,i′(b), Ii,i′−1(b′), Ii,i′−1(b))

otherwise. We start with1 Ii,max(i−1,i+|B′|−k−2)(b′) = min(|B′|, k + 1), and
compute the values for increasing i′. This corresponds to filling a dynamic
programming matrix where the characters of Pi... are the columns and the
characters of B are the rows. Adding a to B is equivalent to adding a new
row to the matrix, and we store at each block only the row of the matrix
corresponding to its last letter (the rest could be retrieved by going back
in the references). For each i, there are 2k + 1 such columns stored at each
block B, corresponding to the interesting i′ values. Figure 2 illustrates. To
relate this to the matrix of I in Figure 1 one needs to consider that there
is a three dimensional matrix indexed by i, i′ and |B|. Figure 1 shows the
plane stored at each block B, corresponding to its last letter. Figure 2 shows
a plane obtained by fixing i.

– Pi(b′) = Pi−1(b) if a = Pi and 1 + min(Pi(b),Pi−1(b′),Pi−1(b)) otherwise.
We assume that P0(b′) = 0 and compute the values for increasing i. This

1 Note that it may be that this initial value cannot be placed in the matrix because
its position would be outside bounds.
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Fig. 2. The virtual dynamic programming matrices. On the left, between B and
Pi..., to compute I. On the right, between B and P , to compute P.

corresponds again to filling a dynamic programming matrix where the char-
acters of P are the columns, while the characters of B are the rows. The
(virtual) matrix has i at the i-th column of the first row and zeros in the
first column. Figure 2 illustrates.

– M(b′) = M(b) if Pm(b′) > k, and b′ otherwise. That is, if there is a new
internal match ending at |B′| then b′ is added to the list. This takes constant
time.

6 Updating the Search State

We specify now how to report the matches and update the state of the search
once the description of a new block b has been computed. Three actions are
carried out, in this order.

Reporting the Overlapping Matches. An overlapping match ending inside the
new block B corresponds to an occurrence that spans a suffix of the text already
seen T1...j and a prefix of B. From Property 1, we know that if such an occurrence
matches P with k errors (or less) then it must be possible to split P in P1...i

and Pi+1...m, such that the text suffix matches the first half and the prefix of B
matches the second half. Figure 3 illustrates.

T B*j B

Pi

C i+1,mIi + (b*)

Fig. 3. Splitting of an overlapping match (grayed), where b∗ = b(|B|−i′).

Therefore, all the possible overlapping matches are found by considering all
the possible positions i in the pattern. The check for a match ending at text
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position j + i′ is then split into two parts. A first condition states that P1...i

matches a suffix of T1...j with k1 errors, which can be checked using the C vector.
A second condition states that Pi+1...m matches B1...i′ with k2 errors, which can
be checked using the I matrix of previous referenced blocks. Finally, k1 + k2

must be ≤ k.
Summarizing, the text position j + i′ (for i′ ∈ 1 . . .min(m + k − 1, |B|)) is

reported if
max(m−1,m−i′+k)

min
i=min(1,m−i′−k)

(Ci + Ii+1,m(b(|B|−i′))) ≤ k (1)

where we need ref(·) to compute b(|B|−i′). Additionally, we have to report the
positions j + i′ such that Cm + i′ ≤ k (for i′ ∈ 1 . . . k). This corresponds to
Im+1,m(b(|B|−i′)) = i′, which is not stored in that matrix.

Note that if we check the i′ positions in decreasing order then the backward
reference chain has to be traversed only once. So the total cost for this check is
O(mk). The occurrences are not immediately reported but stored in decreasing
order of i′ in an auxiliary array (of size at most m + k), because they can mix
and collide with internal matches.

Reporting the Internal Matches. These are matches totally contained inside B.
Their offsets can be retrieved by following theM(b) list until reaching the value
−1. That is, we start with b′ ← M(b) and while b′ 6= −1 report the positions
j+len(b′) and update b′ ←M(b′). This retrieves all the internal matches in time
proportional to their amount, in reverse order. These matches may collide and
intermingle with the overlapping matches. We merge both chains of matches and
report them in increasing order and without repetitions. All this can be done
in time proportional to the number of matches reported (which adds up O(R)
across all the search).

Updating the C Vector and j. To update C we need to determine the best edit
distance between P1...i and a suffix of the new text T1...j+|B| = T1...jB. Two
choices exist for such a suffix: either it is totally inside B or it spans a suffix of
T1...j and the whole B. Figure 4 illustrates the two alternatives. The first case
corresponds to a match of P1...i against a suffix of B, which is computed in P.
For the second case we can use Property 1 again to see that such an occurrence
is formed by matching P1...i′ against some suffix of T1...j and Pi′+1...i against the
whole B. This can be solved by combining C and I.

T Bj

P
i

Pi

T Bj

C i’ + I i’+1,i

Pii’

Fig. 4. Two choices to update the C vectors.
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The formula to update C to a new C′ is therefore

C′i ← min(Pi(b),
min(i−1,i−|B|+k)

min
i′=max(1,i−|B|−k)

(Ci′ + Ii′+1,i(b))) (2)

which finds the correct value if it is not larger than k, and gives something larger
than k otherwise (this is in accordance to our modified definition of ed). Since
there are m cells to compute and each one searches over at most 2k + 1 values,
the total cost to update C is O(mk).

Finally, j is easily updated by adding |B| to it.

7 Complexity

The space requirement for the algorithm is basically that to store the block
descriptions. The lengths len(·) add up u, so in the worst case n log(u/n) =
O(n logn) bits are necessary to store them. The references to the previous blocks
ref(·) andM(·) need O(logn) bits per entry, for a total of O(n logn) bits. For the
matrices, we observe that each element of those arrays differs from the previous
one in at most 1, that is |Ii,i′+1(b)−Ii,i′(b)| ≤ 1 and |Pi+1(b)−Pi(b)| ≤ 1. Their
first value is trivial and does not need to be stored. Therefore, each such cell can
be represented only with 2 bits, for a total space requirement of O(mkn) bits.

With respect to time complexity, all the processes described take O(mkn)
time for the existence problem and O(mkn+R) time to report the R matches of
P . The update of P costs O(m) per block, but that of I takes O(mk). The same
happens to finding the overlapping matches and the update of C. The handling
of internal matches and merging with overlapping matches add up O(R) along
the total process.

8 A Faster Algorithm on Average

A simple form to speed up the dynamic programming algorithm on compressed
text is based on Property 2. That is, we try to work only on the active cells of
C, I and P.

We update only the active cells of C and P. If we assume a random pattern
P , then the property that says that there are on average O(k) active cells in C
at a random text position holds also when those text positions are the endpoints
of blocks in the text. The same happens to the P values, since Pi(b) ≥ Ci after
processing block b.

We recall the minimization formula (2) to update C, and note that the Ci′ are
on average active only for i′ = O(k). Therefore only the values i ∈ |B| ± O(k)
have a chance of being ≤ k. The minimization with Pi does not change things
because this vector has also O(k) active values on average.

Therefore, updating C costs O(k2) per block on average. Computing P takes
O(k) time since only the active part of the vector needs to be traversed.



204 Juha Kärkkäinen, Gonzalo Navarro, and Esko Ukkonen

A more challenging problem appears when trying to apply the technique to
Ii,i′(b). They key idea in this case comes from considering that ed(Pi...i′ , B) > k
if |B| − (i′− i+1) > k, and therefore any block B such that |B| > m+ k cannot
have any active value in I. Since there are at most O(σm+k) different blocks of
length at most m+k (recall that σ is the alphabet size of the text), we can work
O(mkσm+k) in total in computing I values. This is obtained by marking the
blocks that do not have any active value in their I matrix, so that the I matrix
of the blocks referencing them do not need to be computed either (moreover, the
computation of C and overlapping matches can be simplified).

However, this bound can be improved. The set of different strings matching
a pattern P with at most k errors, called Uk(P ) = {P ′, ed(P, P ′) ≤ k}, is finite.
More specifically, it is shown in [20] that if |P | = m, then |Uk(P )| = O((mσ)k) at
most. This limits the total number of different blocks B that can be preprocessed
for a given pattern substring Pi...i′ . Summing over all the possible substrings
Pi...i′ , considering that computing each such entry for each block takes O(1)
time, we have a total cost of O(m2(mσ)k). Note that this is a worst case result,
not only average case. Another limit for the total amount of work is still O(mkn),
so the cost is O(min(mkn, m2(mσ)k)).

Finally, we have to consider the cost of processing the matches. This is O(R)
plus the cost to search the overlapping matches. We recall the formula (1) to find
them, which can be seen to cost O(k2) only, since there are O(k) active values in
C on average and therefore i′ ∈ m±O(k) is also limited to O(k) different values.

Summarizing, we can solve the problem on LZ78 and LZW in O(k2n +
min(mkn, m2(mσ)k)+R) average time. Note in particular that the middle term
is asymptotically independent on n. Moreover, the space required is O(k2n +
min(mkn, m2(mσ)k) + n logn) bits because only the relevant parts of the ma-
trices need to be stored.

9 Significance of the Results

9.1 Memory Requirements

First consider the space requirements. In the worst case we need O(n(mk+log n))
bits. Despite that this may seem impractical, this is not so. A first consideration
is that normal compressors use only a suffix (“window”) of the text already seen,
in order to use bounded memory independent of n. The normal mechanism is
that when the number of nodes in the LZ78 trie reaches a given amount N , the
trie is deleted and the compression starts again from scratch for the rest of the
file. A special mark is left in the compressed file to let the decompressor know
of this fact.

Our search mechanism can use the same mark to start reusing its allocated
memory from zero as well, since no node seen in the past will be referenced again.
This technique can be adapted to more complex ways of reusing the memory
under various LZ78-like compression schemes [5].
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If a compressor is limited to use N nodes, the decompression needs at the very
least O(N log N) bits of memory. Since the search algorithm can be restarted af-
ter reading N blocks, it requires only O(N(mk+log N)) bits. Hence the amount
of memory required to search is O(1+mk/ logN) × memory for decompression,
and we recall that this can be lowered in the average case. Moreover, reason-
ably fast decompression needs to keep the decompressed text in memory, which
increases its space requirements.

9.2 Time Complexity

Despite that ours is the first algorithm for approximate searching on compressed
text, there exist also alternative approaches, some of them trivial and others not
specifically designed for approximate searching.

The first alternative approach is DS, a trivial decompress-then-search algo-
rithm. This yields, for the worst case, O(ku) [10] or O(m|Uk(P )|+ u) [20] time,
where we recall that |Uk(P )| is O((mσ)k). For the average case, the best result
in theory is O(u + (k + logσ m)u/m) = O(u) [7]. This is competitive when u/n
is not large, and it needs much memory for fast decompression.

A second alternative approach, OM, considers that all the overlapping
matches can be obtained by decompressing the first and last m + k characters
of each block, and using any search algorithm on that decompressed text. The
internal matches are obtained by copying previous results. The total amount
of text to process is O(mn). Using the previous algorithms, this yields worst
case times of O(kmn + R) and O(m|Uk(P )| + mn + R) in the worst case, and
O((k + logσ m)n + mn + R) = O(mn + R) on average. Except for large u/m, it
is normally impractical to decompress the first and last m+k characters of each
block.

Yet a third alternative, MP, is to reduce the problem to multipattern search-
ing of all the strings in Uk(P ). As shown in [11], a set of strings of total length
M can be searched in O(M2 +n) time and space in LZ78 and LZW compressed
text. This yields an O(m2|Uk(P )|2 + n + R) worst case time algorithm, which
for our case is normally impractical due to the huge preprocessing cost.

Table 1 compares the complexities. As can be seen, our algorithm yields the
best average case complexity for

k = O(
√

u/n) ∧ k = O(
√

m) ∧ logσ n

2(1 + logσ m)
≤ k + O(1) ≤ logσ n

1 + logσ m

where essentially the first condition states that the compressed text should be
reasonably small compared to the uncompressed text (this excludes DS), the
second condition states that the number of errors should be small compared
to the pattern length (this excludes OM) and the third condition states that
n should be large enough to make |Uk(P )| not significant but small enough to
make |Uk(P )|2 significant (this excludes MP). This means in practice that our
approach is the fastest for short and medium patterns and low error levels.
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Algorithm Worst case time Average case time

DS ku u
m|Uk(P )|+ u

OM kmn + R mn + R
m|Uk(P )|+ mn + R

MP m2|Uk(P )|2 + n m2|Uk(P )|2 + n + R

Ours kmn + R k2n + min(mkn, m2|Uk(P )|) + R

Table 1. Worst and average case time for different approaches.

9.3 Experimental Results

We have implemented our algorithm in order to determine its practical value.
Our implementation does not store the matrix values using 2 bit deltas, but
their full values are stored in whole bytes (this works for k < 255). The space
is further reduced by not storing the information on blocks that are not to be
referenced later. In LZ78 this discards all the leaves of the trie. Of course a
second compression pass is necessary to add this bit to each compressed code.
Now, if this is done then we can even not assign a number to those nodes (i.e.
the original nodes are renumbered) and thus reduce the number of bits of the
backward pointers. This can reduce the effect of the extra bit and reduces the
memory necessary for decompression as well.

We ran our experiments on a Sun UltraSparc-1 of 167 MHz and 64 Mb
of RAM. We have compressed two texts: WSJ (10 Mb of Wall Street Journal
articles) and DNA (10 Mb of DNA text with lines cut every 60 characters).
We use an ad-hoc LZ78 compressor which stores the pair (s, a) corresponding
to the backward reference and new character in the following form: s is stored
as a sequence of bytes where the last bit is used to signal the end of the code;
and a is coded as a whole byte. Compression could be further reduced by better
coding but this would require more time to read the compressed file. The extra
bit indicating whether each node is going to be used again or not is added to s,
i.e. we code 2s or 2s + 1 to distinguish among the two possibilities.

Using the plain LZ78 format, WSJ was reduced to 45.02% of its original size,
while adding the extra bit to signal not referenced blocks raised this percentage
to 45.46%, i.e. less than 1% of increment. The figures for DNA were 39.69% and
40.02%. As a comparison, Unix Compress program, an LZW compressor that
uses bit coding, obtained 38.75% and 27.91%, respectively.

We have compared our algorithm against a more practical version of DS,
which decompresses the text on the fly and searches over it, instead of writing it
to a new decompressed file and then reading it again to search. The search algo-
rithm used is that based on active columns (the one we adapted). This gives us
a measure of the improvement obtained over the algorithm we are transforming.

It is also interesting to compare our technique against decompression plus
searching using the best available algorithm. For this alternative (which we call
“Best” in the experiments) we still use our compression format, because it de-
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compresses faster than Gnu gzip and Unix compress. Our decompression times
are 2.09 seconds for WSJ and 1.80 for DNA. The search algorithms used are
those of [15,4,13], which were the fastest for different m and k values in our
texts.

On the other hand, the OM-type algorithms are unpractical for typical com-
pression ratios (i.e. u/n at most 10) because of their need to keep count of the
m + k first and last characters of each block. The MP approach does not seem
practical either, since for m = 10 and k = 1 it has to generate an automaton of
more than one million states at the very least. We tested the code of [11] on our
text and it took 5.50 seconds for just one pattern of m = 10, which outrules it
in our cases of interest.

We tested m = 10, 20 and 30, and k = 1, 2 and 3. For each pattern length,
we selected 100 random patterns from the text and used the same patterns for
all the algorithms. Table 2 shows the results.

WSJ

k Ours DS Best Ours DS Best Ours DS Best
m = 10 m = 10 m = 10 m = 20 m = 20 m = 20 m = 30 m = 30 m = 30

1 3.77 4.72 2.40 3.23 4.64 2.28 3.08 4.62 2.27
2 5.63 5.62 2.74 4.72 5.46 2.42 6.05 5.42 2.33
3 11.60 6.43 3.64 9.17 6.29 2.75 13.56 6.22 2.44

DNA

k Ours DS Best Ours DS Best Ours DS Best
m = 10 m = 10 m = 10 m = 20 m = 20 m = 20 m = 30 m = 30 m = 30

1 3.91 5.21 2.66 2.49 5.08 2.46 2.57 5.06 2.51
2 6.98 6.49 2.88 3.81 6.31 2.91 5.02 6.28 2.71
3 11.51 8.91 3.08 9.28 7.51 3.24 15.35 7.50 3.18

Table 2. CPU times to search over the WSJ and DNA files.

As the table shows, we can actually improve over the decompression of the
text and the application of the same search algorithm. In practical terms, we
can search the original file at about 2.6 . . .4.0 Mb/sec when k = 1, while the
time keeps reasonable and competitive for k = 2 as well. Moreover, DS needs for
fast decompression to store the uncompressed file in main memory, which could
pose a problem in practice.

On the other hand, the “Best” option is faster than our algorithm, but we re-
call that this is an algorithm specialized for edit distance. Dynamic programming
is unbeaten in its flexibility to accommodate other variants of the approximate
string matching problem.
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10 Conclusions

We have presented the first solution to the open problem of approximate pat-
tern matching over Ziv–Lempel compressed text. Our algorithm can find the
R occurrences of a pattern of length m allowing k errors over a text com-
pressed by LZ78 or LZW into n blocks in O(kmn + R) worst-case time and
O(k2n + min(mkn, m2(mσ)k) + R) average case time. We have shown that this
is of theoretical and practical interest for small k and moderate m values.

Many theoretical and practical questions remain open. A first one is whether
we can adapt an O(ku) worst case time algorithm (where u is the size of the
uncompressed text) instead of the dynamic programming algorithm we have
selected, which is O(mu) time. This could yield an O(k2n + R) worst-case time
algorithm. Our efforts to adapt one of these algorithms [10] yielded the same
O(mkn + R) time we already have.

A second open question is how can we improve the search time in practice.
For instance, we have not implemented the version that stores 2 bits per number,
which could reduce the space. The updates to P and I could be done using bit-
parallelism by adapting [13]. We believe that this could yield improvements for
larger k values. On the other hand, we have not devised a bit-parallel technique
to update C and to detect overlapping matches. Another idea is to map all the
characters not belonging to the pattern to a unique symbol at search time, to
avoid recomputing similar states. This, however, requires a finer tracking of the
trie of blocks to detect also descendants of similar states. This yields a higher
space requirement.

A third question is if faster filtration algorithms can be adapted to this
problem without decompressing all the text. For example, the filter based in
splitting the pattern in k + 1 pieces, searching the pieces without errors and
running dynamic programming on the text surrounding the occurrences [22]
could be applied by using the multipattern search algorithm of [11]. In theory
the complexity is O(m2 + n + ukm2/σbm/(k+1)c), which is competitive for k <
m/Θ(logσ(u/n) + logσ m).
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Abstract. The performance of data compression on a large static text
may be improved if certain variable-length strings are included in the
character set for which a code is generated. A new method for extending
the alphabet is presented, based on a reduction to a graph-theoretic
problem. A related optimization problem is shown to be NP-complete, a
fast heuristic is suggested, and experimental results are presented.

1 Introduction and Background

Compression methods may be classified according to various criteria, such as
compression efficiency, speed, necessary space in RAM, etc (see [17] or [3] for an
overview). The present work focuses on a static compression scheme, for which
we assume that the time restrictions on the encoding and decoding processes are
not symmetrical: we shall put no constraint on compression time, but require
very fast decompression. The corresponding scenario is that of a large full-text
information retrieval (IR) system, for which compression is usually performed
only once or periodically (but rarely), but which may be accessed frequently, so
that (possibly many) small parts of it need be decompressed while the user is
waiting for responses to his query. The text of the IR system may be static, like
for the Encyclopædia Britannica, the Responsa Retrieval Project [8], the Trésor
de la Langue Française [6], etc., or it might be dynamically increasing over time,
like collections of news wire messages, newspapers, and ultimately, the whole
World Wide Web.

Statistical compression methods, like Huffman or arithmetic coding, assume
that the text at hand is a sequence of data items, that will be encoded according
to their occurrence frequencies. These data items are generally single characters,
but sometimes more sophisticated models are used for which a character pair, a
word, or more generally, certain character strings, are considered to be an item.
Dictionary compression methods work by replacing the occurrence of certain
strings in the text by (shorter) pointers to some dictionary, which again may
be either static, fixed in advance (e.g., the most frequent words in English),
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or dynamically adapted to the given text, like the various Lempel-Ziv methods
and their variants. The statistical methods working only on single characters
are often inferior to the dictionary methods from the compression point of view.
Nevertheless, they may be the preferred choice in IR applications, as they do
not require a sequential scan of the compressed file.

To improve the performance of the statistical methods, we shall follow the
approach in [4] and [5], and construct a meta-alphabet , which extends the stan-
dard alphabet by including also frequent variable-length strings. The idea is that
even if we assume a quite involved model for the text generation process, there
will always be strings deviating from this model. One may thus improve the ac-
curacy of the model by including such strings as indivisible items, called below
meta-characters, into the extended alphabet.

Obviously, the larger the meta-alphabet, the better compression we may
expect. The problem then is that of an optimal exploitation of a given amount
of RAM, which puts a bound on the size of the dictionary. In addition, there is
a problem with the selection of the set of meta-characters, because the potential
strings are overlapping. A similar problem has been shown to be NP-complete
under certain constraints [9]. We shall thus proceed as follows: in the next section,
we present a novel approach to alphabet extension and show that a related
optimization problem is NP-complete. Section 3 deals with implementation issues
and refinements and suggests a fast heuristic. Finally, we bring some preliminary
experimental results in Section 4.

2 Definition of Meta-alphabet

The criterion for including a string of characters as a new meta-character into the
meta-alphabet is the expected savings we would incur by its inclusion. The exact
value is hard to evaluate, since the savings depend ultimately on the encoding
method, and for Huffman codes, say, the length of each codeword may depend
on all the others. Assume for simplicity in a first stage, that we shall use a fixed
length code to refer to any element of the meta-alphabet A, which contains
both single characters and the meta-characters. If |A| = D, any element can be
encoded by dlog2(D)e bits.

Our approach starts by a reduction to a graph-theoretic problem in the fol-
lowing way. There will be a vertex for every possible character string in the text,
and vertices are connected by an edge if the corresponding strings are overlap-
ping. Both vertices and edges are assigned weights. The weight w(x) of a vertex
x will be the savings, measured in number of characters, obtained by including
x in A. The weight w(x, y) of an edge (x, y) will be the loss of such savings due
to the overlap between x and y. We are thus interested in a subset V ′ of the
vertices, not larger than some predetermined constant K, which maximizes the
overall savings ∑

x∈V ′
w(x) −

∑
x,y∈V ′

w(x, y). (1)
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Formally, we are given a text T = t1t2 · · · tn, where each ti belongs to a finite
alphabet Σ; define a directed graph G = (V, E), where V is the set of all the
substrings of T , i.e., the strings ti · · · tj for 1 ≤ i ≤ j ≤ n, and there is a directed
edge from x = x1 · · ·xk to y = y1 · · ·y` if some suffix of x is a prefix of y, i.e.,
there is a t ≥ 1 such that xk−t+j = yj for all 1 ≤ j ≤ t. For example, there will
be a directed edge from the string element to mention, corresponding to t = 4.
The weight of a vertex x is defined as

w(x) = freq(x)(|x| − 1),

where freq(x) is the number of occurrences of the string x in T , |a| denotes the
length (number of characters) of a string a, and the −1 accounts for the fact
that for each occurrence of x, |x| characters are saved, but one meta-character
will be used, so we save only |x| − 1 characters (recall that we assume a fixed-
length code, so that the characters and meta-characters are encoded by the same
number of bits).

For strings x and y like above, define the super-string, denoted xy, as the
(shortest) concatenation of x with y, but without repeating the overlapping part,
i.e., xy = x1 · · ·xkyt+1 · · · y`, where t has been chosen as largest among all pos-
sible t’s. For example, if x is element and y is mention, then xy is elemention.
The weight of the directed edge from x to y is defined as

w(x, y) = freq(xy)(|y| − 1).

The reason for this definition is that if the text will be parsed by a greedy
method, it may happen that freq(xy) of the freq(y) occurrences of y will not
be detected, because for these occurrences, the first few characters of y will be
parsed as part of x.

In fact, assuming that the parsing of xy will always start with x in a greedy
method is an approximation. For it may happen that certain occurrences of
x will stay undetected because of another preceding string z, that has a non-
empty suffix overlapping with a prefix of x. To continue the example, suppose z
is steel, then zxy is steelemention, which could be parsed as zey. Moreover,
when the overlapping part itself has a prefix which is also a suffix, then choosing
the shortest concatenation in the definition of xy does not always correspond
to the only possible sequence of characters in the text. For example, if x is
managing and y is ginger, xy would be managinger, but the text could include
a string like managinginger. We shall however ignore such cases and keep the
above definition of w(x, y).

A first simplification results from the fact that we seek the subgraph induced
by the set of vertices V ′, so that either both directed edges (x, y) and (y, x) will
be included, if they both exist, or none of them. We can therefore consider an
equivalent undirected graph, defining the label on the (undirected) edge (x, y)
as

w(x, y) = freq(xy)(|y| − 1) + freq(yx)(|x| − 1).

For a text of n characters, the resulting graph has Θ(n2) vertices, and may
thus have Θ(n4) edges, which is prohibitive, even for small n. We shall thus try
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to exclude a priori strings that will probably not be chosen as meta-characters.
The excluded strings are:

1. a string of length 1 (they are included anyway in A);
2. a string that appears only once in the text (no savings can result from these).

For example, consider the text

the-car-on-the-left-hit-the-car-I-left-on-the-road.

Using the above criteria reduces the set of potential strings to: {the-car-,
-on-the-, -left-}, and all their substrings of length > 1. If this seems still
too large, we might wish to exclude also

3. a string x that always appears as a substring of the same string y.

This would then purge the proper substrings from the above set, except the
string the-, which appears as substring of different strings. The rationale for
this last criterion is that it is generally preferable to include the longer string y
into the extended alphabet. This is, however, not always true, because a longer
string has potentially more overlaps with other strings, which might result in an
overall loss.

B
B
B
B
B
BB

�
�

�
�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
��

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

QQ

Z
Z

Z
Z

Z
Z

ZZ

�
�

�
�

�
�

��

4 7
3

125

12

14
-on-the-

the-
12

the-car-
14

-left-
10

on-the-
12

6

14

Figure 1: Graph for text
the-car-on-the-left-hit-the-car-i-left-on-the-road
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Figure 1 depicts the graph of the above example, but to which we have added
on-the- as fifth string to the alphabet (in spite of it appearing always as sub-
string of -on-the-) because it will yield below an example showing a deficiency
of criterion 3. Edges with weight 0 have been omitted, e.g., there is no edge be-
tween -left- and the-car-, because the super-string the-car-left- does not
appear; similarly, there is no self-loop on the vertex x =-left-: even though the
super-string xx =-left-left- is defined, its frequency is zero. If we are looking
for a set of 3 meta-characters, the best of the

(
5
3

)
= 10 triplets is the-car-,

-left-, on-the-, yielding savings of 14 + 10 + 12− 5 = 31 characters. Indeed,
replacing all occurrences of the meta-characters in the text reduces the number
of elements in the parsing from 50 to 19, of which 14 are single characters and
5 are meta-characters. However, one can see here that the criterion of excluding
a string x if it always appears as substring of y, does not assure optimality: if
we would choose the string on-the instead of on-the- as fifth vertex, the text
could be parsed as 17 instead of 19 elements.

There is, however, still a problem with the complexity of the algorithm. A
similar problem has been shown to be NP-complete in [16], but we bring here a
direct proof:

Theorem 1. The problem of finding a subgraph maximizing (1) is NP-complete.

Proof: One actually has to deal with the corresponding decision problem, which
we denote SDP (Substring Dictionary Problem). Given is a graph G = (V, E),
with weights on both vertices and edges, and 3 non-negative constants K1, K2

and K3. Is there a subset of vertices V ′ ⊆ V , such that |V ′| ≤ K1,
∑

x∈V ′ w(x) ≥
K2 and

∑
x,y∈V ′ w(x, y) ≤ K3?

Once a guessing module finds the set V ′, the other conditions are easily
checked in polynomial time, so SDP ∈ NP. To show that SDP is also NP-hard,
the reduction is from Independent Set (IS) [10], defined by: given a graph G1 =
(V1, E1) and an integer L, does G1 contain an independent set of size at least L,
that is, does there exist a subset V ′

1 ⊆ V1, such that |V ′
1 | ≥ L, and such that if

x and y are both in V ′
1 , then (x, y) /∈ E1?

Given a general instance of IS, define the following instance of SDP: let G =
G1, define w(x) = 1 for all vertices x ∈ V , w(x, y) = 1 for all edges (x, y) ∈ E,
K1 = |V |, K2 = L and K3 = 0. Suppose that there is an independent set V ′

1 of
size at least L in G1. We claim that the same set also satisfies the constraints
for SDP. Indeed, |V ′

1 | = L ≤ K1,
∑

x∈V ′
1
w(x) = |V ′

1 | = L ≥ K2, and since in an
independent set, there are no edges between the vertices,

∑
x,y∈V ′

1
w(x, y) = 0 ≤

K3.
Conversely, suppose there is a set V ′ ⊆ V which fulfills the conditions of SDP

in the graph G. Then because the weight of each vertex is 1, it follows from the
second condition that there are at least K2 = L vertices in V ′. The choice of K3

as 0 in the third condition, together with the fact that the weight of each edge
is 1, implies that no two vertices of V ′ may be connected by an edge, that is, V ′

is an independent set.
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Two problems have therefore to be dealt with: first, we need a fast procedure
for the construction of the graph, and second we seek a reasonable heuristic,
running fast enough to yield a practical algorithm, and still making better choices
than discarding any strings that overlap with one previously chosen.

3 Implementation Details

3.1 Graph Construction

Since we are looking for a special set of substrings of the given input text T , a
position-tree or suffix-tree may be the data structure of choice for our application
[2,14]. The strings occurring at least twice correspond to the internal nodes of
the tree. As to condition 3. above, if a string x occurs always as a prefix of y,
the node corresponding to x has only one son in the position tree. Seeking the
longest re-occurring strings, these are found, for each branch of the tree, at the
lowest level of the internal nodes, that is, for each path from the root to a leaf,
the node just preceding the leaf corresponds to one of the strings we consider as
a vertex in our graph. The number of vertices in the graph, m, is thus clearly
bounded by the number of leaves in the position tree, which is n + 1, one leave
for each position in the string T$, where $ is a special end-marker not belonging
to our basic alphabet Σ. Figure 2 shows a part of the (compacted) position tree
for our example, where the black vertices correspond to the four strings left after
applying conditions 1.–3. above.
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Figure 2: Part of the position tree

Compacted position trees can be constructed in time linear in the length of
the input text T . Also in linear time one could add to each vertex in the tree, the
number of times the corresponding string occurs in T [1]. Thus, the set of vertices
V and their labels can be constructed in time O(n). We shall refer below to the
nodes of the position tree corresponding to the vertices of V as black vertices.
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As to the edges, it suffices to check for each string x corresponding to a black
vertex vx whether there should be a directed edge from it to a black vertex
corresponding to a string y. This will be the case if and only if the super-string
xy exists. We have thus to search the position tree for each of the |x|− 1 proper
suffixes of x. If the path in the position tree corresponding to one of these proper
suffixes leads to an internal node t, there will be an edge from vx to each of the
black vertices in the subtree rooted by t.

If there is an upper limit K, independent of the size n of the text, on the
length of a string corresponding to a black vertex, the number of edges in the
graph G will be linear. Indeed, a proper suffix of length i of x can be extended
to at most |Σ|K−i strings y such that xy exists, therefore the outdegree of x is
bounded by |Σ|K , which is a constant relative to n. Assuming the existence of
such an upper bound K is not unrealistic for real-life applications, where most
re-occurring strings will tend to be words or short phrases. Even if some long
strings re-occur, e.g., runs of zeros or blanks, it will often be the case that a
bound K exists for the lengths of all except a few strings, which will still yield a
linear number of edges. The following Theorem shows that such a linear bound
on the number of edges can not always be found.

Theorem 2. There are input texts T for which the corresponding graph G =
(V, E) satisfies |E| = Θ(|V |2).
Proof: Recall that a DeBruijn sequence of order k is a binary string Bk of length
2k, such that each binary string of length k occurs exactly once in Bk, when Bk

is considered as a circular string (see [7, Section 1.4]). For example, B3 could be
00111010.

Consider the text T = CBk, where C is the suffix of length k−1 of Bk. Each
of the 2k possible binary strings of length k appears exactly once in CBk, so no
string of length longer than k appears more than once. Every binary sequence
of length k− 1 appears exactly twice in a DeBruijn sequence, and as sub-strings
of different strings of length k, thus there is a vertex in G for each of the 2k−1

strings of length k − 1. More generally, for 2 ≤ i < k (recall that strings of
length 1 do not generate vertices), there are 2i strings of length i that occur
more than once in T , and each of these strings of length < k is a substring
of more than one string of length k. The number of vertices in the graph is
therefore

∑k−1
i=2 2i = 2k− 4. We shall refer below to the corresponding strings as

vertex-strings.
Consider one of the vertex-strings x, and denote its rightmost bit by b. Then

there must be edges from the corresponding vertex vx to at least all the vertices
corresponding to strings starting with b. There are 2i−1 strings of length i start-
ing with b, 2 ≤ i < k. Thus the number of edges emanating from vx is at least∑k−1

i=2 2i−1 = 2k−1 − 2. Therefore the total number of edges in the graph is at
least (2k − 4)(2k−1 − 2), which is quadratic in the number of vertices.
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3.2 Heuristics for Finding a Good Sub-graph

The optimization problem has been shown above to be NP-complete, so there is
probably no algorithm to find an optimal solution in reasonable time. A family
of simple greedy heuristics that have previously been used (see, e.g., [6]) includes
the following steps:

1. Decide on a set S of potential strings and
calculate their weights w(x) for x ∈ S

2. Sort the set S by decreasing values of w(x)
3. Build the set A of the strings forming the meta-alphabet by
3.1 start with A empty
3.2 repeat until |A| is large enough or S is exhausted
3.2.1 x←− next string of sorted sequence S
3.2.2 if x does not overlap with any string in A, add it to A

The set S could be chosen as the set of all sub-strings of the text of length
up to some fixed constant k, or it might be generated iteratively, e.g., starting
with character pairs, purging the overlaps, extending the remaining pairs to
triplets, purging overlaps again, etc. Such a strategy of not allowing any overlaps
corresponds in our approach above to choosing an independent set of vertices.

To extend this greedy heuristic to include also overlapping strings, we have
to update the weights constantly. It is therefore not possible to sort the strings
by weight beforehand, and the data structure to be used is a heap. This will give
us at any stage access in time O(1) to the element x with largest weight W (x),
which should represent the expected additional savings we incur by adding x to
the set A, the currently defined meta-alphabet. W (x) is therefore w(x) if none of
the neighbors of x belongs to A, and it is more generally w(x)−∑y∈A w(x, y).
The proposed heuristic is thus as follows:

1. Define the set S as substrings of the text complying with constraints 1.–3.
2. for each x ∈ S define W (x)←− w(x)
3. build heap of elements W (x), with root pointing to maximal element
4. Build the set A of the strings forming the meta-alphabet by
4.1 start with A empty
4.2 repeat until |A| is large enough or heap is empty
4.2.1 x←− string with weight at root of heap
4.2.2 add x to A and remove W (x) from heap
4.2.3 repeat for all neighbors y of x in graph
4.2.3.1 W (y)←− W (y) − w(x, y)
4.2.3.2 if W (y) ≤ 0 remove W (y) from heap
4.2.3.3 else relocate W (y) in heap

Note that W (x) may indeed become negative, as can be seen in Figure 1.
This would mean that the potential gain obtained from including x in A might
be canceled because of the overlaps.
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The complexity of the heuristic can be evaluated as follows: step 1. can be
done in time linear in the size n of the text using a position tree as explained
above. Let m = |S| be the number of vertices. Steps 2. and 3. are O(m). Step
4.2.1 is O(1) and step 4.2.2 is O(logm). Any edge (x, y) of the graph is inspected
at most once in the loop of 4.2.3, and for each such edge, a value W (y) is either
removed or relocated in the heap in time O(logm). Thus the total time of step 4.

is O(|E| logm). As we saw in Theorem 2, |E| could be quadratic in m. But when
W (y) is updated, it may only decrease, so that its relocation in the heap can
only be to a lower level. The total number of updates for any W (y) is therefore
bounded by the depth of the heap, which implies that the complexity of step 4.

is only O(m log m).
Though such greedy heuristics seem to give good results for the type of prob-

lem we consider here [11], we shall try in another line of investigation to adapt
other approximation schemes to our case. The Independent Set optimization
problem has been extensively studied, and some good heuristics exist (see [12]).
In particular, we can use the fact that our graph has a low average vertex de-
gree, and is of bounded vertex degree if we put some constraints on the lengths
of the strings we consider. Another problem similar to ours, with edge weights
but without weights on the vertices, has been approximated in [15].

3.3 Variable Length Encodings

In our above description, we have made various simplifying assumptions. In a
more precise analysis, we shall try in a second stage to adapt the general strategy
to more complex — and more realistic — settings.

When defining the graph, we assumed that the elements of the meta-alphabet
are encoded by a fixed length code. Such a code will, however, be optimal only
if the occurrence distribution of the elements is close to uniform. Otherwise,
variable-length codes such as Huffman or arithmetic codes should be used. The
problem is then one of the correct definition of the graph weights, but the gener-
alization of the above method is not straightforward. We look for a set of strings
which are selected on the basis of the lengths of their encodings; the lengths de-
pend on their probabilities; these in turn are a function of the full set of strings,
which is the set we wish to define.

A possible solution to this chicken and egg problem is as follows. We first
estimate the average length, ˆ̀, of the strings s1, s2, . . . that will ultimately be
selected. This can be done by some rough rule of thumb or by applying the
heuristic iteratively. Clearly, if T is the length of the text and N is the number
of the selected strings, we have

T =
N∑

i=1

|si|freq(si).

Replacing now all |si| by their estimated value ˆ̀, we get

T = ˆ̀
N∑

i=1

freq(si),
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from which an estimate for the total frequency, W =
∑N

i=1 freq(si), of the
selected elements can be derived as

W =
T

ˆ̀ .

Hence, when defining the probabilities in the weights of the vertices and edges,
we shall use as approximation the frequency of a string divided by W , even
though this is not a real probability distribution, as the selected values will not
necessarily add up to 1. But the estimation bias is alleviated by the fact that
the probabilities are only needed to determine the lengths of the codewords. We
shall use − log2 p as approximation for the length of a codeword that appears
with probability p. This is exact for arithmetic coding, and generally close for
Huffman coding.

The new weights are not measured in number of characters, but in number
of bits. For a string x = x1 · · ·xr, the weight of the corresponding vertex will be

w(x) = freq(x)

(
−

r∑
i=1

log2

freq(xi)
W

+ log2

freq(x)
W

)
,

where freq(xi) are the frequencies of the individual characters making up the
string, and similarly for the weights w(x, y) of the edges. Once the set of meta-
characters A is determined by the heuristic, we can update our estimate for the
average length ˆ̀, and repeat the process iteratively. Even without a convergence
guarantee, this will be useful for the elimination of bad strings.

4 Experimental Results

Three texts of varying lengths and different languages were chosen for the tests:
the King James version of the Bible in English, a French text by Voltaire called
Dictionaire philosophique and a lisp program progl from the Calgary corpus [3].
Table 1 lists the full and compressed sizes of these files in bytes.

We first considered the weights in the graph corresponding to fixed length
encodings and generated the set of meta-characters according to the second
heuristic above. The weights were then changed to reflect the expected savings
with variable length encodings, and the string generation process was repeated.
For comparison, we also produced, for each file, a list of the most frequent words,
as well as a list of the most frequent character bigrams. Each of these in turn
were used to define a new set of meta-characters. The sizes of the compressed
files using a fixed length encoding (9 bits per meta-character) are left-justified in
the corresponding boxes of Table 1. The right-justified numbers in these boxes
correspond to the sizes of the compressed files if Huffman coding is applied
according to the occurrence frequencies of the meta-characters. For the variable
length encodings, these results were obtained after 2–3 iterations. Throughout,
the parsing was done greedily, seeking repeatedly the longest possible match.

As can be seen, among the alternatives tested, the meta-characters produced
by the heuristic on the graph with the weights corresponding to fixed length
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Bible Voltaire progl

Full size 3483553 554719 71646

Best substrings for fixed 2066427 307967 32136
Huffman 1552112 238065 22437

Best substrings for variable 2307194 335568 35548
Huffman 1546552 236531 22273

Most frequent words 2503537 414877 50204
Huffman 1569385 256701 28943

Most frequent pairs 2118704 322829 43939
Huffman 1812016 270994 37420

Table 1: Compression results

encoding indeed achieve the best compression by fixed length encodings, and the
meta-characters produced with the weights of the variable length encoding are
best when Huffman coding is applied. It is noteworthy that when passing from
the fixed length to the variable length weights, the number of meta-characters
in the parsing increases, and nevertheless, the size of the corresponding Huffman
encoded file is smaller. This is due to the fact that the distribution of frequencies
in the latter case is much skewer than in the former, resulting in the overall gain.

5 Concluding Remarks

Alphabet extension is not new to data compression. However, the decision about
the inclusion into the alphabet of various strings, such as frequent words, phrases
or word fragments, has often been guided by some ad-hoc heuristic. The present
work aims at making this decision in a systematic, theoretically justifiable way.
There are still many more details to be taken care of, in particular, devising more
precise rules wherever approximations have been used. Future work will also
consider other models, e.g., basing the encoding process on a first-order Markov
model, as in [4,5], which can considerably improve compression performance.
The figures in Table 1 are still far from the compression that can be achieved
with adaptive dictionary methods. For instance, the Bible file can be reduced
by compress to 1.203 MB and by gzip to 1.022 MB. But recall that we are
looking for a static method, which will allow random and not only sequential
access to the compressed file, so that the dynamic methods are ruled out. On
the other hand, using Huffman coding in combination with Markov modeling,
when applied to the extended alphabet obtained by the fixed length weights,
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compresses the Bible file to 1.033 MB (including the overhead of storing the
large model), which is almost as good as for gzip. We thus anticipate that by
adapting the graph weights to the Markov model, even better compression can
be achieved.
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Abstract. Analysis of genome rearrangements allows to compare molec-
ular data from species that diverged a very long time ago. Results and
complexities are tightly related to the type of data and genome-level mu-
tations considered. For sorted and signed data, Hannenhalli and Pevzner
(HP) developed the first polynomial algorithm in the field. This algo-
rithm solves the problem of sorting by reversals. In this paper, we show
how to extend the HP approach to include insertions and deletions of
gene segments, allowing to compare genomes containing different genes.
We provide an exact algorithm for the asymmetric case, as applies in or-
ganellar genome evolution, and a heuristic for the symmetric case, with
bounds and a diagnostic for determining whether the output is optimal.

1 Introduction

The polynomial algorithm of Hannenhalli and Pevzner (hereafter “HP”) for sort-
ing by reversals [HP95a] was a breakthough for the formal analysis of evolution-
ary genome rearrangement. Moreover, they were able to extend their approach
to include the analysis of interchromosomal translocations [HP95b,Han95]. The
applicability of this theory, however, has been limited by the difficulty in ex-
tending it to other rearrangement mechanisms, such as gene duplication, or the
transposition, duplication or insertion of genomic fragments. In this paper, I
show how to extend the HP approach to include insertions and deletions of gene
segments, providing an exact algorithm for the asymmetric case, as applies in
organellar genome evolution, and a heuristic for the symmetric case, with bounds
and a diagnostic for determining whether the output is optimal.

This work will be situated in the context of circular genomes, as is most fre-
quently the case for single chromosomal genomes such as organelles and prokary-
otes. We assume that the direction of transcription is known. Formally, given
a set A of genes, a genome is a circular string of signed (+ or −) elements of
A, no gene appearing more than once. A gene segment is a subsequence of
consecutive genes in a genome. For a string X = x1x2 · · ·xr, denote by −X the
reverse string −xr−xr−1 · · ·−x1. A reversal (or inversion) transforms some
proper substring of a genome into its reverse.

Let G and H be two genomes with some genes in common, and others specific
to each genome. WriteA for the set of genes in both G and H , andAG andAH for
those in G and H only respectively. Our problem is to find the minimum number

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 222–234, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



Genome Rearrangement 223

of reversals, insertions and deletions of gene segments necessary to transform
G to H , with the restriction that deletions and insertions are not applied on
genes present in both genomes G and H . Although such manipulations may be
meaningful in some circonstances, in this paper we permit insertions/deletions
of genes only in AG or AH .

2 The Hannenhalli–Pevzner Theory

Given a set A of genes and two circular genomes G and H such that each gene of
A appears exactly once in each genome, how can we find the minimum number
of reversals necessary to transform G into H? The HP solution [HP95a] is an
exact polynomial algorithm, based on a bicoloured cycle graph constructed from
G and H . This graph will be the focus of our extension to the problem to include
segment insertion and deletion. We first sketch the HP method.

The HP bicoloured cycle graph G of G with respect to H is as follows. If
gene xi in genome G = x1 · · ·xn has positive sign, replace it by the pair xt

ix
h
i ,

and if it is negative, by xh
i xt

i. Then the vertices of G are just the xt and the xh

for all x in A. Without confusion, we can also apply the terminology “vertices
of G” to mean elements like xt or xh. Any two vertices which are adjacent in G,
other than xt

i and xh
i from the same x, are connected by a black edge, and any

two adjacent in H , by a gray edge. Each vertex is incident to exactly one black
and one gray edge, so that there is a unique decomposition of G into c disjoint
cycles of alternating edge colours. By the size of a cycle we mean the number
of black edges it contains. Note that c is maximized when G = H , in which case
each cycle is of size 1 and c = |A|.

A reversal is determined by the two points where it “cuts” the current
genome, which correspond each to a black edge. We say that a reversal ρ is
determined by the two black edges e = (a, b) and f = (c, d) if ρ reverses
the segment of G bounded by vertices b and c. The reversal determined by
a gray edge g is the reversal determined by the two black edges adjacent to
g. A reversal may change the number of cycles, so that minimizing the number
of operations can be seen in terms of increasing the number of cycles as fast as
possible.

Let e and f be two black edges of a cycle C of length greater than 1. Think
of both e and f as being oriented clockwise in the graph. Each one of them
induces an orientation of C. If the orientation induced by e and f coincide, we
say that they are convergent; otherwise we say that they are divergent. Let ρ
be a reversal determined by the two black edges e and f , and ∆(c) the increase
in the number of cycles of the graph after the reversal ρ.

1. If e and f belong to different cycles, then ∆(c) = −1.
2. If e and f belong to the same cycle and converge, then ∆(c) = 0.
3. If e and f belong to the same cycle and diverge, then ∆(c) = 1.

The goal is to perform as many reversals of the third type as possible. A
key concept in the method is the unoriented components. A gray edge g in
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a cycle of size > 1 is oriented if the two black edges adjacent to g diverge.
Otherwise, the edge is unoriented. A cycle C is oriented if it contains at least
one oriented gray edge. Otherwise it is unoriented. We say that two gray edges
g1 and g2 cross if g1 links vertices a and c, g2 links vertices b and d, but these
vertices are ordered a, b, c, d in G. Two cycles containing gray edges that cross
are connected. A (connected) component of G is a subset of the cycles, built
recursively from one cycle, at each step adding all the remaining cycles connected
to any of those already in the construction. A good component has at least
one oriented cycle and thus at least one oriented gray edge. Otherwise it is a
bad component.

HP showed that an oriented component can be solved, i.e transformed to
a set of cycles of size 1, by a series of good reversals, that is reversals of the
third type. However bad components often require bad reversals (reversals
of the first and second type). The set of bad components is subdivided into
subsets, depending on the difficulty to solve them (i.e. transform them into good
components). This subdivision is explained below.

We say that component U separates two components U ′ and U ′′ if any
potential edge we tried to draw from a vertex of U ′ to one of U ′′ would cut a
gray edge of U . A hurdle is a bad component which does not separate any pair of
bad components. We further distinguish between two types of hurdles. A hurdle
H is a superhurdle if the elimination of H from G transforms a non-hurdle H′

into a hurdle, and is a simple hurdle if not. A cycle graph G is a fortress if it
contains an odd number of hurdles, and they are all superhurdles.

The underlying idea is that a bad component U that separates two bad com-
ponents U ′ and U ′′ is automatically solved by solving U ′ and U ′′, and thus, can
be considered as a good one. On the other hand, a hurdle requires bad rever-
sals to be solved, and a superhurdle is a “bad hurdle”, giving rise to additional
problems.

To underestand how hurdles are solved, we require the following remark,
proved by HP:

Remark 1:

– A reversal determined by two divergent black edges in a single unoriented
cycle C transforms C into an oriented cycle C ′. The total number of cycles
of the graph remains unchanged.

– A reversal determined by two black edges from two different unoriented
cycles C1 and C2 transforms C1 and C2 into a single oriented cycle C. The
total number of cycles in the graph decreases by 1.

In order to solve hurdles, HP perform merging of appropriate pairs of hur-
dles. More precisely, components U ′ and U ′′ are solved by performing a particular
reversal acting on one edge of an unoriented cycle of U ′ and one edge of an un-
oriented cycle of U ′′, which transforms U ′ and U ′′ into one good component.
In the case of an odd number of hurdles, some hurdles are cut, by performing
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a reversal of the first type on two edges of the same cycle of a hurdle, which
transforms that hurdle into a good component. These operations are more pre-
cisely described in the HP algorithm (Figure 1). We require one more notion.
Two hurdles H1 and H2 are consecutive in G if there is no hurdle H in G that
has all its vertices between any vertex of H1 and any vertex of H2 (clockwise or
counterclockwise).

HP showed that the minimum number of reversals necessary to transform G
into H is:

R(G, H) = b(G, H)− c(G, H) + h(G, H) + fr(G, H) (1)

where b(G, H) is the number of black edges, c(G, H) is the number of cycles (of
size ≥ 1), h(G, H) is the number of hurdles of G, and fr(G, H) is 1 if G is a
fortress and 0 otherwise.

The HP algorithm for transforming G into H with a minimum of reversals
is described below. Note that h(G, H) changes value during the execution of the
algorithm. In [HP95a], it is shown that at each step, a reversal satisfying the
conditions of the algorithm can be found. For a more detailed presentation of
the HP formula and algorithm, see also [SM-97].

We extend the HP method to take into account deletions in Section 3, in-
sertions in Section 4, and deletions plus insertions in Section 5. For reasons of
space, we omit proofs in this abstract.

3 Deletions

Returning to the problem at hand, we require the minimum number of rear-
rangement operations, i.e., reversals, insertions and deletions, necessary to
transform genome G into genome H . We first consider the case where there are
no insertions. All genes in H are also in G, i.e. AH = ∅. The problem is then to
transform G into H with a minimum of reversals and segment deletions. Given
that the genes of AG are destined to be deleted, their identities and signs are
irrelevant (a segment does not need to have all its genes with the same orien-
tation to be deleted), and could be replaced with any symbols different from
those used for the genes in A. For any subsequence of vertices of G of form
S = u1u2 · · ·up−1up, where u1, up correspond to two genes of A, and for all i,
2 ≤ i ≤ p− 1, ui corresponds to a gene of AG, we replace S by the subsequence
S′ = u1δ(u1)up.

Example 1. Consider sets A = {a, b, c, d, e, f}, AG = {g, h, i, j, k, l}, and the
circular genome G (i.e. the first term follows the last one): +g +a −h +b
+c +i +d +l +e −j +k +f. Then G can be rewritten: δ(fh) +a δ(ah)
+b +c δ(ch) +d δ(dh) +e δ(eh) +f.

We represent genomes G and H by the bicoloured cycle graph G(G, H).
Denote by V the set of vertices, B the set of black edges and D the set of gray
edges of G(G, H). These three sets are defined as follows :
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Algorithm HP:
While G contains a cycle of size > 1
do

If G contains a good component CC
Choose an oriented gray edge g of CC such that the reversal determined
by g does not create a new bad component;
Execute the reversal determined by g;

Otherwise
If h(G, H) is even {hurdle merging}

Consider two appropriate (not consecutive) hurdles H1 and H2;
Arbitrarily choose a black edge e in H1 and a black edge f in H2,
and execute the reversal determined by e and f ;

Otherwise
If h(G, H) is odd and there is a simple hurdle H {hurdle cutting}

Execute the reversal determined by two arbitrarily chosen edges
e and f belonging to a single cycle in H;

Otherwise {fortress, hurdle merging}
If G is a fortress with more than three superhurdles

Consider two not consecutive hurdles H1 and H2;
Arbitrarily choose a black edge e in H1 and a black edge,
f in H2 and execute the corresponding reversal;

Otherwise {3-fortress, hurdle merging}
Consider any two hurdles H1 and H2;
Arbitrarily choose a back edge e in H1 and a black edge
f in H2, and execute the corresponding reversal;

Fig. 1. The HP algorithm for sorting genomes by reversals.

– V = {xs}s∈{h,t}
x∈A .

– The black edges pertain to genome G. There are two sorts of black edges:
direct black edges link two adjacent vertices in G, and indirect black edges
link two vertices separated by a δ. For an indirect black edge e = (a, b), δ(a)
is the label of e.

– Gray edges link adjacent vertices in H .

An indirect cycle is one containing at least one indirect edge. A hurdle
containing at least one indirect cycle is an indirect hurdle, otherwise it is a
direct hurdle.

Example 2. Consider the genome G of Example 1 and the genome H = +a
+d +c +b +f +e. The graph G(G, H) corresponding to these two genomes
is depicted in Figure 2. This graph is made up of two cycles, C1 and C2, both
indirect. These two cycles are unoriented and form a hurdle.

The reduced genome G induced by G is obtained by deleting from G all
the genes in AG. The cycle graph G(G, H) associated with genomes G and H is
obtained from G(G, H) by considering all the black edges of B to be direct.

For a reduced genome, the reversal acting on the two black edges e = (a, b)
and f = (c, d) reverses the segment of the genome G bounded by vertices b and
c. For a genome G containing genes to be deleted, the indirect edges represent,
not an adjacency in the genome G, but rather an interval containing only genes
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Fig. 2. The black edges with a δ are indirect, i.e., there are genes of AG between
the two vertices that determine each of these edges.

to be deleted. We thus have to define what we mean by “the reversal acting on
two black edges”, of which at least one is indirect.

Let e = (a, b) and f = (c, d) be two indirect edges. The interval [b, c] desig-
nates the interval of G bounded by the two vertices b and c; the interval [b, δ(c)]
designates the interval of G bounded on the left by b and on the right by the
element of AG adjacent to d.

Definition 1. Consider two black edges e = (a, b) and f = (c, d). The reversal
ρ determined by e and f is defined as follows. If e and f are not both indirect,
ρ reverses segment [b, c]. Else (e and f are both indirect), ρ reverses segment
[b, δ(c)] (see Figure 3.a).

Consider an oriented gray edge g = (b, d) adjacent to two black edges e =
(a, b) and f = (c, d). The reversal ρ determined by g reverses segment [b, c]
if f is direct, and reverses segment [b, δ(c)] if f is indirect (see Figure 3.b).
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Fig. 3. (a) A reversal determined by two indirect black edges. (b) A reversal
determined by a gray edge adjacent to 2 indirect black edges. This creates a
direct cycle of size 1.

The HP algorithm can be generalized to graph containing direct and indirect
edges by making use of the above definition of a reversal determined by two black
edges, or by a gray edge. After each reversal, for each vertex a, δ(a) represents
the sequence of genes of AG following a in the resulting genome. These gene
sequences change throughout the execution of the algorithm.

Lemma 1. A reversal determined by an oriented gray edge of a cycle C trans-
forms C into two cycles C1 and C2, at least one of which is of size 1. Suppose
this is true of C1. Then the black edge of C1 is direct (Figure 3.b)

Corollary 1. An oriented cycle C of size n is transformed by the HP algorithm,
in n−1 reversals, into n cycles of size 1. If C is direct, the n cycles are all direct.
If not, only one of these cycles is indirect.
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Corollary 1 states that for each oriented cycle C, the HP algorithm gathers
all the genes to delete from C into a single segment. At the end of the algorithm,
a single deletion is required for each oriented cycle. Now, consider the case of
unoriented cycles forming hurdles. HP solve hurdles by merging and cutting them
in a specific way, described in the HP algorithm (Figure 1). The merging of two
hurdles H1 and H2 is achieved by combining two unoriented cycles C1 and C2,
one from each of the two hurdles. This gets rid of the two hurdles, and creates an
oriented cycle. This cycle is then solved by HP as described above. So that there
are as few deletions as possible, the strategy is to carry out as many merging
as possible of pairs of indirect cycles. This requires a careful hurdle choice, and
cycle choice for each hurdle, within the HP algorithm. Notice that, according to
HP algorithm, merging occurs only when the total number of hurdles is even.
In order to keep as many indirect hurdles as possible (to be able to perform as
many merging as possible of pairs of indirect hurdles), if the initial number of
hurdles is odd and one hurdle must be cut, we will prefer to do this to a direct
hurdle. In summary:

hurdle merging
Choose two non-consecutive hurdles H1 and H2, indirect if possible, in a
certain way;
Choose e in H1 and f in H2, indirect if possible;
hurdle cutting
Choose a simple hurdle H, direct if possible;
Perform the reversal determined by any 2 black edges from the same cycle of H.

It remains to specify precisely how to choose hurdles to merge. Let SH be the
set of hurdles of G(G, H), and let h(G, H) = |SH|. We subdivide SH into subsets
I1, D1, · · · Ip, Dp, where each Ii is a maximal set made up of consecutive indirect
hurdles, bounded at either end by maximal sets Di−1 and Di+1 of consecutive
direct hurdles. The order within the sets Ii and Di is arbitrary. We set Ip+1 = I1,
and I0 = Ip (and similarly for Dp+1 and D0). The sets Ii, for 1 ≤ i ≤ p, are called
indirect. The order in which hurdle merging occurs is given by the procedure
Indirect-hurdle-merging described in Figure 4.

Let µ(G, H) be the number of merging during procedure Indirect-hurdle-
merging.

Lemma 2. Procedure Indirect-hurdle-merging is correct, i.e. it respects the
merging constraints of the HP algorithm. Moreover, if p = 1, h(G, H) is even
and there is at least one direct hurdle, then µ(G, H) = h(G,H)

2
− 1. Otherwise,

µ(G) =
⌊

h(G,H)
2

⌋
.

Lemma 3. Let µP be the number of merging applied to pairs of indirect hurdles
of G(G, H), performed by the HP algorithm , according to any order P . Then
µ(G, H) ≥ µP .

From now on, when we refer to the HP algorithm, this choice procedure will
be assumed. No specific constraints are required to merge hurdles (direct plus
at most one indirect) that remain unmerged after the procedure.
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Procedure Indirect-hurdle-merging
For all i, 1 ≤ i ≤ p, do

While there are at least three hurdles in Ii do
Perform the merging of any two non-consecutive hurdles in Ii;

{At the end of this step, it remains p indirect sets, each of size 1 or 2}
If p > 1

Let I ′
1, · · · , I ′

r be the obtained indirect sets of size 1
For all j ∈ {1, 3, · · · r − 1− (r mod 2)} do

Merge the hurdle of I ′
j with the hurdle of I ′

j+1;
Let I ′′

1 , · · · , I ′′
s be the obtained indirect sets of size 2

For all j, 1 ≤ j ≤ s, do
Merge one of the two hurdles of I ′′

j with one of the two hurdles of I ′′
j+1;

Else
If p = 1, I1 is of size 2, and there are no direct hurdles

Merge the two hurdles of I1.

Fig. 4. A suitable order for hurdle merging

Let G1(G, H) be the graph containing only size 1 cycles obtained after apply-
ing the HP algorithm to the graph G(G, H). Consider the procedure Deletion,
described as follow, applied to G1(G, H):

Procedure Deletion:
For each indirect edge e = (a, b) of G1(G, H)

Delete the gene segment between a and b, symbolized by δ(a).

We will call the HP algorithm augmented by Procedure Deletion the
Reversal-deletion algorithm. This algorithm transforms the genome G into
the genome H . Denote by ic(G, H) the number of indirect cycles of G(G, H),
and by R(G, H) the minimum number of reversals necessary to transform G into
H . This value is obtained by formula (1) of HP (section 2).

Theorem 1. The Reversal-deletion algorithm performs R(G, H) reversals and
D(G, H) = ic(G, H) − µ(G, H) deletions. Therefore: RD(G, H) = R(G, H) +
D(G, H). Moreover, RD(G, H) is the minimum number of rearrangement oper-
ations necessary to transform G into H.

4 Insertions

The case AG = ∅, where the set of genes of G is a subset of the set of genes of
H , i.e. the problem of transforming G into H with a minimum of reversals and
insertions, can be solved by the reversals-deletions analysis, where G takes on
the role of H , and vice versa. Each deletion in the H-to-G solution becomes an
insertion in the G-to-H . Each reversal in one direction corresponds to a reversal
of the same segment in the opposite direction. Nevertheless, we will examine
the case of insertions in order to introduce some concepts for the subsequent
analysis.

Consider then the problem of transforming H to G by a minimum number
of reversals and deletions. Let G(H, G) be the corresponding graph. We will
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not, however, replace the genes of H to be deleted by the δ parameters. Let
RD(H, G) = R(H, G) + D(H, G) be the minimum number of reversals and
deletions necessary to transform H into G, where R(H, G) is the number of
reversals and D(H, G) the corresponding number of deletions. Let G1 be the
graph containing only cycles of size 1 obtained by applying the HP algorithm to
the graph G(H, G). The number of indirect cycles of this graph is D(H, G) (with
the definition given in theorem 1). Each indirect black edge of G1 is labeled by a
sequence of genes of AH . Consider the genome Gc obtained from G as follows:
for each pair of adjacent vertices a and b in G, if (a, b) is an indirect black edge
of G1 labeled by the sequence of genes y1 · · ·yp de AH , then insert this sequence
of genes between a and b in G. We call Gc the filled genome of G relative to
H .

Lemma 4. The minimum number of reversals and insertions necessary to trans-
form G into H is RI(G, H) = R(H, G) + D(H, G). Moreover, R(H, G) is the
number of reversals, and D(H, G) is the number of insertions.

Example 3. Consider the sets A = {a, b, c, d, e, f, g},AH = {y1, y2, y3, y4}, and
the two genomes G = +a +b +c +d +e +f +g and H = +y1 +d +y2 +f +
b +y3 +c +e +y4 +a +g. Figure 5 depicts the graph G(H, G).

Given that G(H, G) contains 7 black edges, 3 cycles and 1 hurdle, R(H, G) =
7 − 3 + 1 = 5. The HP algorithm does 5 reversals, and produces the following
filled genome: Gc = +y1 −y2 −y4 +a +b +y3 +c +d +e +f +g. Two
insertions are necessary to transform G into Gc.
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Fig. 5. G(H, G) contains 7 black edges, 3 cycles, of which 2 are indirect, and 1
hurdle.

5 Insertions and Deletions

Consider now the general case where AG 6= ∅ and AH 6= ∅. Let G be the reduced
genome of G, and H the reduced genome of H .

Lemma 5. Let RDI(G, H) be the minimum number of rearrangement opera-
tions necessary to transform G into H. Then RDI(G, H) ≥ R(G, H)+D(H, G)+
D(G, H).

Let G
c

be the filled genome of G relative to H . Given that G
c

and H contain
the same set of vertices, the edges of G(Gc

, H) must all be direct.
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We must now take into account the vertices of AG. Let a and b be two
adjacent vertices in G, separated in G by a segment X(a) of vertices of AG. If a
and b are separated in G

c
by a segment Y (a) of vertices of AH , then we have the

choice to place X(a) before or after Y (a). This choice is made so that we require
as few deletions as possible to transform G

c
into H . By Gc we denote the genome

obtained by appropriately adding the vertices of AG to G
c
. The graph G(Gc, H)

is obtained from G(Gc
, H) by transforming certain black edges of G(Gc

, H) into
indirect edges. The procedure Construct-Gc constructs such a graph G(Gc, H)
corresponding to a genome Gc, from the graph G(Gc

, H). We write X(a) for the
gene segment of AG that follows vertex a in G. At each step of the construction,
we say that a cycle (or a hurdle) of the obtained graph is indirect, if it contains
indirect edges (constructed during previous steps). In addition, note that when
an edge of the graph is labeled, it becomes indirect.

Procedure Construct-Gc:

For each black edge (a, b) of G(Gc
, H) such that a is succeeded in G by a

segment X(a) do
If (a, b) is a (direct) black edge of G(Gc

, H)
Transform (a, b) into indirect edge by labeling it by X(a);

Otherwise, let y1 · · · yp be the sequence of vertices of AH situated

between a and b in G
c

If one of the two black edges (a, y1) or (yp, b) belongs to an indirect cycle,
Consider one such edge and label it by X(a);

Otherwise
If one of the black edges (a, y1) or (yp, b) belongs to an indirect hurdle

Consider one such edge and label it by X(a);
Otherwise

Label by X(a) either one of the two edges;

After having obtained the genome Gc from G by D(H, G) suitable inser-
tions, the transformation of Gc into H is obtained by the Reversal-deletion al-
gorithm applied to the graph G(Gc, H). This algorithm does R(G, H) reversals
and D(Gc, H) deletions.

We summarize the transformation from G to H as follows:

1. Apply the HP algorithm to the graph G(H, G). The final graph obtained
contains D(H, G) indirect edges.

2. Do the D(H, G) insertions deducible from the indirect edges, and transform
G to G

c
.

3. Fill the genome G
c

to obtain genome Gc, using Procedure Construct-Gc.
4. Apply the Reversal-deletion algorithm to the graph G(Gc, H). The algorithm

does R(G, H) reversals and D(Gc, H) deletions.

Proposition 1. The number of rearrangement operations occurring during the
application of the method is: RDI1(G, H) = R(G, H) + D(H, G) + D(Gc, H),
where R(G, H) is the number of reversals, D(H, G) is the number of insertions
and D(Gc, H) is the number of deletions.

Moreover, the number of reversals and insertions is minimal, and if
D(Gc, H) = D(G, H), then the total number of rearrangement operations is
minimal.
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Example 4. Consider the sets A = {a, b, c, d, e, f, g},AG = {x1, x2, x3, x4, x5},
AH = {y1, y2, y3, y4}, and the two genomes G = +x1 +a +x2 +b +c+x3 +d +
x4 +e +x5 +f +g, and H = +y1 +d +y2 +f +b +y3 +c +e +y4 +a +g.

Given that G and H are the two genomes in Example 3, Figure 5 represents
the graph G(H, G). Two insertions are necessary to transform G into G

c
=

+y1 −y2 −y4 +a +b +y3 +c +d +e +f +g.
Figure 6 depicts G(Gc, H), which contains two indirect cycles C1 and C2,

and a single hurdle. Therefore D(Gc, H) = 2. Moreover, since R(G, H) = 5
(Example 3), 5 reversals followed by 2 deletions are necessary to convert Gc to
H. The total number of rearrangement operations used to transform G to H is
thus 2 + 5 + 2 = 9.

On the other hand, the construction of graph G(G, H) reveals that D(G, H) =
2. Nine is thus the minimal number of rearrangement operations necessary to
transform G to H.
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Fig. 6. The graph G(Gc, H).

Theorem 2. Let ie(G, H) be the number of indirect edges of G(G, H), and let
RDI1(G, H) be the number of rearrangement operations obtained by the method
described above. Then:

R(G, H)+D(H, G)+D(G, H) ≤ RDI1(G, H) ≤ R(G, H)+D(H, G)+ ie(G, H)

Remark 2: A better solution will, sometimes, be found by calculating the min-
imum number of operations necessary to transform H to G. Thus, it is a good
idea to always consider min(RDI1(G, H), RDI1(H, G)).

The time complexity of our method depends on the complexity of the HP
algorithm. If we require only the minimum number of reversals necessary to
transform a genome G into a genome H , both of size n, it suffices to construct
the cycle graph of G and H , and to count the number of cycles, super-hurdles and
simple hurdles within it. As presented in [HP95a], the cycle graph is constructed
in O(n2) time. The complexity becomes O(n4) if we want to produce an explicit
sequence of reversals which transforms G to H . The HP algorithm was sped up
by Berman and Hannenhalli [BH96]. The complexities they report are expressed
in terms of α(n), the inverse of Ackerman’s function. The construction of the
cycle graph is O(nα(n)) and the actual production of the reversals is O(n2α(n)).

Kaplan, Shamir and Tarjan [KST97] further improved on this complexity.
First, they considered a simplified representation of the graph and for efficiency
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considerations, they avoided generating it explicitly. Secondly, they considered
the notion of “happy clique” to simplify the reversal choice procedure to solve
good components. Their method does not change hurdles cutting and hurdles
merging procedures. With these improvements, the time complexity for the pro-
duction of a minimal sequence of reversals becomes O(n2).

As our modifications to take into account insertions and deletions are not
affected by the way reversals are chosen to solve good components, they are
compatible with Kaplan, Shamir and Tarjan improvements. Therefore, we can
assume their complexity for the HP algorithm in analyzing our extension to
deletion and insertion.

Theorem 3. Consider n = max(|A|+ |AG|, |A|+ |AH|). The transformation of
G to H by the above method is of time complexity O(n2).

Remark 3: To obtain the parameter D(Gc, H), we should construct genome
Gc. To do so, the HP algorithm must be applied to the graph G(H, G). The
complexity of our method thus remains O(n2), even if we are only looking for
the minimum number of rearrangement operations, and not for the actual oper-
ations.

6 An Application to the Comparison of Mitochondrial
Genomes

To test our method on some realistic data of moderate size, we selected three
mitochondrial genomes from GOBASE archives [KLRB+98]. Reclimonas amer-
icana is thought to most resemble the ancestral mitochondrion, and other mito-
chondria to have evolved through deletion of segments or individual genes from
the set of genes found in Reclinomonas. Allomyces macrogynus is a fungus and
Tetrahymena pyriformis an unrelated protist. To simplify the problem some-
what, we discarded all tRNA genes from the gene orders, since the homological
correspondences among tRNAs is not always clear in mitochondria. This left 66
genes for Reclinomonas, 17 for Allomyces and 23 for Tetrahymena.

Reclinomonas contains 49 genes in addition to those in Allomyces, and these
genes are scattered among 10 segments in the genome. The transformation of
the Reclinomonas genome to the Allomyces one by our algorithm requires 14
reversals but only three segment deletions.

Reclinomonas contains 43 genes in addition to those in Tetrahymena, and
these genes are scattered among 11 segments in the genome. The transformation
of the Reclinomonas genome to the Tetrahymena one by our algorithm requires
19 reversals but only two segment deletions.

Allomyces and Tetrahymena have 12 genes in common. The five supplemen-
tary genes in Allomyces are each in a separate segment, and the 11 supplemen-
tary genes in Tetrahymena are found in 6 segments. Converting the Tetrahymena
genome into the Allomyces one by our algorithm requires 9 reversals, 2 insertions
et 3 deletions. Moreover, the construction of the graph G(G, H) reveals that this
number of operations is minimal.
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7 Conclusion

The approach taken in this paper could readily be extended to a distance de-
fined on multichromosomal genomes, where the rearrangement operations in-
clude reciprocal translocation, chromosome fusion and chromosome fission, as
well as reversal, insertion and deletion. The Hannenhalli and Pevzner approach
to translocation and reversal distance [HP95b] makes use of the same kind of
cycle graph that we exploit in the present research.
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Abstract. Breakpoint phylogenies methods have been shown to be an
effective way to extract phylogenetic information from gene order data.
Currently, the only practical breakpoint phylogeny algorithms for the
analysis of large genomes with varied gene content are heuristics with
no optimality guarantee. Here we address this shortcoming by describ-
ing new bounds for the breakpoint median problem, and for the more
complicated breakpoint phylogeny problem. In both cases we employ La-
grangian multipliers and subgradient optimization to tighten the bounds.
The experimental results are promising: we achieve lower bounds close
to the upper bounds established using breakpoint phylogeny heuristics.

1 Phylogenetic Inference Using Gene Order Data

Molecular systematics has long focused on the comparison of DNA or protein
sequences which have evolved through the local operations of replacement of
one term by another, or the insertion or deletion of one or more terms. With
the growing availability of genomic data in recent years, however, attention has
been drawn to global rearrangements over the whole genome, rather than just
local nucleotide or amino acid patterns. As genomes evolve, genes are inserted
or deleted, segments of the genome are reversed, or removed and re-inserted at a
new position. This leads to different genomes having homologous genes arranged
in different orders on their gene maps.

For some time, gene order maps have been investigated as a possible source of
phylogenetic information [13]. The approach is particularly attractive for groups
of organisms, such as the early branching eukaryotes studied here, that have
been difficult to analyse using conventional sequence based methods [16].

Much early work in the field focused on the estimation of rearrangement
distances. A phylogeny is then constructed using standard distance based tree
estimation methods [13,5]. Such an approach is limited by the inability of dis-
tance based methods to estimate ancestral gene orders.

An alternative to distance based approaches is to construct phylogenies and
ancestral gene orders using a parsimony criterion, where the length of an edge
in the tree is determined according to a rearrangement distance. Unfortunately,
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the extension of rearrangement distances to more than two genomes proved to
be computationally difficult [3]. Existing heuristic methods work well for only
very small problems [4,14].

1.1 Breakpoint Analysis of Gene Order Data

The breakpoint phylogeny method for the analysis of gene order data was intro-
duced by Sankoff and Blanchette [15]. The approach avoids many of the compu-
tational difficulties inherent in rearrangement distance based methods. Recently,
the method has been applied successfully to the study of early eukaryote evo-
lution, extracting clear phylogenetic signals from genomes that vary greatly in
both gene order and content [16].

At the current time, the only practical methods for the analysis of gene
order data using breakpoints are heuristics. The breakpoint median problem
(see section 1.3) and the breakpoint phylogeny problem (see section 1.4) are both
NP-hard. Approximation algorithms, based on the traveling salesman problem
(TSP), are possible for the breakpoint median problem when the genomes have
equal gene sets, however these all break down when gene content differs or the
problem is extended to a phylogenetic tree. In any case, the combination of fast
heuristics and tight lower bounds have been of far more practical use in the TSP
than approximation algorithms. They give much closer optimality guarantees,
and can be used as the basis for branch and bound methods.

1.2 Gene Order Data and the Normalised Breakpoint Distance

A genome A is described in terms of a (circular) ordering A = 〈a1, a2, . . . , an, a1〉.
The genes are signed either positive (ai) or negative (−ai) to indicate the tran-
scription direction of the gene. Reversing the direction and signs of a genome
therefore gives the same genome. We let G(A) denote the set of genes in A, in-
cluding both positive and negative copies of each gene. For each ai ∈ G(A) we let
succ(ai, A) denote the successor of g in A. In this example, succ(ai, A) = ai+1

and succ(an, A) = a1. Note that succ(g, A) = h if and only if succ(−h, A) = −g.
Let A be a genome and let W be a set of genes. We let A|W denote the

genome A with all genes not in W removed, and all remaining genes left in the
same order. The (normalised) breakpoint distance between two genomes A
and B is then defined

d(A, B) = 1
2|G(A)∩G(B)| |{g ∈ G(A) ∩ G(B) : succ(g, A|G(B)) 6= succ(g, B|G(A))}|

(1)
Thus d(A, B) is unaffected by genes that only appear in one of A or B. We note
that this breakpoint distance differs from that used in [2,1] by the introduction
of the scaling factor 1

2|G(A)∩G(B)| . The normalisation is introduced to overcome
a problem of the former breakpoint distances: when there is a great deal of vari-
ation in gene content, unnormalised breakpoint distances will tend to produce
trees where large genomes are forced apart [16].
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1.3 The Breakpoint Median Problem

Let A = A1, . . . , AN be a collection of genomes and define

G(A) = G(A1) ∪ G(A2) · · · ∪ G(AN ) . (2)

We will assume that each gene g ∈ G(A) appears in at least two genomes, as
genes appearing in only one genome do not contribute to gene order information.

The median score Ψ(X,A) of a genome X with gene set G(X) = G(A) is
defined

Ψ(X,A) =
N∑

i=1

d(X, Ai) (3)

and the breakpoint median problem is to find X with G(X) = G(A) that min-
imizes Ψ(X,A). The breakpoint median problem is NP-hard, even for three
genomes with equal gene content [10]. However, when the genomes do have equal
gene content the problem can be converted into a travelling salesman problem
of the same size, and solved for small to moderate instances. The reduction does
not apply to the case when genomes have unequal gene content. In this case, one
can apply the gene by gene insertion heuristic of [16]. The lower bounds in this
paper can be used to check how close a heuristic solution is to optimal.

1.4 The Breakpoint Phylogeny Problem

Let T = (V, E(T )) be a binary rooted tree with N leaves. We direct all edges of
T towards the root. To each leaf we assign a different genome Ai from the input
collection A = A1, A2, . . . , AN . A valid assignment of genomes to internal
nodes of T is a function X from V to the set of genomes satisfying:

1. For each leaf v ∈ V , X (v) is the genome assigned to Ai.
2. For each internal node v ∈ V with children u1, u2 we have G(X (v)) =
G(X (u1)) ∪ G(X (u2)).

The second condition models the situation in early branching eukaryotes where
all genes are believed to be present in the ancestral genome and gene content
differs only through deletions.

The length of a tree T with respect to the input genomes A and a valid
assignment X is defined

l(X ,A, T ) =
∑

(u,v)∈E(T )

d(X (u),X (v)) (4)

and the breakpoint phylogeny problem is to find a valid assignment X
minimizing l(X ,A, T ).

Current heuristics for the breakpoint phylogeny problem use multiple appli-
cations of a breakpoint median method [15,16]. Initially, a valid assignment for
the tree is determined randomly. The heuristic makes multiple passes through
the tree. At each internal node v it constructs a solution to the median break-
point problem with input equal to the genomes assigned to the neighbours of v.
If the solution gives an assignment of shorter length, the new genome is assigned
to v. The procedure repeats until a local optimum is reached.
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2 A Lower Bound for the Breakpoint Median Problem

In many ways, the lower bound we develop for the breakpoint median problem
parallels the 2-neighbour bound for the TSP. In the TSP the length of a tour is
the sum of the lengths of the edges of a tour, which is equal to twice the sum of
distances from each city to the two adjacent cities in the tour. If we calculate,
for each city x, the two closest cities to x, and then sum these distances over all
cities, we obtain a lower bound for the length of a tour.

The same idea holds for the breakpoint median problem: we calculate an
optimum collection of successors for each gene and then sum these to obtain
a lower bound. The situation is complicated by the fact that the breakpoint
distance is calculated from induced genomes. We can no longer calculate a single
“closest successor” but instead calculate a vector of closest successors. Like the
2-neighbour bound, we are calculating successors in both directions: successors
for g and successors for −g.

2.1 Local Optimum Bound

Let A and B be two signed genomes. For every gene g ∈ G(A) ∩ G(B) we define
the local breakpoint distance

dg(A, B) =
{ 1

|G(A)∩G(B)| , if succ(g, A|G(B)) 6= succ(g, B|G(A));
0, otherwise.

(5)

If g 6∈ G(A) ∩ G(B) then dg(A, B) = 0. The breakpoint distance between two
genomes can then be composed into the sum of local breakpoint distances, using

d(A, B) = 1
2

∑
g∈G(A)∪G(B)

dg(A, B) . (6)

We can decompose the median score Ψ(X) in the same way. Let A = A1, A2,
. . . , AN be a collection of signed genomes. Let X be a genome with gene set
G(A). For each g ∈ G(A) we define

Ψg(X,A) =
N∑

i=1

dg(X, Ai) (7)

so that
Ψ(X,A) = 1

2

∑
g∈G(A)

Ψg(X,A) (8)

For each gene g ∈ G define

Ψ∗
g (A) = min

X
{Ψg(X,A) : G(X) = G(A)} . (9)

The local optimum bound for the breakpoint median problem with input
genomes A is then defined

LOB(A) = 1
2

∑
g∈G(A)

Ψ∗
g (A) . (10)
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Lemma 1. Let A be a collection of genomes. For all genomes X with gene set
G(A) we have

Ψ(X,A) ≥ LOB(A) . (11)

2.2 Computing the Local Optimum Bound

The utility of the local optimum bound depends on our ability to compute Ψ∗
g (A)

quickly. Here we show that if the number N of input genomes is bounded (as is
usually the case) then Ψ∗

g (A) can be computed in O(n) time, but if the number
of genomes is unbounded then computing LOB(A) (and therefore computing
Ψ∗

g (A)) is NP-hard.
The first and most important observation is that the only genes of X that in-

fluence Ψg(X,A) are those in {succ(g, X|G(Ai)) : i = 1, . . . , N}. We can therefore
assume that X is of the form

〈g, h1, h2, . . . , hk, a1, . . . , am, g〉 (12)

where each hj equals succ(g, X|G(Ai)) for some i ∈ {1, . . . , N} and none of the
genes aj do. The problem of optimizing Ψg(X,A) then boils down to finding
optimal successors h1, . . . , hk. This can be done using a simple search tree, where
each node of the tree except the root is labelled by a gene. The children of the
root are labelled by different choices for h1, their children are labelled by choices
for h2, and so on. For a given node, if every genome has a gene from that node
or an ancestor of that node we stop and evaluate the corresponding sequence of
successors, otherwise we branch on possible choices for the next successor.

The depth of this search tree is bounded by N , the number of genomes. The
degree is bounded by the number of genes we need to search through.

Define
S(g,A) = {succ(g, Ai) : g ∈ G(Ai), i = 1, . . . , N} . (13)

Lemma 2. There is X minimizing Ψg(X,A) such that

{succ(g, X|G(Ai)) : i = 1, . . . , N} ⊆ S(g,A) . (14)

Hence we can minimize Ψg(X,A) in O(NN !) time.

It follows that we can calculate LOB(A) in O(nNN !) time. This bound
is useful when the number of genomes is bounded, but impractical when the
number of genomes is large. In this case, it appears that there will be no efficient
algorithm for computing LOB.

Lemma 3. It is NP-hard to calculate LOB(A1 , . . . , AN) for a set of genomes A
with unequal gene sets. Hence it is also NP-hard to calculate Ψ∗

g (A) for a given
gene g.

Proof. We provide a reduction from FEEDBACK ARC SET [8], which is NP-
complete even when there is no pair of vertices u, v with an arc from u to v
and another arc from v to u. Let the directed graph G = (V, E) and number
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K ≤ |E| make up an arbitrary instance of FEEDBACK ARC SET satisfying
this condition. Put G = V ∪ {x} where x is a new gene. Construct a collection
of genomes

A = {〈x, a, a′, x〉 : (a, a′) ∈ E} (15)

which all have genes in G. We claim that G = (V, E) has a feedback arc set
E′ ⊆ E of size K if and only if LOB(A) ≤ K.

For each a ∈ V , put B = {b : (a, b) ∈ E}, let b1, . . . , bk be an arbitrary
ordering of B, and consider the subsequence a, b1, . . . , bk, x. This gives Ψ∗

a (A) = 0
for all a ∈ V . The same trick (in reverse) gives Ψ∗−a(A) = 0 for all a ∈ V . Hence
LOB(A) = 1

2(Ψ∗
x (A) + Ψ∗−x(A)).

Suppose that E′ is a FEEDBACK arc set of size K. Let a1, . . . , an be an
ordering of V such that for each arc (ai, aj) ∈ E − E′ we have i < j. Consider
X = 〈x, a1, a2, . . . , an, x〉. Then Ψx(X,A) is the number of arcs (aj , ai) ∈ E such
that j > i, and Ψ−x(X,A) = Ψx(X,A). Hence LOB(A) ≤ |E′| ≤ K.

Conversely, suppose that LOB(A) ≤ K. Without loss of generality, Ψx(X,A)
≤ K. Let X = 〈x, a1, a2, . . . , an, x〉 be a genome with Ψx(X,A) = Ψ∗

x (A). There
are at most K genomes 〈x, aj, ai, x〉 ∈ A such that j > i, and the corresponding
edges form a feedback arc set for G.

We stress, however, that in most current applications the number of genomes
N in the breakpoint median problem is bounded (typically N ≤ 3). In these
cases, the above NP-hardness result is irrelevant.

2.3 Tightening the Bound Using Lagrange Multipliers

Here we show how the introduction of Lagrange multipliers can be used to tighten
the bound.

For every genome Ai and every gene g ∈ G(Ai) we introduce a Lagrangian
multiplier λ[Ai, g]. We use the Lagrange multipliers to weight the decomposed
Ψ score. For each gene g, define

Ψg(X,A, λ) = Ψg(X,A) +
N∑

i=1

λ[Ai, succ(g, X|G(Ai))] . (16)

Thus for any genome X,

Ψ(X,A) = 1
2

N∑
i=1

Ψg(X,A, λ)− 1
2

N∑
i=1

∑
g∈G(Ai)

λ[Ai, g] . (17)

We define the (weighted) local optima by

Ψ∗
g (A, λ) = min

X
{Ψg(X,A, λ) : G(X) = G(A)} . (18)

The weighted local optimum bound is given by

LOB(A, λ) = 1
2

∑
g∈G

Ψ∗
g (A, λ)− 1

2

N∑
i=1

∑
g∈G(Ai)

λ[Ai, g] (19)
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so that for all choices of λ, and all genomes X with G(X) = G(A), we have

LOB(A, λ) ≤ Ψ(X,A) . (20)

We would like to find λ that gives as tight a bound as possible, that is, λ that
maximises LOB(A, λ). We discuss this problem in section 2.5. First, however,
we consider the problem of efficiently computing LOB(A, λ) for a given λ.

2.4 Computing LOB(A, λ)

We now need to generalise the results obtained in section 2.2 to the case when
the genes are weighted. Clearly, when N is unbounded the problem remains
NP-hard—the unweighted case is the same as when all λ values are zero. We
will therefore assume that N is bounded, with a particular interest in the case
N = 3.

Lemma 2 does not hold in this case. There could be a gene that is not a
successor of g in any of the genomes, but has a large negative weight so would
be included in the optimal genome. We use another trick to restrict the number
of genes to search.

Suppose that for each genome Ai and each g ∈ G(Ai) we have a weight
w(Ai, g). For each I, J ⊆ {1, 2, . . . , N} let Γ [I, J ] be the gene g minimizing∑

i∈I w(Ai, g) over all g such that

I ⊆ {i : g ∈ G(Ai)} ⊆ J . (21)

The table Γ is called a successor profile for A with respect to weighting
function w.

Lemma 4. Let Γ and γ be successor profiles for A with respect to the weight-
ing function w[Ai, h] = λ[Ai, h]. For each g ∈ G(A) there is X minimizing
Ψg(X,A, λ) such that

{succ(g, X|G(Ai)) : i = 1, . . . , N} ⊆ S(g,A) ∪ Γ . (22)

Since |Γ | is O(3N) we can minimizing Ψg(X,A, λ) in O(N3NN) time.

Note that the time bound in Lemma 4 is very rough. Generally, not all the
elements of Γ need to be determined, and the search tree is much smaller than
indicated. For example, when N = 3 and each gene appears in at least two
genomes, we need only determine 16 entries of Γ and the size of the search tree
is about 50 nodes.

2.5 Subgradient Optimization

Since every λ gives a new bound, we wish to find λ that maximizes LOB(A, λ).
As in the Held-Karp bound (c.f. [6,7,11]), the lower bound function is convex
and piecewise linear. We will use the Lagrangian multipliers to force the choice
of successors in the local optimum bound to be more like the successors from
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a genome, thereby obtaining a tighter lower bound for the breakpoint median
problem.

Fix a particular matrix of values for λ. For each g ∈ G(A) let Xg be the
genome chosen such that Ψg(Xg ,A, λ) = Ψ∗

g (A, λ). For each genome Ai and
each h ∈ G(Ai) we compute the frequency

f [Ai, h] = |{g : succ(g, Xg|G(Ai)) = h, Ai ∈ A}| . (23)

We can use f to compute a sub-gradient for LOBλ at λ. For each i = 1, . . . , N
and each h ∈ Gi define

∆[Ai, h] = f [Ai, h]− 1 . (24)

Intuitively, if a gene h in an genome is chosen as a successor of a lot of genes,
then that gene is given a larger weight to encourage less selections of the gene
the next time through. Alternatively, if a gene is not selected as a successor then
it is given a small weight.

We use ∆ as the next search direction in a simple line search (algorithm 1),
based on the subgradient optimization algorithm of [11], pg 176.

Algorithm 1: Subgradient optimization of LOB(A, λ).

input : Genomes A. Initial step length τ . Decrement factor α ∈ [0, 1]. Number
of iterations m.

output : A lower bound for Psi(X,A).

foreach i = 1, . . . , N and h ∈ Gi do λ[i, h]← 0;
for k = 1 to m do

Compute the bound LOB(A, λ) and the frequency table f .;
Compute ∆ using equation 24;
foreach i = 1, . . . , N and h ∈ Gi do

λ[Ai, h]← λ[Ai, h] + τ∆;
τ ← ατ ;

Output the largest bound calculated.;
end ;

Our experimental studies indicated an average improvement of 20% from
using Lagrangian optimization.

3 A Lower Bound for Breakpoint Phylogeny

While the lower bound we have derived for the breakpoint median problem
can be used to assess the performance of the breakpoint median heuristic at
each individual internal node, it does not give a lower bound for the entire
breakpoint phylogeny problem. Here we describe how the local optimum bound
for the breakpoint median problem can be extended to a lower bound with the
breakpoint phylogeny problem, including the Lagrangian optimization.
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3.1 Local Optimum Bound on a Tree

The intuitive idea behind the lower bound for the breakpoint phylogeny problem
is the same as for the local optimum bound for the breakpoint median problem.
For each gene we determine an optimal sequence of successors so that the sum
of the breakpoint distances, this time over the whole tree, is minimum.

For each gene g ∈ G(A) and each valid assignment X of genomes to nodes of
T , we define a “local” score

lg(X ,A, T ) =
∑

(u,v)∈E(T )

dg(X (u),X (v)) . (25)

The length of a tree (eqn. 4) can then be written as

l(X ,A, T ) = 1
2

∑
g∈G(A)

lg(X ,A, T ) . (26)

Let l∗g(A, T ) be the minimum of lg(X ,A, T ) over all valid assignments of
internal genomes X . The local optimum bound for the breakpoint phylogeny
problem is then defined as

L(A, T ) = 1
2

∑
g∈G(A)

l∗g(A, T ) . (27)

so that all valid assignments of internal genomes X ,

l(X ,A, T ) ≥ L(A, T ) . (28)

3.2 Computing the Local Optimum Bound on a Tree

The local optimum l∗g(A, T ) can be computed using a combination of the tech-
niques derived for the breakpoint median problem, and a dynamical program-
ming method based on the general Steiner points algorithm described of [12].
Due to space constraints we omit details of the algorithm - it is simply a special
case of the algorithm outlined in section 3.4.

3.3 Tightening the Bound Using Lagrangian Multipliers

Once again, we apply Lagrangian multipliers to tighten the bound.
For each edge (u, v) of T and every gene h ∈ G(u), we introduce the La-

grangian multiplier λ[u, v, h]. The multipliers are used to weight choices of suc-
cessor genes. For each gene g ∈ G(A) we define

lg(X ,A, T, λ) =
∑

(u,v)∈E(T )

(
dg(X (u),X (v)) + λ[u, v, succ(g,X |G(u))]

)
. (29)
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The length of a tree can then be rewritten as

l(X ,A, T ) = l(X ,A, T, λ) = 1
2

∑
g∈G(A)

lg(X ,A, T, λ)− 1
2

∑
(u,v)∈E(T )

∑
h∈G(u)

λ[u, v, h] .

(30)
For each gene g ∈ G(A) let l∗g(A, T, λ) denote the minimum of lg(X ,A, T, λ) over
all valid assignments X . The (weighted) local optimum bound for the breakpoint
phylogeny problem is then defined as

L(A, T, λ) = 1
2

∑
g∈G(A)

l∗g(A, T, λ) (31)

so that, for all choices of λ, and all valid assignments X , we have

L(A, T, λ) ≤ l(X ,A, T ) . (32)

Once again, the aim is to find λ that gives the largest, and therefore tightest,
lower bound.

3.4 Computing L(A, T, λ)

Here we incorporate Lagrange multipliers into the dynamical programming al-
gorithm briefly outlined in section 3.2. Let v be an internal node of T and let X
be a valid assignment of genomes. We put

lg(X ,A, Tv, λ) =
∑

(u,v)∈E(Tv)

(
dg(X (u),X (v)) + λ[u, v, succ(g,X |G(u))]

)
(33)

and denote the minimum of lg(X ,A, Tv, λ) of all valid assignments X by
l∗g(A, Tv, λ). If v is the root of T then lg(X ,A, Tv, λ) = lg(X ,A, T, λ).

For each node v and h ∈ G(v), let mg [h, v] denote the minimum of
lg(X ,A, Tv, λ) over all valid assignments X such that succ(g,X (v)) = h. The
values mg [h, v] can be calculated dynamically as follows:

– If v is a leaf, put mg [h, v] = 0 if succ(g,X (v)) = h and put mg [h, v] =∞ if
succ(g,X (v)) 6= h.

– Suppose that v is an internal vertex with children u1 and u2. If {g, h} ⊆
G(u1) ∩ G(u2) then consider all possible successors h1, h2 of g in X (u1)
and X (u2) respectively. For each possible choice of successors we calcu-
late the value lg(X ,A, Tv, λ) given that lg(X ,A, Tu1, λ) = mg [h1, u1] and
lg(X ,A, Tu2, λ) = mg [h1, u2]. The minimum value is then assigned to
mg [h, v]. The same principle applies for the cases when g 6∈ G(u1)∩G(u2) or
h 6∈ G(u1) ∩ G(u2).

In order to determine frequencies later on we construct a table Mg to store
the optimal choices of successors for every node v and gene h ∈ G(v). If h1 and
h2 are the choices of successor used to calculate mg [v, g] we put Mg [u1, v, h] = h1

and Mg [u2, v, h] = h2.
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We evaluate mg [h, v] for all nodes v ∈ V (T ) and all h ∈ G(v). If v is the root,
then we have

l∗g(A, Tv, λ) = min{mg [h, v] : h ∈ G(v)} . (34)

The calculation at each node can be greatly improved by employing succes-
sor profiles as in section 2.4. The successor table is constructed only for the
genomes (actually the gene sets) of the children of v. We use weight function
w[X (ui), hi] = mg[ui, hi] if hi is a gene in both genomes, and w[X (ui), hi] =
mg[ui, hi] + λ[ui, v, hi] if hi is a gene in only one genome. The remaining cases
are dealt with similarly. Using these techniques, we can calculate mg [v, h] for all
h ∈ G(v) in O(n) time (observing that the degree of T is bounded).

3.5 Subgradient Optimization with the Breakpoint Phylogeny
Problem

Once again we use subgradient optimization to try and maximize the lower
bound. Suppose that, for each gene g, Xg is the assignment chosen to optimize
lg(Xg,A, T, λ). For each edge (u, v) ∈ E(T ) and each gene h ∈ G(u) we compute
the frequency

f [u, v, h] = |{g : succ(g,Xg(v)|G(u))}| . (35)

The frequency values can be extracted recursively from the table Mg con-
structed during the calculation of mg. A subgradient vector for λ is then given
by ∆[u, v, h] = f [u, v, h] − 1. The line search algorithm is then almost exactly
identical to Algorithm 1 so will be omitted.

4 Experimental Results

4.1 Gene Order Data

The gene order data used in our experimental studies comes from a collection
analysed in [16], and available in the GOBASE organelle genome database [9].
We selected 10 protists that represent the major eukaryote groupings.

4.2 The Breakpoint Median Bound

The first question to address when applying the local optimum bound is the
choice of parameters τ , α, and the number of iterations. To this end we se-
lected three genomes, Reclinomonas Americana, Acanthamoeba Castellanii, and
Cafeteria Roenbergensis from among the larger, early branching protists. Each
genome has about 70 genes that are shared by one of the other genomes. We
applied the lower bound using a large number of different values for τ and α,
each time determining the number of iterations by the time taken for the search
to converge.

Our first observation is that a reasonable choice of τ is quite critical to
the success of the bound. If α is large, an improved bound is achieved but
convergence is slower. For these genomes, we found that the bound performed
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well with τ = 0.002 and α = 0.99, in which case the bound converged after about
1000 iterations (taking about one second computing time on my Sparc Ultra 5).
These were the parameters we used for later investigations.

We applied the median lower bound, with the above parameters, to all 120
triples of genomes from out collection of 10. Upper bounds were calculated using
a fast new heuristic based on those described in [16].

The results are presented in table 1.

Table 1. Experimental results for the breakpoint median problem. U(A) is the
upper bound, LOB(A) is the lower bound, LOB(A, λ) is the lower bound after
Lagrangian optimization

Min. Max. Avg.

U(A)− LOB(A) 0.1702 0.6255 0.3929
LOB(A)/U(A)% 60.17 89.71 73.03
U(A)− LOB(A, λ) 0.0292 0.4411 0.1871
LOB(A, λ)/U(A)% 71.22% 98.23% 87.04%
LOB(A, λ)/LOB(A)% 108.82% 130.11% 119.39%

From the table we observe that the improvement from Lagrange multipliers,
even with such a crude line search, is still significant: an improvement of 20% on
average. With the improved bound, we are on average achieving lower bounds
that are better than 15% of optimal.

4.3 Applying the Breakpoint Phylogeny Bound

The breakpoint phylogeny bound is currently in the process of implementation,
so experimental data is at present unavailable. Due to the similarities of the two
bounds we would expect the performance to be similar, with more potential for
improvement from Lagrangian optimisation in the phylogeny case.

5 Conclusions

We have described and implemented a bound for the median breakpoint prob-
lem that achieves bounds that are quite close to the calculated upper bounds.
Nevertheless a gap of 15% between upper and lower bounds is still considerably
worse than what can be typically obtained for the TSP. This may simply be a
consequence of a more complicated combinatorial optimization. Alternatively,
the gap could well be explained by the shortcomings of the simple line search, or
by the lack of local optimization in the heuristic algorithms of [16]. Improving
both strategies will be a focus of future research.

We demonstrate how the bound can be extended to calculate a lower bound
for the breakpoint phylogeny and how Lagrange multipliers can be applied in
this case. Though experimental evidence is not presently available, the similarity
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between the two methods would suggest that the bound would has comparable
performance.
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Abstract. The syntenic distance between two species is the minimum
number of fusions, fissions, and translocations required to transform one
genome into the other. The linear syntenic distance, a restricted form of
this model, has been shown to be close to the syntenic distance. Both
models are computationally difficult to compute and have resisted ef-
ficient approximation algorithms with non-trivial performance guaran-
tees. In this paper, we prove that many useful properties of syntenic
distance carry over to linear syntenic distance. We also give a reduc-
tion from the general linear synteny problem to the question of whether
a given instance can be solved using the maximum possible number of
translocations. Our main contribution is an algorithm exactly comput-
ing linear syntenic distance in nested instances of the problem. This is
the first polynomial time algorithm exactly solving linear synteny for a
non-trivial class of instances. It is based on a novel connection between
the syntenic distance and a scheduling problem that has been studied in
the operations research literature.

1 Introduction

Numerous models for measuring the evolutionary distance between two species
have been proposed in the past. These models are often based upon high-level
(non-point) mutations which rearrange the order of genes within a chromosome.
The distance between two genomes (or chromosomes) is defined as the minimum
number of moves of a certain type required to transform the first into the second.
A move for the reversal distance [2] is the replacement of a segment of a chromo-
some by the same segment in reversed order. For the transposition distance [3],
a legal move consists of removing a segment of a chromosome and reinserting it
at some other location in the chromosome.
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In [9], Ferretti, Nadeau, and Sankoff propose a somewhat different sort of
measure of genetic distance, known as syntenic distance. This model abstracts
away from the order of the genes within chromosomes, and handles each chro-
mosome as an unordered set of genes. The legal moves are fusions, in which
two chromosomes join into one, fissions, in which one chromosome splits into
two, and reciprocal translocations, in which two chromosomes exchange sets of
genes. In practice, the order of genes within chromosomes is often unknown,
and this model allows the computation of the distance between species regard-
less. Additional justification follows from the observation that interchromosomal
evolutionary events occur with relative rarity with respect to intrachromosomal
events. (For some discussion of this and related models, see [8,13].)

Work on syntenic distance was initiated by Ferretti et al. [9], who give a
heuristic for approximating syntenic distance, as well as empirical evidence of
its success. DasGupta, Jiang, Kannan, Li, and Sweedyk [7] show a number of re-
sults on the complexity and approximability of syntenic distance, specifically
proving the problem NP-Complete and providing a simple 2-approximation.
Liben-Nowell [11] proves several structural properties of the model and formally
analyzes some heuristics, including that of [9].

The linear synteny problem is a restricted form of the general synteny prob-
lem defined by DasGupta et al. [7]. In attempting to determine the distance
from genome G1 to genome G2, we consider only move sequences of the following
form:

– The chromosomes of G1 are ordered and merged together in succession. The
ith move is a fusion unless all of the genes contained in some chromosome C
of G2 have already been merged; in this case, move i is a translocation which
produces C and a chromosome containing all the other remaining merged
genes.

– After all the chromosomes of G1 have been merged, whatever chromosomes
from G2 remain are fissioned off one at a time.

While linear syntenic distance is largely unmotivated biologically, its relation to
the syntenic distance makes it worthy of study. DasGupta et al. prove that the
linear distance between two species is not much larger than the unconstrained
distance: if d is the syntenic distance for any instance, then the linear distance
is at most d + log4/3(d).

Structural Properties of Linear Synteny. Although the additional constraints
on the linear version of the problem seem to make it simpler to reason about,
little work has made use of this model — possibly because many of the useful
properties known for the unconstrained model were not known to carry over to
the linear case.

In this paper, we prove a number of structural results for linear syntenic
distance. Most are properties of the general model that were proven in [7] and
[11] which we now extend to the linear case. We prove a monotonicity property for
instances of the linear synteny problem, showing a natural ordering on problem
instances. We give a method of canonicalization for linear move sequences: given
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an arbitrary move sequence σ solving an instance, we produce another sequence
σ′ such that (1) σ′ is no longer than σ, (2) σ′ solves the instance, and (3) in
σ′ , all fusions precede all translocations. We also prove that duality holds in
the linear model, i.e., that the measure is indeed symmetric. These properties,
coupled with the additional structure imposed by the problem definition itself,
make the linear problem much easier to consider.

Solving Nested Linear Synteny. One of the most prominent features that the
various measures of genomic distance share is that no efficient algorithms are
known for any of them, and most have been shown to be NP-complete; see the
hardness results for sorting by reversals in [4,5] and for the syntenic distance in
[7]. Much of the previous work on these distances has focused on approximation
algorithms with good performance guarantees: this approach has yielded perfor-
mance guarantees of 3/2 for reversal distance [6] and transposition distance [3],
and 2 for syntenic distance [7,9,11].

In this paper, we present the first polynomial-time algorithm to solve a non-
trivial class of instances of the syntenic distance problem. For two chromosomes
Ci and Cj in G1, let Si and Sj be the set of chromosomes in G2 from which Ci and
Cj draw their genes. Call an instance of synteny nested if for any chromosomes
such that Si and Sj are not disjoint, either Si ⊆ Sj or Sj ⊆ Si.

We give a polynomial-time algorithm that solves nested instances of the linear
synteny problem, by developing a connection between the syntenic distance and
a scheduling problem that has been studied in the operations research literature.
Specifically, the scheduling problem to which we relate syntenic distance is the
following. (Precise definitions will be given in Section 6.) Imagine a company
that must undertake a sequence of tasks, each with an associated profit or loss.
Moreover, there is a partial order specifying dependencies among the tasks. The
company’s goal is to perform the tasks in the order that minimizes its maximum
cumulative “debt” at any point in time. When these dependencies have a series-
parallel structure, polynomial-time solutions were given independently by Abdel-
Wahab and Kameda [1] and Monma and Sidney [12].

It is intuitively natural that genome rearrangement problems should have
a connection to scheduling; in seeking an optimal rearrangement sequence, one
rapidly encounters the combinatorial problem of “sequencing” certain rearrange-
ment events as parsimoniously as possible. Our polynomial-time result provides
one of the first true formalizations of this intuition, and we hope that it suggests
other applications in this area for the voluminous body of work on scheduling.

2 Notational Preliminaries

The syntenic distance model is as follows: a chromosome is a subset of a set
of n genes, and a genome is a collection of k chromosomes. A genome can be
transformed by any of the following moves (for S, T , U , and V non-empty sets
of genes): (1) a fusion (S, T ) −→ U , where U = S∪T ; (2) a fission S −→ (T, U),
where T ∪U = S; or (3) a translocation (S, T ) −→ (U, V ), where U ∪V = S ∪T .
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The syntenic distance between genomes G1 and G2 is then given by the minimum
number of moves required to transform G1 into G2.

The compact representation of an instance of synteny is described in [9] and
formalized in [7]. This representation makes the goal of each instance uniform
and thus eases reasoning about move sequences. For an instance in which we
are attempting to transform genome G1 into genome G2, we relabel each gene
a contained in a chromosome of G1 by the indices of the chromosomes of G2 in
which a appears. Formally, we replace each of the k sets S in G1 with

⋃
�∈S{i | � ∈

Gi} (where G2 = G1, G2, . . . , Gn) and attempt to transform these sets into the
collection {1}, {2}, . . . , {n}. As an example of the compact representation (given
in [9]), consider the instance

G1 = {x, y}, (Chromosome 1)
{p, q, r}, (Chromosome 2)
{a, b, c} (Chromosome 3)

G2 = {p, q, x}, (Chromosome 1)
{a, b, r, y, z} (Chromosome 2).

The compact representation of G1 with respect to G2 is {1, 2}, {1, 2}, {2} and
the compact representation of G2 with respect to G1 is {1, 2}, {1, 2, 3}. For an
instance of synteny in this compact notation, we will write S(n, k) to refer to the
instance where there are n elements and k sets. Let D(S(n, k)) be the minimum
number of moves required to solve a synteny instance S(n, k).

We will say that two sets Si and Sj are connected if Si ∩ Sj �= ∅, and that
both are in the same component.

The dual of a synteny instance S(n, k) = S1, S2, . . . , Sk is the synteny in-
stance S ′(k, n) = S ′

1, S
′
2, . . . , S

′
n, where j ∈ S ′

i iff i ∈ Sj . In [7], DasGupta et
al. prove that D(S(n, k)) = D(S ′(k, n)).

Formally, the linear synteny problem is the restricted form of the synteny
problem in which we consider only move sequences of the following form:

– The first k − 1 moves must be fusions or severely restricted translocations,
as follows. One of the input sets is initially designated as the merging set.
Each of the first k−1 moves takes the current merging set ∆ as input, along
with one unused input set S, and produces a new merging set ∆′ . If some
element a appears nowhere in the genome except in ∆ and S, then the move
is the translocation (∆, S) −→ (∆′, {a}), where ∆′ = (∆∪S)−{a}. If there
is no such element a, then the move simply fuses the two sets: (∆, S) −→ ∆′ ,
where ∆′ = ∆ ∪ S.

– If ∆ is the merging set after the k − 1 fusions and translocations, then each
of the next |∆| − 1 moves simply fissions off a singleton {a} and produces
the new merging set ∆′ = ∆− {a}.

Let D̃(S(n, k)) be the length of the optimal linear move sequence. Computing
the linear syntenic distance between two genomes is also NP-hard [7]. The main
theorem about linear syntenic distance is that it is not much larger than the
general syntenic distance:

Theorem 1 ([7]). D̃(S(n, k)) ≤ D(S(n, k)) + log4/3(D(S(n, k))). 	
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Note that if a linear move sequence performs α fusions in the first k − 1
moves, then the move sequence contains k−α−1 translocations. After the k−1
fusions and translocations are complete, there are n− k + α + 1 elements left in
the merging set, since exactly one element is eliminated by each translocation.
Therefore, n − k + α fissions must be performed to eliminate the remaining
elements. Thus the length of the linear move sequence is n+α−1 moves. (Every
move either is a fusion or removes one element, and all but the last element must
be removed.)

A linear move sequence can be completely determined by a permutation
π = (π1, π2, . . . , πk) of the input sets: the sets are merged in the order given by
π, and the smallest possible gene is removed whenever more than one element can
be emitted. We will let σπ,S denote the move sequence that results from using
permutation π to order the input sets, and to produce elements as described
above. We will use ι to denote the identity permutation (1, 2, . . . , k).

We will say that an instance S(n, k) of synteny is linear exact iff D̃(S(n, k)) =
max(n, k) − 1. An instance is linear exact iff it can be solved using transloca-
tions whenever possible, i.e., fusions and fissions are only used to make up for
differences in the number of chromosomes in each genome.

Let A = A1, A2, . . . , Ak and B = B1, B2, . . . , Bk be two collections of sets.
If, for all i, Ai ⊇ Bi, then we say that A dominates B.

3 Properties of Linear Synteny

In this section, we prove a number of structural properties for linear syntenic
distance. The majority of these are properties of the general model that were
proven in [7] and [11] which we now extend to the linear case.

Theorem 2 (Linear Monotonicity). Let S1, S2, . . . , Sk be a collection of sets
that dominates the collection T1, T2, . . . , Tk. Let n = |

⋃
i Si| and n′ = |

⋃
i Ti|.

If S(n, k) = S1, S2, . . . , Sk and T (n′ , k) = T1, T2, . . . , Tk are two instances of
synteny, then D̃(S(n, k)) ≥ D̃(T (n′, k)).

Proof. Let π be a permutation of (1, 2, . . . , k) such that σπ,S is optimal. We claim
that |σπ,T | ≤ |σπ,S |. (This proves the theorem, since σπ,T is then a linear move
sequence that solves T (n′, k) in at most D̃(S(n, k)) moves.) We assume that the
elements are ordered such that, whenever possible, σπ,S

i and σπ,T
i translocate

the same element.
It is sufficient to show that for any move σπ,S

i that translocates an element
a, either a is translocated in some move in σπ,T

1...i or a does not appear in T (n′ , k)
at all. (If σπ,S and σπ,T do α1 and α2 fusions, respectively, this gives us that
α2 − α1 ≤ n − n′ since each extra fusion in σπ,T can be charged to an element
that does not appear in T (n′, k). Then |σπ,S | = n+α1−1 ≥ n′+α2−1 = |σπ,T |.)

Suppose not. Let � be the minimum index such that: (1) σπ,S
� is a translo-

cation emitting the element a; (2) a is not translocated in σπ,T
1...�; and (3) a does

appear in the genome T (n′, k).
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Let χ� and χ′
� be the sets of elements translocated out in σπ,S

1...�−1 and σπ,T
1...�−1,

respectively. The current merging sets just before move � are thus

∆ = [Sπ1 ∪ Sπ2 ∪ · · · ∪ Sπ�
]− χ� Γ = [Tπ1 ∪ Tπ2 ∪ · · · ∪ Tπ�

]− χ′
�.

The genes in the remaining unused input sets are

∆ = Sπ�+2 ∪ Sπ�+3 ∪ · · · ∪ Sπk
Γ = Tπ�+2 ∪ Tπ�+3 ∪ · · · ∪ Tπk

.

Note that ∆ ⊇ Γ .
Since σπ,S

� is a translocation emitting the element a, we know a ∈ ∆ ∪ Sπ�+1

and a /∈ ∆. From this and ∆ ⊇ Γ , we have that a /∈ Γ . So if a ∈ Γ ∪ Tπ�+1, the
move σπ,T

� could emit a, but, by assumption, it does not. Then a /∈ Γ , a /∈ Tπ�+1,
and a /∈ Γ . Either a was emitted earlier in σπ,T , or a does not appear anywhere
in the genome T (n′, k), contradicting our assumption. 	


Lemma 3 (Merging Set Expansion). Let S(n, k + 1) = ∆, S1, S2, . . . , Sk be
an instance of synteny in which ∆ is the current merging set. Let the instance
T (n, k + 1) = ∆ ∪ T, S1, S2, . . . , Sk in which ∆ ∪ T is the merging set, for any
set T ⊆ S1 ∪ S2 ∪ · · · ∪ Sk. Then D̃(S(n, k + 1)) = D̃(T (n, k + 1)).

Proof. D̃(S(n, k + 1)) ≤ D̃(T (n, k + 1)) by linear monotonicity. For the other
direction, let π be any permutation of (1, 2, . . . , k+1) where π1 = 1, i.e., in which
∆ (or ∆∪T ) is the initial merging set. We assume that the elements are ordered
such that, whenever possible, σπ,S

i and σπ,T
i translocate the same element. We

claim that |σπ,S | ≥ |σπ,T |. This proves the lemma since π2...k+1 was arbitrary.
Suppose not, and let � be the index of the first move in which σπ′,S

� produces
the element a by translocation, and σπ′,S

� cannot produce a. Then a appears in
∆ ∪ Sπ1 ∪ · · · ∪ Sπ�

but not in Sπ�+1 ∪ · · · ∪ Sπk
. But clearly a also appears in

∆∪T ∪Sπ1∪· · ·∪Sπ�
, and still does not appear in Sπ�+1∪· · ·∪Sπk

. a cannot have
been translocated earlier, because of our assumption that, whenever possible, the
two move sequences produce the same element. We have chosen � to be the first
time this cannot be done. Thus σπ′,T

� can produce a, violating the assumption.
	


Theorem 4 (Linear Canonicalization). For any instance S(n, k) of synteny,
there exists a permutation π of (1, 2, . . . , k) such that σπ,S is optimal and has all
fusions preceding all translocations.

Proof. Let π be a permutation of (1, 2, . . . , k) such that σπ,S is optimal and
has as many initial fusions as possible. Suppose that move σπ,S

i is the last initial
fusion and σπ,S

j is the first non-initial fusion (j ≥ i+2). (If there is no non-initial
fusion, we are done.)

Let π′ = (π1, . . . , πi+1, πj+1, πi+2, . . . , πj , πj+2, . . . , πk) be π modified so that
πj+1 is immediately after πi+1. We claim that σπ′,S is also optimal, and has
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one more initial fusion than σπ,S . This violates our choice of π and proves the
theorem.

First we claim that σπ′,S has i + 1 initial fusions. Clearly, the first i moves
of the two sequences are identical, since they merge exactly the same sets (and
exactly the same sets remain unmerged). Thus we need only prove that σπ′,S

i+1 is
a fusion. Suppose that it were a translocation, i.e., there is some element � that
appears only in the sets Sπ1 , Sπ2 , . . . , Sπi+1 , Sπj+1 . If � ∈ Sπj+1 , then the move
σπ,S

j would be a translocation, since the last occurrence of the element � is in
the set Sπj+1 . If � /∈ Sπj+1 , and instead � ∈ [Sπ1 ∪ Sπ2 ∪ · · · ∪ Sπi+1 ], there would
be a translocation somewhere in σπ,S

1...i, since � does not appear outside the first
i + 1 sets. Neither of these occur, so there is no such �, and σπ′,S

i+1 is a fusion.
For optimality, we claim that every translocation in σπ,S corresponds with

a translocation in σπ′,S . Note that all moves after π and π′ converge (after
πj+2) can emit exactly the same elements. For earlier moves, suppose that σπ,S

r

produces an element a by translocation. That is, a appears in Sπ1 , Sπ2 , . . . , Sπr

and not in Sπr+1 , Sπr+2 , . . . , Sπk
. Obviously having already merged Sπj+1 changes

neither the presence of a in the current merging set nor the absence of a in the
unused input sets. Thus σπ′,S

r+1 is a translocation. 	


Proposition 5. Let S(n, k) = S1, S2, . . . , Sk and T (n, k) = T1, T2, . . . , Tk be
two instances of synteny. If S(n, k) dominates T (n, k), then S ′(k, n) dominates
T ′(k, n).

Proof. Suppose not. Then there is some set i such that S ′
i �⊇ T ′

i . That is, there
is some element � ∈ T ′

i but � /∈ S ′
i. By the definition of the dual, this means

that the element i ∈ T� but i /∈ S�. This violates the assumption that S(n, k)
dominates T (n, k). 	


Definition 6. For α ≤ min(n, k) − 1, the instance Kα(n, k) consists of the
following sets:

— k − α copies of {1, 2, . . . , n}
— {1, 2, . . . , n− 1}
— {1, 2, . . . , n− 2}

—
...

— {1, 2, . . . , n− α}.

Note that

– D̃(Kα(n, k)) = n + k − α − 2. Merging the sets in the above order requires
k − α− 1 fusions, α translocations, and n− α− 1 fissions, or n + k − α− 2
moves total. There are only α+1 elements that appear in at most k−1 sets,
so this is optimal by the count bound [11].

– K′
α(k, n) = Kα(k, n). (In other words, the dual of the instance Kα(n, k) is

simply the instance Kα(k, n).) Verifying this is straightforward: the first n−α
elements appear in all sets, n− α + 1 appears in all but one set, etc.
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Theorem 7 (Linear Duality). For all S(n, k), D̃(S(n, k)) = D̃(S ′(k, n)).

Proof. Suppose not, i.e., suppose that D̃(S(n, k)) < D̃(S ′(k, n)).
Relabel the sets and elements of S(n, k) such that the move sequence σι,S is

optimal, canonical, and produces elements in the order n, n−1, . . . , 1. Note that
this relabeling does not change D̃(S(n, k)). Let D̃(S(n, k)) = n + k − α− 2.

Notice that the element n − i does not appear outside the first k − α + i
sets, since otherwise the (k − α + i − 1)th move could not produce element
n− i. Therefore, we have that Kα(n, k) dominates S(n, k). Thus K′

α(k, n) dom-
inates S ′(k, n) by Proposition 5. Linear monotonicity, along with the fact that
K′

α(k, n) = Kα(k, n), then gives us

D̃(S(n, k)) = D̃(Kα(n, k)) = D̃(Kα(k, n)) = D̃(K′
α(k, n)) ≥ D̃(S ′(k, n)).

This contradicts the assumption and proves the theorem. 	


4 From General Linear to Exact Linear Synteny

In this section, we give a reduction from the general linear to the exact linear syn-
teny problem, a conceptually simpler problem. We first define an augmentation
to instances of synteny:

Definition 8. For an instance S(n, k) = S1, S2, . . . , Sk, let

Si⊕δ(n + δ, k) = S1, S2, . . . , Ŝi, . . . , Sk

be a new instance of synteny, where (1) 1 ≤ i ≤ k, (2) Ŝi = Si∪{a1, a2, . . . , aδ},
and (3) a� �∈ Sj.

The intuition behind this instance is that we have augmented Si with extra
elements that will be expelled during would-be fusions. This new instance is
basically the original with δ fusion “coupons” that can be used to turn fusions
into translocations. For some choices of i and δ, this increases the number of
elements and translocations without a corresponding increase in distance.

Theorem 9. Let S(n, k) be an instance of synteny. Suppose σπ,S is a move
sequence solving S(n, k) such that |σπ,S | = n + α − 1. Then |σπ,Sπ1⊕δ | = n +
max(α, δ)− 1.

Proof. There are α fusions in σπ,S . When the jth of these fusions occurs, σπ,Sπ1⊕δ

could emit the element aj (since aj does not appear in any of the unused input
sets, and is in the merging set as of the first move). Every translocation in the
original move sequence remains a translocation in the new sequence since we
have the same remaining unused input sets at every point.

Thus we can eliminate fusions from the move sequence using a-elements,
until we run out of fusions or a-elements with which to eliminate them. Thus we
have α− δ fusions left if there are too many fusions, and therefore |σπ,Sπ1⊕δ | =
n + δ + max(α − δ, 0)− 1 = n + max(α, δ) − 1. 	
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Proposition 10. Let S(n, k) be an instance of synteny. Suppose that there ex-
ists an optimal move sequence σπ,S solving S(n, k) such that π1 ∈ Γ , for some
set Γ ⊆ {1, 2, . . . , k}. Then

[
∃i ∈ Γ D̃(Si⊕δ(n + δ, k)) = n + δ − 1

]
⇐⇒ D̃(S(n, k)) ≤ n + δ − 1.

Proof. Immediate from monotonicity and Theorem 9. 	


5 Nested Synteny

In this section, we consider the special class of instances of synteny in which all
non-disjoint sets are totally ordered by the subset relation.

Definition 11 (Nested Synteny). An instance S(n, k) = S1, S2, . . . , Sk of
synteny is nested if, for all i �= j, either (1) Si ∩ Sj = ∅, (2) Si ⊆ Sj, or (3)
Sj ⊆ Si.

In each component of a nested instance of synteny, the set containing all
elements in the component is called the root of the component. (If there are
multiple copies of this set in some component, we will identify the root as the
copy with the smallest index.)

Lemma 12. If S(n, k) = S1, S2, . . . , Sk and Si ⊆ Sj, then there exists a optimal
linear move sequence in which Sj is merged before Si.

Proof. Suppose π is a permutation of (1, 2, . . . , k) such that σπ,S is optimal and
i appears before j in π. (If there is no such π, then we are done.) Let πx = i.

Let T (n′, k′ + 3) = T1, T2, . . . , Tk′ , Si, Sj , ∆ be the instance resulting after
σπ,S

1...(x−2), where ∆ is the current merging set. The next move σπ,S
x−1 would merge

Si. We have two cases for this move:

– σπ,S
x−1 is a fusion, (∆, Si) −→ ∆ ∪ Si.

This produces the sets T1, T2, . . . , Tk′ , Sj , ∆ ∪ Si. This collection of sets
is no easier to solve than T1, T2, . . . , Tk′ , Sj, ∆ ∪ Sj , by Lemma 3, since
∆ ∪ Sj ⊇ ∆ ∪ Si. By monotonicity, this instance is no easier to solve than
T1, T2, . . . , Tk′ , Si, ∆ ∪ Sj , since Si ⊆ Sj .
If we instead complete the move (∆, Sj) −→ ∆∪Sj, then the sets remaining
after this operation are T1, T2, . . . , Tk′ , Si, ∆ ∪ Sj . By the above, this is no
harder to solve than the result of doing σπ,S

x−1, so we make this move instead.
– σπ,S

x−1 is a translocation, (∆, Si) −→ (∆ ∪ Si − {a}, {a}) for some a ∈ ∆ ∪ Si

and a /∈ T1 ∪ T2 ∪ . . . ∪ Tk′ ∪ Sj .
This produces the sets T1, T2, . . . , Tk′ , Sj , ∆∪Si−{a}. By successively apply-
ing Lemma 3 and Theorem 2 (as in the fusion case), we have that this is no
easier to solve than the instance consisting of T1, T2, . . . , Tk′ , Si, ∆∪Sj−{a}.
If instead of σπ,S

x−1, we merge Sj instead, we can still complete a translocation:
a ∈ ∆ ∪ Sj ⊇ ∆ ∪ Si, and a /∈ Si ⊆ Sj, so this move is (∆, Sj) −→
(∆ ∪ Sj − {a}, {a}). By the above, this is no harder to solve than the result
of doing σπ,S

x−1, so we might as well make this move instead. 	
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Corollary 13. For any instance S(n, k) of synteny, there exists an optimal
move sequence σπ,S solving the instance such that for all i < j, Sπi �⊂ Sπj . 	


Corollary 14. If S(n, k) is a nested synteny instance with roots R1, R2, . . . , Rp,
then there exists an optimal move sequence σπ,S solving S(n, k) such that π1 ∈
{R1, R2, . . . , Rp}. 	


Note that if S(n, k) is nested, then so is SRi⊕δ(n + δ, k) since we are only
adding extra elements to the root of some component.

6 The Minimum Loan Problem

Definition 15. Let T = T1, T2, . . . , Tn be a set of tasks. Let p : T −→ � be a
function giving the profit of each task. Then, for π a permutation of (1, 2, . . . , n),
let

Pπ(i) def=
i∑

j=1

p(Tπj )

be the cumulative profit of the first i tasks under π.

Note that if tasks have negative profits (i.e., costs), then the cumulative profit
can also be negative. We will say that a permutation π respects a partial order
≺ on T if, for all i < j, Tπj �≺ Tπi . This gives rise to the following scheduling
problem:

Definition 16 (Min Loan). Let T = T1, T2, . . . , Tn be a set of tasks. Let ≺ be a
partial order on T defining a precedence relation among the tasks. Let p : T −→ �

be a function giving the profit of each task. Then (T,≺, p) is an instance of the
minimum loan problem: find

max
π

min
0≤i≤n

Pπ(i)

for π respecting ≺.

(In [1], Abdel-Wahab and Kameda define this problem in terms of the cumu-
lative cost of the tasks rather than the cumulative profit.) Notice that for any
permutation π, we have Pπ(0) = 0, so the optimum value for any instance of the
Min Loan problem is always at most 0.

The intuition for this problem is the following: suppose that there is a com-
pany with a set of jobs that it has chosen to undertake. Each job will result
in either a profit or a loss. The jobs are also limited to follow some precedence
constraints, e.g., the engines must be built before the cars can be assembled.
The minimum loan is the minimum amount of initial funding necessary to be
able complete all of the jobs without ever running out of money. (Alternatively,
this is the maximum amount of debt for the company at the worst financial
moment.)



258 David Liben-Nowell and Jon Kleinberg

The Min Loan problem is NP-Complete in general [10, p. 238], but Abdel-
Wahab and Kameda [1] give an O(n2) algorithm when ≺ is series-parallel.
Monma and Sidney [12] independently give a polynomial-time algorithm for
this case as well. A partial order is series-parallel when its associated DAG is
a series-parallel graph, according to the following rules: (1) a graph with two
nodes with an edge from one to the other is series-parallel; (2) if G is series-
parallel, then so is the graph that results from adding a node to the middle of
any edge in G; and (3) if G is series-parallel, then so is the graph that results
from duplicating any edge in G.

We will not go into the details of the algorithms of Abdel-Wahab and Kameda
or Monma and Sidney here; rather, we will use them in a “black-box” fashion in
our approach to the nested linear synteny problem in the following section.

7 Minimum Loans and Exact Linear Synteny

Let S(n, k) = S1, S2, . . . , Sk be a nested instance of synteny with n ≥ k and
with p components. Let the roots of the components be SR1 , SR2 , . . . , SRp . We
will make use of the Min Loan algorithms of Abdel-Wahab and Kameda [1] and
Monma and Sidney [12] to determine D̃(S(n, k)).

Let T = T1, T2, . . . , Tk be a set of tasks where Tj denotes the merging of the
set Sj with the current merging set. Let ≺ be the smallest relation such that (1)
Tj ≺ T� if Sj ⊃ S� and (2) Tj ≺ T� if Sj = S� and j ≤ �.

Definition 17. For a component q, the q-profit of a task Ti is the following:

pq(Ti)
def=






∣
∣
∣Si −

⋃
Tj�Ti

Sj

∣
∣
∣− 1 if i �= Rq

∣
∣
∣Si −

⋃
Tj�Ti

Sj

∣
∣
∣ if i = Rq.

Let P q
π (i) =

∑i
j=1 pq(Tπj ) be the cumulative q-profit of the first i steps under

permutation π.

Definition 18. For a permutation π of (1, 2, . . . , k) let:

1. xπ(i) be 1 iff σπ,S
i is a translocation.

2. χπ(i) be the set of elements emitted by translocation during σπ,S
1...i.

Proposition 19. For all π and i, |χπ(i)| ≤ i.

Proof. Immediate from the fact that we can translocate at most one element per
move. 	


Proposition 20. Let S(n, k) be a nested instance of synteny, and let π be a
permutation of (1, 2, . . . , k) that respects ≺. Then

∣
∣
∣
∣
∣
∣
Sπi −

⋃

Tπj
�Tπi

Sπj

∣
∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣
Sπi −

⋃

j>i

Sπj

∣
∣
∣
∣
∣
∣
.
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Proof. If Tπj � Tπi , then j > i since π respects ≺. If j > i but Tπj �� Tπi , then
Sπi ∩ Sπj = ∅ since S(n, k) is nested. 	


Proposition 21. For some component q, there is an optimal linear move se-
quence that uses SRq is its initial merging set and respects ≺.

Proof. Let σπ,S be an optimal move sequence respecting the subset precedence
(by Theorem 13), and let q be the component of Sπ1 . Sπ1 = SRq since all other
sets in that component are subsets of that one. We can make this sequence re-
spect clause (2) of the definition of≺ trivially by using identical sets in increasing
order of index. 	


Lemma 22. Let S(n, k) be a linear exact nested instance of synteny with n ≥ k.
Let π be a permutation of (1, 2, . . . , k) such that σπ,S is optimal, π1 = Rq, and
π respects ≺. Then, for all 0 ≤ i ≤ k,

P q
π (i) =

∣
∣
∣
∣
∣
∣

⋃

j≤i

Sπj −
⋃

j>i

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)| .

Proof (by induction on i).

– [i = 0]. Then P q
π(i) =

∑0
j=1 pq(Tπj ) = 0 and

⋃
j≤0 Sπj = ∅ = χπ(−1).

– [i = 1]. Then

P q
π(1) =

1∑

j=1

pq(Tπj ) = pq(Tπ1) =

∣
∣
∣
∣
∣
∣
SRq −

⋃

Tj�Tπ1

Sj

∣
∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣

⋃

j≤1

Sπj −
⋃

j>1

Sπj

∣
∣
∣
∣
∣
∣

by Proposition 20. Since χπ(0) = ∅,

P q
π(i) =

∣
∣
∣
∣
∣
∣

⋃

j≤i

Sπj −
⋃

j>i

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)|.

– [i ≥ 2]. Then

P q
π(i) =

i∑

j=1

pq(Tπj ) = pq(Tπi) +
i−1∑

j=1

pq(Tπj) = pq(Tπi) + P q
π(i− 1)

by the definition of P q. Applying the induction hypothesis and the definition
of pq (since πi �= Rq), we have

P q
π (i) =

∣
∣
∣
∣
∣
∣
Sπi −

⋃

Tπj
�Tπi

Sπj

∣
∣
∣
∣
∣
∣
− 1 +

∣
∣
∣
∣
∣
∣

⋃

j≤i−1

Sπj −
⋃

j>i−1

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 2)| .
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Since σπ,S is optimal, and S(n, k) is linear exact, and n ≥ k, we know that the
move σπ,S

i−1 is a translocation. Furthermore, the element translocated in this
move cannot have been previously translocated, so |χπ(i−1)| = 1+|χπ(i−2)|.
Therefore,

P q
π(i) =

∣
∣
∣
∣
∣
∣
Sπi −

⋃

Tπj
�Tπi

Sπj

∣
∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣
∣

⋃

j≤i−1

Sπj −
⋃

j>i−1

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)| .

By Proposition 20,

P q
π(i) =

∣
∣
∣
∣
∣
∣
Sπi −

⋃

j>i

Sπj

∣
∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣
∣

⋃

j≤i−1

Sπj −
⋃

j>i−1

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)| .

The first two terms in this sum are simply those elements that appear in
Sπi and never after, and those elements that appear in Sπ1 , Sπ2 , . . . , Sπi−1

and never after. We can simply combine these terms since these two sets are
disjoint, and we end up with

P q
π(i) =

∣
∣
∣
∣
∣
∣

⋃

j≤i

Sπj −
⋃

j>i

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)| .

	


Corollary 23. If S(n, k) is nested, linear exact, and has n ≥ k, then there exists
a q such that minLoan(T,≺, pq) = 0.

Proof. Let σπ,S be an optimal move sequence solving S(n, k) = S1, S2, . . . , Sk

such that π1 = Rq and π respects ≺. (One exists by Proposition 21.) For all i,
χπ(i − 1) is a subset of

⋃
j≤i Sπj −

⋃
j>i Sπj , since only elements that do not

appear in the remainder of the genome can be translocated. Thus P q
π(i) ≥ 0 for

all i, and P q
π (0) = 0. 	


Proposition 24. If π is a permutation of (1, 2, . . . , k) respecting ≺ such that
mini P q

π(i) = 0 then there exists a permutation π′ with π′
1 = Rq such that

mini P q
π′(i) = 0 and π′ respects ≺.

Proof. Let π′ be π with Rq moved to the front. From the fact that pq(TRq) ≥ 0,
this move does not make mini P q

π′(i) worse. Since Tj �≺ TRq for all j, π′ respects
≺ if π did. 	


Proposition 25. For all π and 1 ≤ i ≤ k − 1,

xπ(i) = 1 ⇐⇒

∣
∣
∣
∣
∣
∣

⋃

j≤i+1

Sπj −
⋃

j>i+1

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)| ≥ 1.
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Proof. Notice that move σπ,S
i takes the set Sπi+1 and the previous merging set⋃

j<i+1 Sπj − χπ(i − 1), all previously merged elements less those that have
already been emitted by translocation.

xπ(i) = 1 ⇐⇒ ∃a



a ∈ Sπi+1 ∪




⋃

j≤i

Sπj − χπ(i− 1)



 and a /∈
⋃

j>i+1

Sπj





⇐⇒ ∃a



a ∈




⋃

j≤i+1

Sπj − χπ(i− 1)



−
⋃

j>i+1

Sπj





⇐⇒

∣
∣
∣
∣
∣
∣

⋃

j≤i+1

Sπj − χπ(i− 1)−
⋃

j>i+1

Sπj

∣
∣
∣
∣
∣
∣
≥ 1

⇐⇒

∣
∣
∣
∣
∣
∣

⋃

j≤i+1

Sπj −
⋃

j>i+1

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)| ≥ 1

since χπ(i− 1) and
⋃

j>i+1 Sπj are disjoint and χπ(i− 1) ⊆
⋃

j≤i+1 Sπj . 	


Lemma 26. Let S(n, k) be a nested instance of synteny such that n ≥ k. If
minLoan(T,≺, pq) = 0, then S(n, k) is linear exact.

Proof. Let π be a permutation of (1, 2, . . . , k) respecting ≺ and with π1 = Rq

such that mini P q
π (i) = 0. (One exists by Proposition 24.) We claim that σπ,S

starts with k − 1 translocations, which proves the theorem. To do this, it is
sufficient to show that xπ(i) = 1 for all 1 ≤ i ≤ k − 1.

Consider an arbitrary i. We know that 0 ≤ P q
π (i + 1) =

∑i+1
�=1 pq(Tπ�

). By
the definition of pq and the fact that π1 = Rq, we know that

P q
π(i + 1) =

∣
∣
∣
∣
∣
∣
SRq −

⋃

Tπj
�TRq

Sπj

∣
∣
∣
∣
∣
∣
+

i+1∑

�=2





∣
∣
∣
∣
∣
∣
Sπ�
−

⋃

Tπj
�Tπ�

Sπj

∣
∣
∣
∣
∣
∣
− 1



 ≥ 0.

Rearranging, we have

−i +
i+1∑

�=1

∣
∣
∣
∣
∣
∣
Sπ�
−

⋃

Tπj
�Tπ�

Sπj

∣
∣
∣
∣
∣
∣
≥ 0.

By Proposition 19, |χπ(i − 1)| ≤ i − 1. Applying Proposition 20 and this fact,
we have

−1− |χπ(i− 1)|+
i+1∑

�=1

∣
∣
∣
∣
∣
∣
Sπ�
−

⋃

j>�

Sπj

∣
∣
∣
∣
∣
∣
≥ 0.
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The sets in the sum are simply the sets of all elements that appear for the last
time in Sπ�

. These sets are disjoint, and can be rewritten as simply
∣
∣
∣
∣
∣
∣

⋃

j≤i+1

Sπj −
⋃

j>i+1

Sπj

∣
∣
∣
∣
∣
∣
− |χπ(i− 1)| − 1 ≥ 0.

which by Lemma 25 gives us that xπ(i) = 1. 	


Theorem 27. Let S(n, k) be a nested instance of synteny with n ≥ k. Then
S(n, k) is linear exact iff, for some q, minLoan(T,≺, pq) = 0.

Proof. Immediate from Corollary 23 and Lemma 26. 	


Putting It Together

If we are given a nested instance of synteny S(n, k) = S1, S2, . . . , Sk with p

components with roots R1, R2, . . . , Rp, we can determine D̃(S(n, k)) as follows:

1. Let δ = max(k − n, 0).
2. Let Ti be the event of merging the set Si into the current merging set.
3. Let ≺ be the relation so that Sj ≺ S� iff Sj ⊃ S�, or Sj = S� and j ≤ �.
4. Let p(Tj) =

∣
∣
∣
⋃

T�≺Tj
S� −

⋃
T��Tj

S�

∣
∣
∣.

5. For each 1 ≤ q ≤ p: binary search for the minimum xq such that the instance
SRq⊕δ+xq(n + δ + xq, k) is linear exact, by the following procedure. (Note
that this instance too is nested.)
(a) Let pq(Tj) = p(Tj)− 1 for j �= Rq, and let pq(TRq) = p(TRq) + δ + xq.
(b) Return true if minLoan(T,≺, pq) = 0.

6. Return D̃(S(n, k)) = n + δ + minq(xq)− 1.

Correctness follows from Proposition 10, Corollary 14, and Theorem 27. The
running time of this algorithm is O(pk2 log k + nk2): the binary search requires
at most log k iterations because we know that xq ≤ k; the minLoan call requires
O(k2) time since there are k events in question, and we must run this search
for each of the p components of the instance. Computing ≺ and p(Tj) requires
O(nk2) time.

By linear duality, we can also use the above algorithm to compute the linear
syntenic distance of an anti-nested instance, i.e., one whose dual is nested.
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1 Introduction

Computer-graded multiple choice examinations are a familiar and dreaded part
of most student’s lives. Many test takers are particularly fearful of form-filling
shift errors, where absent-mindedly marking the answer to (say) question 32 in
position 31 causes a long run of answers to be successively displaced. Test-taking
strategies where students answer questions out of sequence (such as answering
easy questions first) seem particularly likely to cause unrecognized shift errors.
Such errors can result in many correct answers being marked wrong, and signif-
icantly lower the exam taker’s score.

In this paper, we consider the question of whether these shift errors can be
accurately recognized and corrected for. Our results suggest that students are
right to fear such errors, and that a non-trivial fraction of multiple-choice exams
appear to contain significant shift errors. In particular, we found evidence that
1%-2% of multiple-choice exam papers at SUNY Stony Brook contain likely
shift errors, each causing the loss of about 10% of the student’s grade. Given the
importance of standardized examinations, clerical mistakes should not be allowed
to have such an impact on the student’s score. If our observed shift error rate
holds across the millions of examinations given annually, this is a serious but
yet unstudied problem. Indeed, based on the preliminary results in the paper,
we have begun working with The College Board to study the prevalence of
uncorrected shift-errors in SAT examinations.

The problem of detecting shift errors proves to be surprisingly subtle, with
such factors as (1) the quality of the student, (2) the difficulty of the test,
(3) incorrect shifted answers, (4) random guessing by examinee, and (5) the
pattern of answers in the key impacting our assessment of whether the scoring
improvement of a putative shift is significant. However, in this paper we introduce
algorithms to detect and correct for a substantial fraction of such shift errors
with very low false detection probability. Our experiments show that we reliably
detect and correct almost all shifts that cause a loss of at least three answers,
and most of the shifts that cause a loss of at least two answers. We believe that
our methods should be employed within the standardized testing industry.
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Our paper is organized as follows. Previous work and notation are discussed
in Section 1. In Section 2, we introduce three different algorithmic approaches
based on dynamic programming, discrepancy theory, and proper patch scoring.
The fundamental problems of recognizing portions of an exam with suspiciously
poor student performance, and properly interpreting the significance of the score
change in shifting a region are discussed in Sections 3 and 4 respectively. Our
experimental results are reported in Section 5. Finally, in Section 6, we consider
an interesting combinatorial problem on strings, which gives insight into pos-
sible adversary strategies for test takers. Suppose multiple-choice examinations
were graded to compensate as generously as possible for potential shift errors, by
awarding as the score the length of the longest-common subsequence between
the student’s paper and the correct answers. How should a clever but illiter-
ate student answer so as to maximize her expected score? Through computer
searches, we provide new bounds in the quest for what Dancik [8] terms the most
adaptable sequence.

1.1 The Standardized Testing Industry and Related Work

Standardized testing is a large and growing industry. In the 1997-1998 academic
year, the Educational Testing Service (ETS) administered roughly 3, 000, 000
paper-based exams. Although some of these exams (such as the GREs) are no
longer paper-based, the vast majority are expected to remain paper-based for
many years to come. Companies such as Scantron and NCS cater to the increas-
ing industrial use of paper based standardized testing for hiring, training and
for supervision purposes. Scantron scans over sixty million forms [11] per year,
while NCS (with revenues over $500 million dollars in 1999) boasts to capture
data from over 200 million documents annually [13], large portion of which are
marked forms. Roughly 64,000 forms are scanned annually in class exams at
SUNY Stony Brook alone, which extrapolates to perhaps six million per year in
universities across the United States.

Despite an extensive literature search, and discussions with experts in the
standardized testing industry, we have uncovered no previous work on algorith-
mically detecting/correcting student shift-errors. This is likely a consequence of
the difficulty of recognizing shifts. However, there has been considerable empiri-
cal study into factors affecting student’s answer changing behavior, which can be
observed by studying erasure marks on grading sheets. We are aware of at least
20 studies on answer-changing in multiple choice exams – the earliest dating
back to 1929 [3, 4, 6, 7, 9, 12, 14, 15, 16, 17, 18, 19, 20, 21, 22, 24, 25, 27, 28, 30].
The aggregate of these studies suggests that roughly 3% of all answers are erased
and changed, an unknown fraction of which results from student-detected shift-
errors.

The best evidence for the frequency of shift errors on standardized tests arises
from Matter’s [20] studies of student answer-changing behavior. Matter sought
to identify mismarkings due to clerical errors in the set of erasures. By analyzing
21,829 erasures on 1903 student exams, Matter confirmed that roughly 3% of all
answers were erased. Of these, Matter observed 633 runs of 3 or more consecutive
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answer changes. Since an assumption of independent errors at this observed rate
would be expected to create no more than 20 such runs, Matter concluded that
almost all of these runs were due to clerical errors. By extrapolating from this
data, we can conclude that a substantial fraction of all tests exhibit corrected
shift errors. A significant problem with uncorrected shift errors remains even if
90% of all shift errors are corrected by students.

The factors affecting the fairness of multiple-choice exams, have also been
extensively studied. Aamodt et.al. [1] examined the effect that the exam taker’s
moods have on performance, and concluded that sad exam takers do better than
happy ones. Sinclair et.al. [26] found that even the color of the paper can af-
fect performance, and that students with blue answer sheets outperform those
with red answer sheets. Harpp et.al. [10] studied cheating on 75 different sets
of undergraduate university multiple choice exams over 4 years, discovering that
at least 10% of examinees copy from one another. Fortunately, such copying
can be almost completely eliminated by creating multiple versions of each exam.
However, Balch [2] and Carlson et.al. [5] found that question ordering affects per-
formance, and in particular that grouping questions by subject leads to higher
scores. Thus creating multiple versions of exams (to combat cheating) may lead
to bias even if all the questions are identical. Different approaches have been
taken to correct for the effect of guessing. ETS penalizes the examinee for every
wrong answer in an attempt to discourage guessing. Prieto et.al. [23] deter-
mined that although the penalizing approach reduces the effects of guessing, it
also alters the distribution of scores in the exam. We note that any attempt to
discourage guessing should increase the frequency of student shift errors, because
each skipped question provides an opportunity to start a shift.

1.2 Notation and Shift Model

Throughout this paper, we assume that we are given a set of exams and the
correct answer key. Each exam is described by strings of length N on an alpha-
bet Σ, where α = |Σ|. Unanswered questions are assigned a symbol not in Σ,
thus condemning them to be marked as incorrect in any re-alignment. We let
A1A2 . . . AN denote the answer key and E1E2 . . . EN denote a given student’s
exam. A patch is a substring EiEi+1 . . . Ej of a given exam E.

The structure of a right shift is shown in Figure 1. The questions intended to
have been marked in positions x+1 to x + l were marked in positions x+ ∆ +1
to x+∆+ l, and random answers were inserted in positions x+1 to x+∆. The
shift size s = ∆ + l is the number of questions that will potentially be marked
incorrectly. The problem of shift detection can then be defined as discovering
the most likely intended answer string, given the marked string.

2 Three Approaches to Shift Detection and Correction

Our goal is to discriminate between exams that contain shifted patches, and
exams that do not. There is an inherent tradeoff between selectivity and speci-
ficity; minimizing the number of false detections while detecting as many real
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BCBBEDDADBCDEABEC

BCCEBBEDDBCDEABEC

X l

Fig. 1. A shift of length l by offset ∆ at position x.

shifts as possible. We have developed and evaluated three basic approaches to
shift-detection, each of which scans an individual exam, and identifies/scores
patches in it that represent potential shifts. The models differ according to what
information they consider in scoring the patches, and are ordered by increasing
sophistication. Here we present a brief description of each model:

– The dynamic programming model performs a standard string alignment be-
tween the answer key and the exam, where the cost of a shift is set high
enough to discourage its use, since shifts are presumed to be rare. Each shift
represents a temporary deviation from the main diagonal of the dynamic
programming matrix. This method performed badly, however, tending to
excessively reward poor-performing students.

– The single scan model analyzes each patch of a given exam using a proba-
bilistic model (discussed in Sections 3 and 4) to determine the likelihood that
a student with this score will have a patch with the given number of errors
and the given improvement. This model accounts for the fact that higher-
scoring students are less likely to have poor-scoring patches, and thus any
such patch may be more significant than a patch made by a lower-scoring
student.

– The double scan model extends the single scan model by using the probability
distribution of each answer for each question by the entire class. Obtaining
this information requires an initial pass through the exams prior to assigning
grades to any of them. We can augment our probability model to take advan-
tage of this information, since errors in a patch of relatively easy questions
are more suggestive of a shift.

3 Discovering Suspicious Patches

Consider the characterization of each exam E with a binary string of length
N , where 0 denotes a correct answer and 1 an incorrect answer. We term a
patch suspicious if it contains an unusually large number of errors (i.e. 1s). Let
P (N, n, k, m) denote the probability that such a binary string of length N with
m 0s contains a patch of length n with at least k 1s. For the single scan model,
this probability is sufficient to evaluate whether a patch is suspicious. For the
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double scan model, we must add question bias to the calculation of P (N, n, k, m).
Figure 2 illustrates the effect that the student’s score T and the length of the
exam N have on our ability to detect shifts.

Fig. 2. The probability a given test has a n length patch with k wrong answers. The
top row measures exams with N = 50, while the bottom row exams with N = 100.
Student performance varies from left to right along each row for T = 60%, 70%, 80%,
and 90%. The dark areas represent probabilities small enough to make the associated
shifts detectable.

3.1 Computing P (N, n, k, m)

Computing P (N, n, k, m) can be done in O(N2n) time by building an appropri-
ate automaton, which simulates a traversal of all possible binary strings of length
N . According to the recurrence given in (2) where P (N, n, k, m) = Probn(N, k)
having (1) as a termination condition, Prob(EN−n) = (N −m)/N the proba-
bility that EN−n is 1, and I(EN ) ∈ {0, 1} the identity of the Nth element. In
order to supply I(EN ) the automaton must retain as states all binary strings of
length n for every stage in the traversal, giving a total of (N − n)2n states.

Probn(n− 1, x) = 1 ∀x (1)

Probn(N, k) = Probn(N − 1, k + 1) · (1− Prob(EN−n) · I(EN)

+ Probn(N − 1, k − 1) · Prob(EN−n) · (1− I(EN))

+ Probn(N − 1, k) · (1− Prob(EN−n)) · (1− I(EN))

+ Probn(N − 1, k) · Prob(EN−n) · I(EN) (2)

To avoid the complexity of computing the full automaton for large n, we can
probabilisticly approximate I(EN ), by counting the number of 1s rather than
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maintaining the entire n length string. This method reduces the number of states
to n(N − n) and produces an approximation that proves good in practice. This
method was used in our experiments, and proves sufficiently accurate. By using
an I/O probabilistic automaton as described in [29], we can symbolically pre-
compute the recurrence in n2 runs of the probabilistic machine. Details appear
in the full paper.

3.2 Finding Suspicious Patches in the Double Scan Model

In the double scan model, we adjust the suspicious patch probabilities with
respect to the difficulty of each question. First, we compute the probabilities
Q1, Q2, · · · , QN that a random member of the class answered each question cor-
rectly, assuming no shift errors. We now adjust these probabilities to reflect the
differences between students. For each exam Ei with score Ti we find a single
constant Ci such that

∑N
j=1 Ci ·Qj = Ti. Given this constant, we model the

probability that student i correctly answered question j as min(Ci ·Qj , 1). Using
these probabilities, we can calculate the expected average of a patch s, denoted
Es. The relative level of difficulty of this patch s is then Es/Ti for student i.
We then adjust the suspicious patch probability according to this level of dif-
ficulty. Patches of low average will now have stricter suspiciousness thresholds
than patches of high average. Details appear in the full paper.

4 Suspicious Patch Scoring

Suspicious patch detection discovers patches with abnormally many wrong an-
swers, but that by itself it is not an effective discriminator between true and false
shifts. We use suspicious patch detection in conjunction with a second proba-
bilistic system which we call suspicious patch scoring. Suspicious patch scoring
is derived from the observation that correcting a real shift should result in a sig-
nificant increase in the score of the exam. We considered two different models:

– The Independent Probability Model. It is natural to assume that a shifted
block of answers should score as much as a random sequence, since each
answer was intended for a neighboring position. The probability that a block
of length N on alphabet α yields at least B correct answers is well defined
and computed by Equation 3. This equation is independent of the length of
the exam or its score. Table 1 gives insight into the strength of this method.

Prob(N, B, α) =
N∑

k=B

(
N
k

)
(
1
α

)B(
α− 1

α
)N−B (3)

– The Answer Key Dependent Model. However, the independent model does
not exploit all information we have about the benefit probability of a shifted
patch. A shifted patch’s behavior depends on the exam structure and is not
necessarily random. Consider a true-false exam (α = 2) whose answer key
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Table 1. The probability that a random patch of length n has c correct answers in it.
For α = 5, 2 ≤ n ≤ 10 and 1 ≤ c ≤ n. Probabilities low enough to be useful for our
shift detection are in bold face.

n \ c 1 2 3 4 5 6 7 8 9 10
2 .360 .040
3 .488 .104 .008
4 .590 .181 .027 .002
5 .672 .263 .058 .007 .000
6 .738 .345 .099 .017 .002 .000
7 .790 .423 .148 .033 .005 .000 .000
8 .832 .497 .203 .056 .010 .001 .000 .000
9 .866 .564 .262 .086 .020 .003 .000 .000 .000
10 .893 .624 .322 .121 .033 .006 .001 .000 .000 .000

alternates true and false. Any low scoring patch will yield a high benefit
when shifted, and will be considered shifted by the independent model, so
the independent probability model will score these events as rarer than they
in fact are. Our answer sequence dependent model takes in account the
structure of the answer key A, as well as the size of the alphabet. This model
is based on the following recurrence, where S is the patch, and Prob(S, B) =
Prob(N, B, α). Prob(0, B) = 0 for B �= 0, and 1 otherwise.

Prob(S, B) = Prob(S|S| �= A|S|+1) · Prob(S − 1, B) + Prob(S|S|
= A|S|+1) · Prob(S − 1, B − 1)

where

Prob(Ai+1 = Si) = Prob(Si = Ai|Ai = Ai+1) +
1

α− 1
· Prob(Si �= Ai|Ai �= Ai+1)

Prob(Ai+1 �= Si) = Prob(Si �= Ai|Ai = Ai+1) + Prob(Si �= Ai|Ai = Ai+1) (4)

5 Experimental Results

We conducted experiments on five different sets of scanned multiple-choice exams
given at Stony Brook, for a a total of 684 papers. The characteristics of the five
exams are reported in Table 2; they differ significantly in length, alphabet, and
difficulty. These experiments are designed to answer two questions - (1) how well
do our methods detect shifted exams and (2) how often do actual exams contain
uncorrected shift errors.

To answer the first question, we constructed simulated shift errors and mea-
sured how well we detect them. To simulate shift errors, we picked patches of
each exam at random and performed a shift, producing N l-shifts of each exam,
for 3 ≤ l ≤ 10. For simplicity, we limit attention to shifts with ∆ = ±1, where
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Table 2. Average, number of questions and number of students in the exams used for
performance testing.

Questions alphabet Students Average
Exam 1 33 5 204 81.4%
Exam 2 50 5 204 70.7%
Exam 3 50 4 101 68.5%
Exam 4 50 5 66 65.4%
Exam 5 30 4 109 61.8%

each exam contains at most one shift error. We seek a confidence threshold which
identifies all significant simulated shifts while identifying few if any shifts in the
original tests. Observe that a non-trivial fraction of these random shifts left the
scores unchanged or even higher than the original, so no system could hope
to identify all of these simulated shifts. For example, of the generated shifts
of length 6, 11.3% did not reduce the student’s score and thus should not be
detected/corrected.

Table 3 discusses our detection success rate according to method used. The
dynamic programming method proves relatively insensitive, detecting only 30%
of simulated shifts of length 10 patches. Both the single and double scan methods
did considerably better, correctly identifying roughly 90% of such shifts, and a
substantial fraction of shifts as small as three answers. The double-scan method
performed only slightly better than the single-scan method, perhaps not enough
to justify the additional complexity. In order to appreciate the detection level
described in Table 3, a closer examination of the detected shifts is needed. For
example, 62% of the shifts of length 6 were detected in exam 2. This corresponds
to 99% of all shifts that caused a loss greater than 2 questions, and 82% of shifts
that caused a loss greater than 1 question.

To assess how often actual exams contain uncorrected shift errors, we note
that at these probability thresholds, roughly 1-2% of the original exams scored as
having shift errors. Properly interpreting our results requires justifying whether
our detected shifts in the original tests reflect actual student clerical errors. We
believe that they do, and have provided the details of all our detected shifts in
Table 4 for inspection.

6 Adversary Strategies and Adaptability

It is possible for a clever but devious student to increase their exam score by
taking advantage of the shift-correction machinery described in this paper. For
example, a student who is very confident in her answers for a sequence of ques-
tions but must guess the answers for all of a preceding run of questions may find
it reasonable to deliberately shift their sequence of correct answers. Assuming
the system discovers the shift, it may find it advantageous to also shift some of
the guesses, thus in effect giving two chances for each guess.
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Table 3. The portions of detected original and synthetic shifts according to length,
and broken down by exam. Shifts were generated with lengths 3 to 10, and detected
using the dynamic programming, single scan and double scan models.

Dynamic Prog Exam1 Exam2 Exam3 Exam4 Exam5
Original exams .010 .000 .018 .010 .000
Shift length 3 .016 .004 .027 .023 .015
Shift length 4 .028 .012 .035 .029 .018
Shift length 5 .048 .034 .052 .036 .033
Shift length 6 .083 .098 .084 .043 .040
Shift length 7 .133 .169 .144 .060 .055
Shift length 8 .212 .263 .208 .105 .096
Shift length 9 .266 .366 .253 .148 .145
Shift length 10 .326 .456 .314 .216 .209

Single Scan Exam1 Exam2 Exam3 Exam4 Exam5
Original exams .019 .000 .010 .015 .019
Shift length 3 .429 .171 .209 .127 .128
Shift length 4 .638 .321 .342 .258 .233
Shift length 5 .743 .453 .463 .376 .353
Shift length 6 .836 .611 .584 .498 .470
Shift length 7 .883 .696 .674 .587 .566
Shift length 8 .911 .766 .739 .702 .650
Shift length 9 .929 .809 .789 .752 .713
Shift length 10 .943 .842 .817 .797 .750

Double Scan Exam1 Exam2 Exam3 Exam4 Exam5
Original exams .019 .000 .010 .015 .019
Shift length 3 .446 .178 .211 .137 .138
Shift length 4 .649 .334 .352 .268 .246
Shift length 5 .759 .470 .476 .389 .366
Shift length 6 .839 .620 .587 .503 .477
Shift length 7 .884 .700 .675 .595 .570
Shift length 8 .913 .768 .740 .704 .656
Shift length 9 .930 .813 .789 .754 .718
Shift length 10 .943 .843 .818 .801 .755
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Table 4. The putative shifts that were detected and corrected by our system in original
exams. Patch scores are the number of correct answers in the original vs. corrected
patch, and final scores are the original vs. corrected exam scores.

Exam Exam1 Exam1 Exam1 Exam1 Exam4
Answer key CBDCB ACBDCB DCBA DABBBA ABCBCBBDE

Student’s answer BDDBC CBAABD ADCB ABBBAD CBBCDCABD

Corrected answer BDDB CBAAB DCB ABBBA BBCDCABD

patch scores (O/C) 1 / 3 0 / 3 0 / 3 2 / 5 1 / 5
final scores (O/C) 85% / 92% 85% / 95% 79% /89% 73% /83% 72% /80%

Exam Exam3 Exam5 Exam5
Answer key AABCCBACBADCBDCB BBDDBBCCADBDAC BCCADBDA
Student’s answer ABCCCABBADDCDCBA DABDCABBCAABDB BBCAADBD

Corrected answer ABCCCABBADDCDCB ABDCABBCAABDB BCAADBD

patch scores (O/C) 5 / 11 1 / 7 2 / 5
final scores (O/C) 30% / 42% 17% / 37% 73% / 83%

The expected score of any randomly filled n-question exam is clearly n/α.
However this expected score will increase if one employs too generous a method
to correct for possible shift errors. We consider the interesting problem of de-
termining the “right” way to “randomly” answer questions if the most generous
possible method of shift correction is employed. We use the terminology devel-
oped by Dancik [8]. The adaptability of a string S is the expected length of the
longest common subsequence of S and R relative to n = |S| = |R|, where R is a
random string over the same α-sized alphabet Σ as S, i.e.

adaptability(S) =

∑
Si∈Σn |LCS(S, Si)|

nαn
(5)

It follows that adaptability(S) ≥ 1/α, since the length of the LCS is at least
as large as the Hamming distance between two strings. We will be interested
in adaptabilityα(n), the maximum adaptability over all strings length n on an
alphabet of size α. Observe that a string’s adaptability increases monotonically
with n towards a limit. Let AB denote the concatenation of strings A and
B. Note that the adaptability(SS) ≥ adaptability(S) since LCS(SS, AB) ≥
LCS(S, A) + LCS(S, B) for all S, A, and B. The question identifying the high-
est adaptability string for infinite exams has been considered by Dancik [8]. Using
approximating automata, he determined upper and lower bounds on maximum
adaptability limn→∞ adaptabilityα(n) for small alphabet sizes, given in Table 5.
Further, Dancik conjectured that the string L = (01101001)∗ is the string of
maximum adaptability, i.e. the best guesses for our student to make in long
exams.

Here, we report the results of a computer search for higher adaptability
strings. Our computational methods will be discussed in the full version of the
paper. Table 6 reports the highest adaptability strings of length up 16. Table 7
lists the adaptability of four interesting sets of strings from lengths 16 to 32,
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Table 5. Lower and Upper bounds on maximum adaptability for small alphabets [8].

α Lower Bound Upper Bound
2 0.80 0.88
3 0.67 0.80
4 0.58 0.75
5 0.53 0.70
6 0.50 0.66
7 0.46 0.63
8 0.44 0.60

and highlights the best performing string of each length. These are (01)∗, L,
and repetitions of the optimal strings of length 14 and 16. The string defined by
(01)∗ performs poorly in comparison to the others. Although we found strings
for specific lengths that where were better than L, we were unable to find a reg-
ular expression that has higher adaptability than L for all or for most strings of
length 8 or more. L appears to beat simple alternating forms like (01)∗ because
it can exploit the longer runs of identical characters which become more likely
as length increases. We conjecture that the language of maximum adaptability
strings is not regular.

Table 6. The strings of highest adaptability for a given length. Their complement
string (not listed) is of the same adaptability.

Length Adaptability Highest Adaptability Strings
2 0.6250 01
3 0.6667 010
4 0.6875 0110 0101
5 0.7000 01101 01010 01001
6 0.7161 011001
7 0.7232 0110010 0100110
8 0.7344 01100110
9 0.7376 011001101 010011001
10 0.7453 0110100110 0110010110
11 0.7482 01101001101 01001101001
12 0.7542 011001011001
13 0.7562 0110010110010 0100110100110
14 0.7602 01101001011001 01100101101001
15 0.7618 011001011010010 010010110100110
16 0.7658 0110010110100110
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Table 7. The adaptability of 3 high adaptability strings according to length. The
string of highest adaptability of the three for each length appears in bold.

Length\String (01)∗ (0110010110100110)∗ (01101001011001)∗ (01101001)∗
16 0.7344 0.7658 0.7643 0.7649
17 0.7353 0.7631 0.7618 0.7662
18 0.7361 0.7688 0.7684 0.7686
19 0.7368 0.7663 0.7692 0.7669
20 0.7375 0.7713 0.7712 0.7726
21 0.7381 0.7687 0.7697 0.7734
22 0.7386 0.7731 0.7748 0.7751
23 0.7391 0.7736 0.7754 0.7735
24 0.7396 0.7750 0.7770 0.7780
25 0.7400 0.7730 0.7756 0.7784
26 0.7404 0.7775 0.7797 0.7797
27 0.7407 0.7781 0.7786 0.7783
28 0.7411 0.7793 0.7819 0.7820
29 0.7414 0.7782 0.7821 0.7823
30 0.7417 0.7817 0.7830 0.7833
31 0.7419 0.7808 0.7813 0.7819
32 0.7422 0.7837 0.7844 0.7850
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Abstract. Lattice protein models are a major tool for investigating
principles of protein folding. For this purpose, one needs an algorithm
that is guaranteed to find the minimal energy conformation in some lat-
tice model (at least for some sequences). So far, there are only algorithm
that can find optimal conformations in the cubic lattice. In the more
interesting case of the face-centered-cubic lattice (FCC), which is more
protein-like, there are no results. One of the reasons is that for finding op-
timal conformations, one usually applies a branch-and-bound technique,
and there are no reasonable bounds known for the FCC. We will give
such a bound for Dill’s HP-model on the FCC.

1 Introduction

Simplified protein models such as lattice models are used to investigate the pro-
tein folding problem, the major unsolved problem in computational biology. An
important representative of lattice models is the HP-model, which has been in-
troduced by [7]. In this model, the 20 letter alphabet of amino acids (called
monomers) is reduced to a two letter alphabet, namely H and P. H represents
hydrophobic monomers, whereas P represent polar or hydrophilic monomers. A
conformation is a self-avoiding walk on the cubic lattice. The energy function for
the HP-model simply states that the energy contribution of a contact between
two monomers is −1 if both are H-monomers, and 0 otherwise. Two monomers
form a contact in some specific conformation if they are not connected via a
bond, and the euclidian distance of the positions is 1. One searches for a con-
formation which maximizes the number of contacts, which is a conformation
whose hydrophobic core has minimal surface. Just recently, the structure pre-
diction problem has been shown to be NP-hard even for the HP-model [4,5] on
the cubic lattice. A sample conformation for the sequence PHPPHHPH in the
two-dimensional lattice with energy −2 is the following:
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The white beads represent P, the black ones H monomers. The two contacts are
indicated via dashed lines.

For investigating general properties of protein-folding, one needs an algorithm
which is guaranteed to find a conformation with maximal number of contacts
(at least for some sequences, since the problem is NP-hard in general). Although
there are approximation algorithms for the HP-model in the cubic lattice [6] and
FCC [1], the need of an optimal conformation in this case implies that one cannot
use approximate or heuristic algorithms for this purpose. To our knowledge, there
are two algorithm known in the literature that find conformations with maximal
number of contacts (optimal conformations) for the HP-model, namely [8,2].
Both use some variant of Branch-and-Bound.

The HP-model is original defined for the cubic lattice, but it is easy to de-
fine it for any other lattice. Of special interest is the face-centered-cubic lattice
(FCC), which models protein backbone conformations more appropriately than
the cubic lattice. When considering the problem of finding an optimal confor-
mation, the problem occurs that no good bound on the number of contacts
for the face-centered cubic lattice is known, in contrast to the HP-model. Both
known algorithm for finding the optimal conformation search through the space
of conformations using the following strategy:

– fix one coordinate (say x) of all H-monomers first
– calculate an upper bound on the number of contacts, given fixed values for

the H-monomers.

An upper bound can easily be given in the case

x=1 x=2

Fig. 1. H-Positions

of the HP-model, if only the number of H-monomers
are known in every plane defined by an equation
x = c (called x-layer in the following). For this pur-
pose, one counts the number of HH-contacts and
HH-bonds (since the number of HH-bonds is con-
stant, and we do not care in which layer the HH-
bonds actually are). Let us call this generalized con-
tacts in the following. Then one distinguishes be-
tween generalized contacts within an x-layer, and
generalized contacts between x-layers. Suppose that
the positions occupied by H-monomers are given by
black dots in Figure 1. Then we have 5 H-monomers
in layer x = 1, and 4 H-monomers in x = 2. Fur-
thermore, we have 4 generalized contacts between

the layer x = 1 and x = 2 (straight lines), 5 contacts within x = 1 and 4
contacts within x = 2 (dashed lines). This coincide with upper bound given 5 H-
monomer in x = 1, and 4 H-monomers in x = 2, which is calculated as follows.
For the number of interlayer contacts, we know that every interlayer contact
consumes 1 H-monomer in every layer. Hence, the maximal number of interlayer
contacts is the minimum of the number of H-monomer in each layer, in this case
min(5, 4) = 4. The upper bound for the layer contacts is a bit more complicated,
since it uses the concept of a frame. Consider some layer with n H-monomers.
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Let a = �√n� and b = �n
a �. (a, b) is the minimal rectangle (frame) around n

H-monomers. Then the maximal number of contacts within this layer is upper
bound by 2n − a − b. In our example, we get for the first layer n = 5, a = 3
and b = 2, and the maximal number of layer contacts is then 10− 3− 2 = 5, as
it is the case in our example. For n = 4, we get a = 2, b = 2 and the maximal
number is then 8− 2− 2 = 4, as in our case. For details, see [8,2].

The problem with the face-centered-cubic lattice is, that there is no similar
bound known (given the number of H-monomers in every x-layer). Part of the
problem is that the interlayer contacts are much more complex to determine.
The reason is that the face-centered cubic lattice has 12 neighbors (position
with minimal distance), whereas the cubic lattice has only 6. Thus, in any rep-
resentation of FCC, we have more than one neighbor in the next x-layer for any
point p, which makes the problem complicated. Such an upper bound will be
given in this paper.

2 Preliminaries

y

z

x
(0,1,-1)

(0,  2 ,0)

Fig. 2. In the first figure, we have shown two x-layers (where the x-axis is shown as
the third dimension). The red circles are the lattice points in the first x-layer, where
the red lines are the nearest neighbor connections. The blue circles are the points in
the second x-layers. The green lines indicate the nearest neighbor connections between
the first and the second x-layer. The second figures shows FCC after rotation by 45◦

Given vectors v1, . . . , vn, the lattice generated by v1, . . . , vn is the minimal
set of points L such that ∀u, v ∈ L, both u + v ∈ L and u − v ∈ L. An
x-layer in a lattice L is a plane orthogonal to the x-axis (i.e., is defined by
the equation x = c) such that the intersection of the points in the plane and
the points of L is non-empty. The face-centered cubic lattice (FCC) is defined
as the lattice D3 = {

(
x
y
z

)
|

(
x
y
z

)
∈ �

3and x + y + z is even}. For simplicity,
we use a representation of D3 that is rotated by φ = 45◦ along the x-axis.
Since we want to have distance 1 between successive x-layers, and distance 1
between neighbors in one x-layer, we additionally scale the y- and z-axis, but
leave the x-axis as it is. A partial view of the lattice and its connections, as well
as the rotated lattice is given in Figure 2. Thus, we can define the lattice D′

3

to be the lattice that consists of the following sets of points in real coordinates:
D′

3 = {
(

x
y
z

)
|
(

x
y
z

)
∈ �3} � {

( x+0.5
y+0.5
z+0.5

)
|
(

x
y
z

)
∈ �3}. The first is the set of points
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in even x-layers, the second the set of point in odd x-layers. A generator matrix
for D′

3 is given in [3].
The set ND′

3
of minimal vectors connecting neighbors in D′

3 is given by

ND′
3

=
{(

0±1
0

)
,
(

0
0±1

)}
�

{( ±1
±0.5
±0.5

)}
. The vectors in the second set are the

vectors connecting neighbors in two different successive x-layers. Two points p
and p′ in D′

3 are neighbors if p− p′ ∈ ND′
3
.

Colorings. The positions occupied by H-monomers in some conformation of the
HP-model can be defined by colorings. A coloring is a function f : D′

3 → {0, 1}.
We denote with points(f) the set of all points colored by f , i.e., points(f) = {p |
f(p) = 1}. With num(f) we denote |points(f)|. Let f1 and f2 be colorings. With
f1 ∪ f2 we denote the coloring f with points(f) = points(f1) ∪ points(f2). Two
colorings f1, f2 are disjoint if their set of points are disjoint. f1 � f2 denotes the
disjoint union of colorings. Given a coloring f , we define the number of contacts
con(f) of f by con(f) = 1

2 |{(p, p′) | f(p) = 1 = f(p′) ∧ (p− p′) ∈ ND′
3
}.

A coloring f is called a coloring of the plane x = c if f(x, y, z) = 1 implies
x = c. We say that f is a plane coloring if there is a c such that f is a coloring
of plane x = c. We define Surfpl(f) to be the surface of f in the plane x = c. I.e.,
Surfpl(f) is the number of pairs (p, p′) such that p − p′ ∈ ND′

3
(i.e., they are

neighbors), f(p) = 1, f(p′) = 0, and p′ is also in plane x = c. With miny(f) we
denote the integer min{y | ∃z : f(c, y, z) = 1}. maxy(f), minz(f) and maxz(f)
are defined analogously.

3 Description of the Upper Bound

Our purpose is to give a upper bound on the number of contacts, given that
nc H-monomers are in the x-layer defined by x = c. Thus, we need to find a
function b(n1, . . . , nk) with

b(n1, . . . , nk) ≥ max
{

con(f) f = f1 � . . . � fk, num(fc) = nc

and fc is a coloring of plane x = c

}

.

To develop b(n1, . . . , nk), we distinguish between contacts (p, p′) where both p
and p′ are in one x-layer, and contacts (p, p′) where p is in an layer x = c, and p′

is in the layer x = c+1. The contacts within the same x-layer are easy to bound
by bounding the surface Surfpl(fc). Since every point in layer x = c has four
neighbors, which are either occupied by an colored point, or an uncolored point,
we get 4 ·num(f) = Surfpl(fc)+2 ·LC, where LC is the number of layer contacts.
The hard part is to bound the number of contacts between two successive layers.

For defining the bound on the number of contacts between two successive
layers, we introduce the notion of a i-point, where i = 1, 2, 3, 4. Given any point
in x = c + 1, then this point can have at most 4 neighbors in the plane x = c.
Let f be a coloring of the plane x = c. Then a point p in plane x = c + 1 is a
i-point for f if it has i neighbors in plane x = c that are colored by f (where
i ≤ 4). Of course, if one colors a i-point in plane x = c + 1, then this point



An Upper Bound for Number of Contacts in the HP-Model 281

generates i contacts between layer x = c and x = c + 1. In the following, we will
restrict ourself to the case where c = 1 for simplicity. Of course, the calculation
is independent of the choice of c.

Consider as an example the two col-

x=1 x=2

2-point

4-point

3-point

Fig. 3. H-Positions in FCC

orings f1 of plane x = 1 and f2 of plane
x = 2 as shown in Figure 3. f1 consists
of 5 colored points, and f2 of 3 colored
points. Since f2 colors one 4-point, one
3-point and one 2-point of f1, there are
9 contacts between these two layers. It is
easy to see that we generated the most
contacts between layers x = 1 and x = 2
by first coloring the 4-points, then the 3
points and so on until we reach the num-
ber of points to be colored in layer x = 2.1

For this reason, we are interested to
calculate the maximal number of i-points
(for i = 1, 2, 3, 4), given only the number

of colored points n in layer x = 1. But this would overestimate the number of
possible contacts, since we would maximize the number of 4-, 3-, 2- and 1- point
independently from each other. We have found a dependency between these
numbers, which requires to fix the side length (a, b) of the minimal rectangle
around all colored points in layer x = 1 (called the frame). In our example, the
frame is (3, 2). Of course, one has to search through all “reasonable frames” to
find the maximal number of contacts between the two layers. This will be treated
in a later section.

Denote with maxi(a, b, n) the maximal number of i-points in layer x = 2 for
any coloring of layer x = 1 with n-colored points and frame (a, b). Then we have
found that

max4(a, b, n) = n + 1− a− b max2(a, b, n) = 2a + 2b− 2�− 4
max3(a, b, n) = � max1(a, b, n) = � + 4.

The remaining part is to find � = max3(a, b, n), which is a bit more complicated.
Define k = edge(a, b, n) = max{k ∈ � | ab− 4k(k+1)

2 ≥ n}, and r = ext(a, b, n)

= 
ab−4 k(k+1)
2 −n

k+1 �. Then max3(a, b, n) =

{
4k + r if 4k + r < 2(a− 1)
2(a− 1) else.

4k + r has a geometric interpretation. It is the maximal sum of the side length
(one short side) of uncolored triangles at the corners of the frame for colorings
with n points and frame (a, b). Consider the coloring

1 Note that this might not necessarily be the coloring with the maximal number of
contacts, since we might loose contacts within the layer x = 2; although this could
be included in the calculation of the upper bound, we have excluded this effect in
for simplicity
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with n = 38, a = 6 and b = 9. The sum of the triangle side lengths (one short
side) is 2 + 2 + 2 + 3 = 9. This is exactly the same as 4edge(a, b, n)+ ext(a, b, n).

Plan of the Paper. In Section 4, we will determine the number of points having
n possible contacts, given some parameter of the coloring f of plane x = c. The
parameters are the surface Surfpl(f), and the number of points with 3 possible
contacts.

In Section 5, we will then show how we can determine the number of points
having 3 possible contacts, given Surfpl(f). Surfpl(f) is determined by the min-
imal rectangle (called frame) around all points colored by f . Thus, we get an
upper bound for both the contacts in the plane x = c, and the contacts between
x = c and x = c + 1 by enumerating all possible frames for f . Of course, we
cannot enumerate all frames. Thus, we introduce in Section 6 a concept of “suf-
ficiently filled frames”, i.e. frames that are not too big for the number of points
to be colored within the frame. These frames will be called normal. We then
prove that it is sufficient to enumerate only the normal frames to get an upper
bound. In fact, this is the most tedious part of the construction.

4 Number of Points with 1, 2, 3, 4-Contacts

In the following, we want to handle caveat-free, connected colorings. A coloring is
connected if for every two points colored by f , there is a path p = p1 . . . pn = p′

such that all points p1 . . .pn are colored by f , and pi − pi+1 ∈ ND′
3
. Let f

be a coloring of plane x = c. A horizontal caveat in f is a k-tuple of points
(p1, . . . , pk) such that f(p1) = 1 = f(pk), ∀1 < j < k : f(pj) = 0 and ∀1 ≤
j < k :

(
pj+1 = pj +

(
0
1
0

))
. A vertical caveat is defined analogously satisfying

∀j < k :
(
pj+1 = pj +

(
0
0
1

))
instead. We say that f contains a caveat if there

is at least one horizontal or vertical caveat in f .

Definition 1. Let f be a coloring of plane x = c. We say that a point p is
a 4-point for f if p is in plane x = c + 1 or x = c − 1 and p has 4 neigh-
bors p1, . . . , p4 in plane x = c with f(p1) = · · · = f(p4) = 1. Analogously,
we define 3-points, 2-points and 1-points. Furthermore, we define #4c−1(f) =
|{p | p is a 4-point for f in x = c− 1}|. Analogously, we define #4c+1(f) and
#ic±1(f) for i = 1, 2, 3.

Trivially, we get for any coloring f of plane x = c that ∀i ∈ [1..4] : #ic−1(f) =
#ic+1(f). Hence, we define for a coloring f of plane x = c that #i(f) =
#ic−1(f) (= #ic+1(f)) for every i = 1 . . . 4. For calculating the number of
i-points for a coloring f of plane x = c, we need the additional notion of x-steps
for f . An x-step f consists of 3 points in x = c that are sufficient to characterize
one 3-point.

Definition 2 (X-Step). Let f be a coloring of plane x = c. An x-step for f is
a triple (p1, p2, p3) such that f(p1) = 0, f(p2) = 1 = f(p3), p1 − p2 = ±

(
0
1
0

)

and p1 − p3 = ±
(

0
0
1

)
. With xsteps(f) we denote the number of x-steps of f .
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Lemma 1. Let f be a connected, horizontal caveat-free coloring of the plane
x = c. Then the following equations are valid:

(a) #4(f) = n + 1− 1
2
Surfpl(f) (b) #3(f) = xsteps(f)

(c) #2(f) = 2n− 2#4(f)− 2#3(f)− 2 (d) #1(f) = xsteps(f) + 4

Proof (sketch). The proof is by induction on the number of rows. We will handle
only the simple case of plane colorings where the different rows do overlap (since
we can show that non-overlapping colorings are not optimal). The base case is
trivial. For the induction step, let f be a plane coloring of height h + 1. Let the
coloring f ′ be f with the row z = maxz(f) deleted.

Equation (a): Let nlast be the number of points introduced in the last row of
f , and let r be the number of points where the last row of f overlaps with
the last row of f ′ as shown below:

lastn

f
f’

r

By our assumption of overlapping colorings we get r > 0. Then

#4(f) = #4(f ′) + (r − 1)
and Surfpl(f) = Surfpl(f ′) + 2(nlast − r) + 2.

Using these values and the induction hypotheses, a simple calculation proves
the claim.

Eqns. (b) and (d): We will show only one case for the arrangement of the last
two rows. Assume that the last two rows are of the forms

1-point f’1-point f’

or

1-point f’ 1-point f’

,

where the points colored by f are given in black. By this arrangement of the
last two rows of f , f contains one more x-steps than f ′. Thus, one can easily
check that

#3(f) = #3(f) + 1
and #1(f) = #1(f) + 1,

from which one can verify Eqns. (b) and (d) by the induction hypotheses.

Equation (d) follows from the other equations and the equation

4n = 4 ·#4(f) + 3 ·#3(f) + 2 ·#1(f) + 1 ·#1(f).
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With this lemma we need only to bound Surfpl(f) and xsteps(f) (which is a
bound on the number of 3-points) to calculate bounds on the number of 4-, 3-,
2- and 1-points.

5 Bound on the Number of 3-Points.

Given a plane coloring f , then we denote with frame(f) the pair (a, b), where
a = maxz(f) − minz(f) + 1 and b = maxy(f) − miny(f) + 1. a is called the
height of f , and b is called the width of f . The frame gives us the possibility to
given a lower bound on the surface of a plane coloring, which is then an upper
bound on the layer contacts. We need more characteristics of a coloring than the
frame to generate a bound for xsteps(f), which will be captured by the notion
of a detailed frame. The formal definition can be found in [3]. In principle, the
detailed frame just counts for every corner, how many diagonals we can draw
(starting from the corner) without touching a point that is colored by f . E.g.,
consider the following plane coloring fex given by the black dots:

fex:

Note that there are 8 positions in the next layer that are 3-points for this coloring.
We have indicated these points with a ×. We can draw 3 diagonals from the left-
lower corner, 2 from the left upper, 1 form the right lower, and 2 from the right
upper corner. Note that the number of 3-points near every corner is exactly the
same. We will prove this relationship later.

The detailed frame of a coloring f is the tuple (a, b, ilb, ilu, irb, iru), where
(a, b) is the frame of f , and ilb is the number of diagonals that can be drawn
from the left-bottom corner. ilu, irb, iru are defined analogously. For fex, the
detailed frame is (6, 9, 3, 2, 1, 2). The interesting part is that the the number of
diagonals to be drawn gives an upper bound for the number of points to be
colored and for the number of x-steps.

Proposition 1. Let (a, b, i1, i2, i3, i4) be the detailed frame of a plane coloring
f . Then num(f) ≤ ab−

∑4
j=1

ij(ij+1)
2 .

Definition 3 (Diagonal Caveat). A diagonal caveat in f is a k-tuple of points
(p1, . . . , pk) of D′

3 with k ≥ 3 such that f(p1) = 1 = f(pk), ∀1 < j < k : f(pj) =

0 and ∀1 ≤ j < k :
(
pj+1 = pj +

(
0
1
1

))
∨ ∀1 ≤ j < k :

(
pj+1 = pj +

(
0
1−1

))
.
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The number of diagonal caveats in f is denoted by diagcav(f). The next
lemma gives us a good bound on the number of 3-points of a plane coloring f ,
given its edge characteristics. Recall the above example coloring fex with char-
acteristic (6, 9, 3, 2, 1, 2). Since the coloring does not have any diagonal caveats,
the next lemma will show that xsteps(f) is given by 3 + 2 + 1 + 2 = 8, as we
have indicated.

Lemma 2. Let f be a connected, caveat-free coloring of the plane x = c which
has a detailed frame (a, b, i1, i2, i3, i4). Then

xsteps(f) =
∑

j∈[1..4]

ij − diagcav(f).

Proof (sketch). By induction on the number of columns. The base case is trivial.
For the induction step, we will illustrate only the case where the left lower corner
of f is not completely filled. I.e., the coloring f is of the form

z

y

p
ymin

p1

f:

column to be deleted

.

Note that this implies that f has the characteristics (a, b, ilb, 0, 0, 0), and that we
have to show that xsteps(f) = ilb − diagcav(f). Let f ′ be generated from f by
deleting the first column (as indicated above). Let pminy be the lowest colored
point in the first column of f . We distinguish the following cases for

p1 = pminy −
(

0
1−1

)
.

1. f(p1) = 0 and pminy does not start a diagonal caveat in f . This implies that
we cannot delete a diagonal caveat by deleting the first column. Additionally,
we cannot delete or add an x-step. Hence,

diagcav(f ′) = diagcav(f)
xsteps(f ′) = xsteps(f).
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For determining the characteristics of f ′, consider the following example
coloring f for this case:

p
1

p
ymin

Diagonals for f’

Diagonals for f .

Then by deleting the first column, we loose the diagonal through the left
lower corner, but we can draw an additional one through p1. Thus, f ′ has
the characteristics (a, b− 1, ilb, 0, 0, 0). From this the claim follows from the
induction hypotheses.

2. f(p1) = 0 and pminy starts a diagonal caveat. Then we get

diagcav(f ′) = diagcav(f)− 1
xsteps(f ′) = xsteps(f)

Since pminy starts a diagonal caveat, we know that p1 is part of this diagonal
caveat. Hence, we cannot draw an additional diagonal in f ′ through p1 as
in the previous case. Thus, f ′ has the characteristics (a, b− 1, ilb− 1, 0, 0, 0),
and we get the claim again by the induction hypotheses.

3. f(p1) = 1. By deleting the first column, we deleted one x-step, but do not
introduced or deleted a diagonal caveat. Hence,

diagcav(f ′) = diagcav(f)
xsteps(f ′) = xsteps(f)− 1

Furthermore, f ′ has the characteristics (a, b−1, ilb−1, 0, 0, 0). From this the
claim follows from the induction hypotheses.

Proposition 2. Let f be a caveat-free and connected coloring of plane x = c
with frame (a, b). Then xsteps(f) ≤ 2(min(a, b)− 1).

Proof (sketch). This proposition follows from the fact that in every connected
and caveat-free coloring, there can be at most 2 x-steps in very row (resp. in
very column).

6 Number of Contacts between Two Planes

As already mentioned in Section 2, for every coloring f we need to distinguish
between contacts, where both points are in the same layer, and contacts, where
the two corresponding points are in successive layers. The first one are called
layer contacts of f (denoted by LCc

f ), whereas the later one are called interlayer
contacts. Since we can split every coloring into a set of plane colorings, we define
this notions for plane colorings.
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Layer and Interlayer Contacts. Let f be a coloring of plane x = c. Since all
colored points of f are in plane x = c, we can define the layer contacts LCc

f of
f in the plane x = c by LCc

f = con(f). We define LCn,a,b to be the maximum of
all LCc

f with num(f) = n, f has frame (a, b) and f is a coloring of some plane
x = c.

Proposition 3. Under assumption of caveat-free colorings, LCn,a,b = 2n−a−b.

Proof. Let f be a coloring of an arbitrary plane x = c. If f is caveat-free, then
the surface of f in the plane x = c is 2a + 2b. Now we know that each of the
n points has 4 neighbors, which are either occupied by another point, or by a
surface point. Hence, we get 4n = 2LCn,a,b + 2a + 2b.

Let f be a coloring of plane x = c, and f ′ be a coloring of plane x = c′. If
c′ = c + 1 (resp. c − 1), then we define the interlayer contacts ICf ′

f to be the
number of contacts between plane x = c and x = c + 1 (resp. x = c− 1) in the

coloring f�f ′, i.e.: ICf ′
f =

∣
∣
∣
{

(p, p′) f(p) = 1 ∧ f ′(p′) = 1 ∧ p′ − p =
( ±1

±0.5
±0.5

)}∣
∣
∣.

Otherwise, ICf ′
f = 0.

Let f be a coloring of plane x = c. With contactsmax(f, n) we denote the max-
imal number of contacts between plane x = c and x = c+1 by placing n points in

x = c+1. I.e. contactsmax(f, n)=max

{
ICf ′

f f ′ is a plane coloring of x = c + 1
with num(f ′) = n

}

Lemma 3. Let f be a plane coloring of x = c. With δ0(k) we denote max(k, 0).
Then

contactsmax(f, n) = 4 min(n, #4(f)) + 3 min(δ0(n−#4(f)), #3(f))

+ 2 min(δ0(n−
4∑

i=3

#i(f)), #2(f)) + 1 min(δ0(n−
4∑

i=2

#i(f)), #1(f))

Next, we want not to consider a special coloring, but only the frame the
coloring has. With MICn2,a2,b2

n1,a1,b1
we denote

max
∣
∣
∣
∣

{
ICf2

f1
num(f1) = n1 ∧ frame(f1) = (a1, b1) ∧
num(f2) = n2 ∧ frame(f2) = (a2, b2)

}∣
∣
∣
∣

We define MICn2
n1,a1,b1

= max
a2,b2

MICn2,a2,b2
n1,a1,b1

.

Proposition 4. MICn2
n1,a1,b1

=max






contactsmax(f, n2) f is a plane coloring
with frame (a1, b1)
and num(f) = n1.





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Normal Colorings. Now we proceed as follows. We will first consider the case that
the frame is sufficiently filled (where we define what this means in a moment).
After that, we will show that we do not have to consider the frames which
are not sufficiently filled (the pathological cases). We start with defining what
“sufficiently filled” means.

Let a, b, n be positive numbers such that ab ≥ n. We define edge(a, b, n) by
edge(a, b, n) = max{k ∈ � | ab − 4k(k+1)

2 ≥ n}. Let k = edge(a, b, n). Then we

define ext(a, b, n) = 
ab−4 k(k+1)
2 −n

k+1 �. Intuitively, edge(a, b, n) is the lower bound
for the indent from the corners of a coloring of n points with frame (a, b), if we
try to make the indents as uniform as possible (since uniform indents generate
the maximal number of x-steps). ext(a, b, n) is the number of times we can add 1
to edge(a, b, n). Using this definitions, we can say what sufficiently filled means.

Proposition 5. 0 ≤ ext(a, b, n) ≤ 3

Definition 4 (Normal). Let n be an integer, (a, b) be a frame with a ≤ b.
Furthermore, let k = edge(a, b, n) and r = ext(a, b, n). We say that n is normal
for (a, b) if either 4k+r < 2(a−1), or 4k+r = 2(a−1) and ab−4k(k+1)

2 −r(k+1) =
n.

The reason for using this notion is that if n is normal for (a, b), edge(a, b, n)
and ext(a, b, n) yield a good bound on the number of x-steps of a plane coloring
f . This will be shown in the next two lemmas.

Lemma 4. If n is normal for (a, b), then there exists a caveat-free, connected
plane coloring f such that xsteps(f) = 4k + r, where k = edge(a, b, n) and
r = ext(a, b, n).

Lemma 5. Let (a, b) be a frame of a caveat-free and connected plane coloring f
with a ≤ b. Let k = edge(a, b, num(f)) and r = ext(a, b, num(f)). Then

xsteps(f) ≤
{

4k + r If 4k + r < 2(a− 1)
2(a− 1) else

Definition 5 (Upper Bound for MICn′
n,a,b). Let n be a number and a ≤ b

with ab ≥ n ≥ (a + b)− 1. Let k = edge(a, b, num(f)) and r = ext(a, b, num(f)),
and let

l =

{
4k + r if 4k + r < 2(a− 1)
2(a− 1) else.
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We define max4(a, b, n) = n + 1− a− b max2(a, b, n) = 2a + 2b− 2l − 4
max3(a, b, n) = l max1(a, b, n) = l + 4.

With δ0(n) we denote max(n, 0). Now we define

BMICn′
n,a,b =4 min(n′, max4(a, b, n))

+ 3 min(δ0(n′ −max4(a, b, n), max3(a, b, n))

+ 2 min(δ0(n′ −
∑4

i=3 maxi(a, b, n), max2(a, b, n))

+ 1 min(δ0(n′ −
∑4

i=2 maxi(a, b, n), max1(a, b, n)).

Theorem 1. Under the condition given in the last definition, BMICn′
n,a,b is an

upper bound for MICn′
n,a,b, i.e., MICn′

n,a,b ≤ BMICn′
n,a,b. If n is normal for (a, b),

then the above bound is tight, i.e., BMICn′
n,a,b = MICn′

n,a,b.

Proof. That BMICn′
n,a,b is an upper bound for MICn′

n,a,b follows from Lemmas 1, 3,
5 and from the fact that all plane colorings f with frame (a, b) satisfy Surfpl(f) ≥
2a + 2b. That the bound is tight if n is normal for (a, b) follows from Lemma 4.

Note that any frame (a, b) for a connected, caveat-free coloring f with num(f)
= n will satisfy ab ≥ n ≥ (a + b)− 1, which is the reason for the bound on n in
the above definition. We need to investigate properties of frames with respect to
normality in greater detail. The next lemma just states that normality is kept
if we either add additional colored points without changing the frame, or we
switch to a smaller frame for the same number of colored points.

Lemma 6. Let n be normal for (a, b). Then all n ≤ n′ ≤ ab are normal for
(a, b). Furthermore, for all (a′ , b′) such that a′ ≤ a ∧ b′ ≤ b with a′b′ ≥ n, we
have n is normal for (a′, b′).

Clearly, we want to search only through the normal frames in order to find
the frame (a, b) which maximizes MICn′

n,a,b, given n and n′. This will be subject
of Theorem 2.
Restriction to Normal Colorings. For this purpose, we define colorings which
have

– maximal number of x-steps for given frame (a, b) (i.e., xsteps(f)
= 2 min(a, b)− 1,

– maximal number of colored points under the above restriction.

To achieve xsteps(f) = 2 min(a, b) − 1, we must have 2 x-steps in every line.
By caveat-freeness, this implies that these maximal colorings are as given in
Figure 4.

The definition of these colorings is achieved by defining maximal line number
distributions (where maximal refers to maximal x-steps). Line number distribu-
tions just counts for every line (row) in the coloring, how many colored points
are on that line. The maximal line number distribution for a frame (a, b) is given
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by Da,b
max3, and which has the property that below the line with maximal number

of colored points, we add 2 points from line to line, and after the maximal line
we subtract 2 points. For every line number distribution D, we have defined a
canonical coloring fcan(D). num(D) is the number of colored points of D, which is
the same as the points colored by fcan(D). The precise definitions can be found
in [3]. Figure 4 gives examples of the corresponding canonical colorings with
maximal number of x-steps for the frames (5, 5), (5, 6), (5, 7) and (6, 7).

f
can(D

5,5
max3)

f
can(D

5,6
max3)

f
can(D

5,7
max3)

f
can(D

6,7
max3)

Fig. 4. Canonical colorings for the elements (5, 5), (5, 6), (5, 7) and (6, 7) of M .

Now we want to find for a given n a minimal frame (am, bm) such that
(am, bm) has maximal number of x-steps. For this purpose, we define a set of
tuples

M =
⋃
{{(n, n), (n, n + 1), (n, n + 2), (n + 1, n + 2)} | n odd}

Note that M is totally ordered by the lexicographic order on tuples. Hence, we
can define MinF(n) to be the minimal element (a, b) ∈M such that num(Da,b

max3)
≥ n.

Note that we have excluded the case (n, n) with n even in the set M . The
reason is that in this case, any coloring f of this frame which has maximal
number of x-steps (namely 2(n− 1)) is not maximally overlapping. This implies
that we can reduce this to a smaller frame. Figure 5 shows an example.

Lemma 7. Let n be a number and (a, b) be MinF(n). Then

– There is a plane coloring f with frame (a, b) such that num(f) = n and
xsteps(f) = 2(a− 1).

– n is normal for (a, b) or (a, b− 1).

Theorem 2 (Existence of Optimal Normal Frame). Let n be an integer.
Then for all frames (a′, b′) there is a frame (a, b) such that a ≤ a′ ∧ b ≤ b′, n is
normal for (a, b), (a, b− 1) or (a− 1, b) and ∀n′ : MICn′

n,a,b ≥ MICn′
n,a′,b′ .

Proof (sketch). The main idea of this theorem is the following. Fix n and n′.
Let (a, b) be a frame for n with maximal number of possible x-steps (i.e., there
is a plane coloring f with num(f) = n, f has frame (a, b), and xsteps(f) =
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a=6

b=6b=6

n=18

ext(a− 1, b, n) = 0
edge(a− 1, b, n) = 2

a-1=5

n=18
edge(a, b, n) = 2
ext(a, b, n) = 2

Fig. 5. Special case that a is even and 4edge(a, b, n) + ext(a, b, n) = 2(a − 1). The
first picture is the coloring for (a, b), the second for (a − 1, b).

2 min(a, b) − 1). Then we know that MICn′
n,a+1,b ≤ MICn′

n,a,b since be enlarging
the frame, we loose one 4-point by lemma 1, but can win at most one x-step by
Proposition 2. The same holds for MICn′

n,a,b+1. Thus, it is sufficient to consider the
minimal frame (am, bm) which has maximal number of possible x-steps. But we
can show that in this case, n is normal for (am, bm), (am, bm−1) or (am−1, bm).

This theorem states, that we need only to consider all frames that are within
distance one from a normal frame in order to find the frame (a, b) with that
maximizes MICn′

n,a,b for a given n and n′. Now we are able to summarize the
results.

Theorem 3. Let f be a connected, caveat-free coloring with f = f1 � . . . � fk,
where fi is a coloring of the plane x = i. Let am

k = �√nk� and bm
k = � nk

am
k
�. Then

con(f) ≤
k−1∑

i=1

max





BMICni+1

ni,ai,bi
+ LCni,ai,bi |

aibi ≥ ni and ni is
normal for (ai, bi),
(ai − 1, bi) or (ai, bi − 1)






+ LCnk,am
k

,bm
k

,
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Abstract. Recent advances in genome technology have led to an ex-
ponential increase in the ability to identify and measure variation in
a large number of genes in the human genome. However, statistical and
computational methods to utilize this information on hundreds, and soon
thousands, of variable DNA sites to investigate genotype–phenotype rela-
tionships have not kept pace. Because genotype–phenotype relationships
are combinatoric and non–additive in nature, traditional methods, such
as generalized linear models, are limited in their ability to search through
the high–dimensional genotype space to identify genetic subgroups that
are associated with phenotypic variation. We present here a combina-
torial partitioning method (CPM) that identifies partitions of higher
dimensional genotype spaces that predict variation in levels of a quan-
titative trait. We illustrate this method by applying it to the problem
of genetically predicting interindividual variation in plasma triglyceride
levels, a risk factor for atherosclerosis.

1 Introduction

Genetic research seeks to understand how information encoded in the DNA
molecule influences phenotypic variation in traits that are relevant in biology,
agriculture, and medicine. The structure of DNA and its organization into func-
tional gene units was revealed during the last half of the 20th century [12].
Within the next two years, the order of the four nucleotide bases that make up
the DNA sequence of the entire human genome (approximately 3 billion bases) is
expected to be known. The nucleotide order of the full sequence of the genomes
of the major agriculture crops and animals will not be far behind. Currently,
the first studies of complete gene sequences suggest that a variable DNA site
may occur every 100 to 200 [10] nucleotide base pairs. Hundreds of thousands to
millions of variable DNA sites are expected for every eukaryotic species. More-
over, rapid advances in molecular biology promise to make available early in
the 21st century cheap and fast measurements of an individual’s genotype at
each of the variable DNA sites in the many genes that are thought to influence
interindividual variation in measures of human health such as blood pressure,
serum cholesterol, and glucose levels. The analytical challenge for the geneti-
cists of the 21st century will be to identify which variable sites, in which genes,
� Presenting Author.

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 293–304, 2002.
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influence which traits, and in which environmental strata within which popula-
tions. Few variable sites are expected to have singular effects on trait variation
that are biologically and statistically independent of the effects of other variable
sites. Variations in combinations of sites will likely be of the greatest importance
in determining the contribution of genotypic variation to interindividual trait
variation.

Fig. 1. Illustration of the problem of identifying combinations of variable DNA sites
that influence a quantitative trait

The scope of the analytical problem that we face is illustrated by the fic-
titious data set presented in Figure 1. Each row corresponds to the genotypes
at a variable DNA site for a sample of 190 subjects. Each column corresponds
to the genotypes of an individual at each of 60,000 measured variable DNA
sites. In this illustration, the individuals are ranked according to their plasma
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triglyceride level, which is related to their risk of heart disease. The problem is
to identify the combination of variable loci sites that predict the quantitative
phenotypic differences among individuals, and hence their risk of disease. Tradi-
tional statistical methods based on linear mathematical models [4,7] will not be
appropriate for the task of identifying relevant patterns of DNA sequence vari-
ations [8,9] because the relationship between genotype and phenotype is known
to be combinatoric and non–additive. Methods of data mining are more likely to
be successful in revealing and sorting out the signals resident in the very large
dimensional data sets available to geneticists. In this paper we present an an-
alytical strategy—the combinatorial partitioning method (CPM)—that we are
developing for searching through high dimensional genetic information to find
genetic predictors of quantitative measures of human health.

2 The CPM Method

2.1 Method Overview

The objective of the combinatorial partitioning method is to identify sets of par-
titions of multi–locus genotypes that predict quantitative trait variability. To
ease the description of the method for the remainder of this paper, we introduce
the following notation for defining and discussing the CPM. Let L be the set of
DNA variable sites (herein called ’loci’) that are measured for a sample, where
the number of loci in L is given as l. Let M be a subset of L loci, i.e. M ⊆ L, and
the number of loci in set M be m. For a particular subset M , the set of observed
m–locus genotypes is denoted as GM with size gM . We define a genotypic parti-
tion as a partition that includes one or more of all possible genotypes from the
set GM . A set of genotypic partitions, denoted K with size k, is a collection of
two or more disjoint genotypic partitions. In the CPM, every one of the possible
m–locus genotypes is included in one, and only one, of the disjoint genotypic
partitions that make up a set, K. The collection of all possible sets of partitions
of the genotypes GM for all subsets M of L total loci into genotypic partitions
defines the state space that is evaluated by the CPM.

Traditional genetic analyses of variation in trait levels begin by assuming
that the number of genotypic partitions, which we denote as k, to be equal to
the number of genotypes gM on M . An analysis of variance among genotype
means is typically followed by a posteriori comparisons to identify genotypes
that have significantly different trait means. The objective of the CPM is to
simultaneously identify the combination of loci that predict trait variability and
group genotypes that are phenotypically similar into genotypic partitions. The
motivation for partitioning can be illustrated using a single locus, two allele
example. If we assume that the A allele is dominant to the a allele at a locus,
we would partition the set of genotypes {AA, Aa, aa} into subsets {AA, Aa}
and {aa} based on the phenotypic similarity among genotypes within partitions
as well as the differences between partitions. The higher dimensional application
of the CPM is designed to identify the subset of m ≤ l loci that divide gM
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genotypes into k partitions that are similar within and most dissimilar between
partitions for the mean of a quantitative trait.

This method can be broken down into three steps. The first step is to con-
duct the primary evaluation of the state space of sets of genotypic partitions
for statistical measures of the phenotypic characteristics of the k partitions of
genotypes. In this presentation we have used the phenotypic variance explained
by the k class means as our statistical measure. The sets of genotypic partitions
that predict more than a pre–specified level of trait variability are set aside.
The second step is to validate each of the sets of genotypic partitions retained
in Step 1 by cross validation methods. The third step is to select the best sets
of genotypic partitions, based on the results of the cross validation from Step
2, and proceed to draw inferences about the relationships between the distribu-
tion of phenotypes and the distribution of the gM multi–locus genotypes, for the
selected sets of genotypic partitions.

2.2 Step 1: Searching and Evaluating the State Space

Searching the state space of all possible ways to partition m–locus genotypes
into sets of genotypic partitions for all subsets of l loci can be separated into
two nested combinatorial operations, illustrated in Figure 2 for the case when
m = 2. The first operation, illustrated in Figure 2A, consists of systematically

Fig. 2. The combinatorial nature of the CPM applied to two loci at a time (m = 2)
over a range of k.
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selecting all possible subsets of loci for the desired values of m, of which there
are

(
l
m

)
ways. For each subset M , the m–locus genotypes are identified by the

3–by–3 grid for two diallelic loci A and B. This is illustrated in Figure 2B. Table
1 shows the number of combinations of loci that would need to be considered
for a range of values in l and m.

Table 1. The number of possible combinations of loci for a range of values of m and l

l

m 20 50 100 1,000 10,000

2 1.9 × 102 1.2 × 103 5.0 × 103 5.0 × 105 5.0 × 107

3 1.1 × 103 2.0 × 104 1.6 × 105 1.7 × 108 1.7 × 1011

4 4.8 × 103 2.3 × 105 3.9 × 106 4.1 × 1010 4.2 × 1014

5 1.6 × 104 2.1 × 106 7.5 × 107 8.3 × 1011 8.3 × 1017

Table 2. The number of possible sets of genotypic partitions for a range of values of
m and k, assuming that for each m, gM = 3m

k

m 2 3 4 5 6

2 2.6 × 102 3.0 × 103 7.8 × 103 7.0 × 103 2.6 × 103

3 6.7 × 107 1.3 × 1012 7.5 × 1014 6.1 × 1016 1.4 × 1018

4 1.2 × 1024 7.4 × 1037 2.4 × 1047 3.4 × 1054 1.5 × 1060

5 7.1 × 1072 1.5 × 10115 8.3 × 10144 5.9 × 10167 1.7 × 10186

The second operation, depicted in Figure 2C, is to evaluate the possible
sets of genotypic partitions over the desired range of k. The number of ways to
partition gM genotypes into a set of k genotypic partitions is known as a Stirling
number of the second kind [2], computed from the sum

S(gM , k) =
1
k!

k−1∑

i=0

(−1)i

(
k

i

)

(k − i)gM . (1)

For diallelic loci the maximum number of m–locus genotypes that could be
observed is gM = 3m. Table 2 demonstrates the dominating power of this com-
binatoric with the number of sets of genotypic partitions possible for a range
of values in m and k. Clearly, only in cases where m = 2 can the search space
be exhaustively evaluated. In cases where m > 2, we are developing alterna-
tive heuristic optimization methods, such as simulated annealing [5] or genetic
algorithms [3] to search the state space.

In this paper, to illustrate the CPM, we restrict our application to the two
locus case (m = 2), and evaluate directly all possible sets of genotypic partitions.
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This complete enumeration of the state space has at least two advantages. First,
when there is no a priori knowledge of how the state space of sets of genotypic
partitions (as defined above) relates to the measured phenotypic characteristics,
enumeration in low dimensions allows us to examine this relationship directly.
Second, knowledge of the nature of this relationship over the entire state space
can aid in the evaluation of heuristic optimization methods that best suit CPM
and address the questions of interest.

To conduct an evaluation of the state space we must select an objective
function, which is a statistical function that provides a measure of the value
of each set of genotypic partitions. The sum of the squared deviations of the
phenotype means of the partitions from the overall sample mean (SSK) is a
natural choice for an objective function of a set of genotypic partitions. The
value of this measure increases as the individuals within genotypic partitions
become more phenotypically similar and as the phenotypic differences between
partitions increase. A disadvantage of the partition sum of squares is that it will
tend to improve as k increases, favoring the division of genotypes into a greater
number of partitions such that k = gM . The bias corrected estimate of genotypic
variance [1] is used to compensate for this bias. It is written as

s2
K =

k∑

i=1

ni

(
Y i − Y

)2

n
− k − 1

n

k∑

i=1

ni∑

j=1

(
Y ij − Y i

)2

n− k
(2)

=
SSK

n
− k − 1

n
MSW , (3)

where n is the sample size, Y is the sample grand mean, ni is the sample size and
Y i is the mean of partition i, Yij is the phenotype of the jth individual in the ith
partition, and MSW is the mean squared estimate of the phenotypic variability
among individuals within genotypic partitions. This statistic was derived using
the expected mean squares from a standard one way analysis of variance model
to obtain an unbiased estimator of the variance associated with a set of genotypic
partitions. This correction has the effect of penalizing the scaled partition sum
of squares by a quantity that increases with k if the estimate of s2 does not
decrease as additional partitions are considered. For comparative purposes the
proportion of variability explained by a set of genotypic partitions is preferred
over s2

K . The proportion, denoted pvK , is computed as

pvK =
s2

K

s2
K + MSW

=
s2

K

s2
P

, (4)

where s2
P is the total phenotypic variance.

In this combinatorial setting, the number of sets considered can potentially
be enormous, even for moderate values of l and m = 2. For this reason, some
filter is needed to decide which sets of genotypic partitions should be retained for
further consideration in Step 2 of the CPM. Many criteria could be used in setting
this filter, including criteria based on test–wise significance [e.g. MSK/MSW >
F (α − 0.005; k − 1, n − k)], biological significance (e.g. pvK > 0.05), or some
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proportion of all the sets considered (e.g. the top 1%, the top 100, or simply the
overall best). In the applications described in Section 3, we use a cutoff based
on the F–statistic.

2.3 Step 2: Validating the Selected Sets of Genotypic Partitions

The second step in the CPM is to validate the retained sets of genotypic parti-
tions. We are currently using multi–fold cross validation [13], a common method
of model validation. In our applications, we set the number of cross validation
folds to ten [6]. This method simulates the process of going back into the popu-
lation of inference and collecting an independent sample with which to validate
the constructed models. To reduce the possibility that a particular random as-
signment of the sample into 10 cross validation groups might favor one set over
another, the random assignment and cross validation was repeated 10 times, and
the resulting cross validated within partition sums of squares were averaged for
each set.

The cross validated estimate of the trait variability within each genotypic
partition (SSW,CV ) was used to judge the predictive ability of a given set of
genotypic partitions. For consistency and comparability, we used SSW,CV and
SSK,CV = SSTotal − SSW,CV in place of SSW and SSK in equations 3 and
4 to calculate a cross validated proportion of variability explained, denoted as
pvK,CV . The larger the value of pvK,CV is the more predictive set K is said
to be. Note that SSW,CV must be greater than or equal to SSW which implies
that pvK,CV will be less than or equal to pvK . Also, the expectations of the
estimates of pvK,CV in this cross validated setting are not known. Further work
is required to better understand the properties of this estimator under cross
validation conditions. We use this statistic for evaluating the relative predictive
ability of each set of genotypic partitions.

2.4 Step 3: Select the ‘Best’ Sets of Genotypic Partitions and Make
Inferences about the Relationship between Phenotypic and
Genotypic Variation

Steps 1 and 2 provide a strategy for identifying sets of genotypic partitions that
predict variation in quantitative trait levels. The third step in this approach
is to select some subset of the validated sets of genotypic partitions on which
inferences can be made. Rather than select a single winner on the basis of the
cross validation (Step 2) we prefer to scrutinize a subgroup containing multiple
sets of partitions that may be almost as predictive as the overall most predictive
set. With this subgroup we can ask questions such as: 1) How much trait vari-
ability does each of the selected sets explain? 2) Which combinations of loci are
involved? 3) How do the genotype–phenotype relationships in one combination
compare with another? and 4) How do the genotype–phenotype relationships
compare with the relationships expected using traditional multi–locus genetic
models? The subjective decision of which subgroup is selected to address such
questions is left to the investigator.
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3 Example Application

To illustrate the combinatorial partitioning method we present an application
to identify sets of genotypic partitions of two locus combinations of 18 diallelic
loci (designated as ID1, PstI, SstI, IDB, XbaI, MspI, EcRI, E112, E158, Pvu2,
Hnd3, BstI, TaqI, StuI, Hnc2, Ava2, P55, and P192) located in six atheroscle-
rosis susceptibility gene regions (APOB, PON1, LPL, APOA1–C3–A4, LDLR,
APOE ) that predict inter–individual variability in plasma triglycerides (Trig)
levels, a known atherosclerotic risk factor. The sample of 241 women (age 20
to 60 yrs) used here comes from the Rochester Family Heart Study (RFHS), a
population–based study of multi–generation pedigrees sampled without regard
to health status from the Rochester, Minnesota population [14]. In accordance
with common practice in the study of lipid metabolism, we applied a natural
logarithm–transformation (lnTrig) and we adjusted lnTrig using a polynomial
regression model that included age, height, and weight, each to the third order,
as well as first order terms for waist–to–hip ratio and body mass index.

As discussed above in Section 2.2, we limited the state space in this appli-
cation to all possible sets of genotypic partitions (K : k = 2, 3, . . . , gM ) defined
by all possible pairs (m = 2) of the l = 18 diallelic loci. Note that many of the
loci used in the application have alleles that have a low relative frequency. When
two such loci are considered in combination, the number of two–locus genotypes
observed in a data set of this size is commonly smaller than nine (32). We set
five as the lower bound for the number of individuals that must be present to
constitute a valid partition. Sets containing a partition with fewer than five indi-
viduals were excluded from further evaluation. To filter the potentially millions
of valid sets of genotypic partitions for validation in Step 2, we selected a crite-
rion based on the test-wise significance of each set. All sets with an F statistic
that exceeded the 0.9999 quantile of the F distribution corresponding to each k
considered, i.e. F (α = 0.0001; k− 1, n− k), were retained for further validation.

The application of the CPM to lnTrig in females resulted in the considera-
tion of 880,829 sets of genotypic partitions. This number is considerably lower
than the expected 3,235,338 possible sets associated with all two-locus combina-
tions of 18 diallelic loci. There are two reasons for this: 1) most of the pairwise
combinations of loci resulted in fewer than nine two-locus genotypes, and 2)
approximately 10% of the possible sets contained partitions that contained less
than 5 individuals and were therefore not evaluated. When the CPM was ini-
tially applied with a retention cutoff corresponding to α = 0.01, more than
50,000 sets of genotypic partitions were retained. Setting the cutoff correspond-
ing to α = 0.0001 resulted in the retention of 11,268 sets (1.3%) with k ranging
from 2 to 6. The proportion of variability explained by each of the retained sets
is (in rank order, worst to best) shown in Figure 3.

The sets that explain the greatest proportion of variability by k were from
pvK = 0.069 for k = 2 up to pvK = 0.086 for k = 4, a range of 0.017. There
are a few notable features of the plot of these results given in Figure 3. First,
the number of sets retained varies greatly by k and is most likely a function
of the small size of the sample used in this example. Second, the shape of the
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Fig. 3. The proportion of lnTrig variability explained in females by the 11,268 retained
sets of genotypic partitions. Sets sorted by pvK .
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curves for each k show that there are many sets near the cutoff that explain
approximately the same proportion of variability and relatively few sets that
explain substantially more. It should be pointed out that when these 18 loci were
analyzed independently, the greatest proportion of lnTrig variability explained
by a single locus was 0.035.

After performing 10–fold cross validation on all retained sets we found that
the most predictive set overall corresponds to k = 3. In Figure 4 we illustrate the
cross validated estimates of the proportion on variability explained for all sets of
size k = 3. The y–axis corresponds to the cross validated proportion of variability
for each of the retained sets where k = 3. The x–axis corresponds to to each
pair of loci with a retained set of genotypic partitions, sorted on the basis of the
maximum value of pvK,CV for each locus pair. Each ‘+’ on the graph represents
the value of pvK,CV for a particular set within the indicated pair of loci. From this
plot we see that the locus pair {IDB, E112} with pvK,CV = 0.060 (pvK = 0.084)
had the best overall predictive ability. Figure 4 also illustrates several important
features about the solution space of this type of application. First, the 11,268
retained sets are only distributed among 31 of the possible 144 pairs of loci.
Second, most pairs of loci have many sets associated with partitions that predict
similar levels of Trig variability. Lastly, this figure illustrates that the CPM
finds sets with good cross validation properties. For geneticists interested in the
specifics of the genotype–phenotype relationship designated by a particular set of
CPM solutions, we have developed a battery of data visualization procedures to
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examine 1) the specific genotypic partitions, 2) the phenotypic means associated
with a particular set or sets of solutions, 3) intersections between sets for a
particular pairs of loci, or 4) intersections between sets across pairs of loci.

Fig. 4. The cross validated proportion on InTrig variability predicted in females by the
retained sets of genotypic partitions with three genotypic partitions (k = 3). Sets are
sorted by pairs of loci and pvK,CV .
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4 Discussion

Most traits of interest in human genetics have a complex, multifactorial etiology.
Interindividual variation in these traits is influenced by variation in many factors,
including interactions among many variable genetic loci and exposures to many
environmental agents [11]. However, most studies of the genetic basis of complex
traits ignore this reality, relying on analytical methods that are applicable only
to Mendelian traits because they model the relationship between interindividual
trait variability and genotype variability one locus at a time.

The motivation for the CPM is to develop a search algorithm through large
multi–locus genotypic spaces to identify partitions that predict phenotypic vari-
ability that is not constrained by the limitations of generalized linear models.
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The results of an application of the CPM to identifying genetic predictors of
interindividual variation in triglyceride levels illustrates some of its features. A
major advantage of the CPM is its ability to examine and estimate statistical
relationships between trait variability and genotypic variability defined by more
than one locus at a time. A distinct advantage of the CPM over traditional linear
regression approaches is that the multi–locus genotype state space to be consid-
ered in the selection of genotypic partitions is not defined a priori by loci that
have separate, independent phenotypic effects on trait variability. That is, this
method allows for the non–additive relationships between loci to be the primary
dominate causation of trait variability because the possible partitions are not
constrained a priori to include only those loci that display average phenotypic
effects when considered separately.

As with any new analytical approach, there are many aspects of the CPM
that remain research issues. First, we are working on extending these methods to
much higher dimensional genotype spaces using simulated annealing and genetic
algorithms. Second, we are evaluating other methods of validating the selected
sets of genotypic partitions to guard against characterizing artifacts that are
unique to a particular data set. Finally, we are modifying the CPM to include
prediction of variation in categorical traits (ordered and unordered) and the
multivariate properties of vectors of quantitative traits to broaden its applica-
bility to sorting out and characterizing those DNA variable sites that predict
interindividual variation in particular traits in particular environmental strata
within particular populations.
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Abstract. Suffix array is a data structure that can be used to index
a large text file so that queries of its content can be answered quickly.
Basically a suffix array is an array of all suffixes of the text in the lexico-
graphic order. Whether or not a word occurs in the text can be answered
in logarithmic time by binary search over the suffix array. In this work
we present a method to compress a suffix array such that the search
time remains logarithmic. Our experiments show that in some cases a
suffix array can be compressed by our method such that the total space
requirement is about half of the original.

1 Introduction

The string-matching problem considered in this paper is to determine for a
pattern P and a text T , whether there is a substring inside text T that matches
pattern P . If the same text is queried several times, it is worthwhile to build
a data structure (index) for the text so that queries can be answered quickly.
Optimal inquiry time is O(|P |), as every character of P must be checked. This
can be achieved by using the suffix tree [13,10,11] as the index. In a suffix tree
every suffix of the text is presented by a path from the root to a leaf.

The suffix array [9,8] is a reduced form of the suffix tree. It represents only the
leaves of the suffix tree in the lexicographic order of the corresponding suffixes.
Although it saves space, the query times get worse. The tree traversal is simulated
by a binary search; a branch in a suffix tree can be selected in constant time
(or at least in time proportional to the size of the alphabet), but in a suffix
array a branch must be searched by a binary search. The search time with the
suffix array is therefore O(|P | log |T |). Manber and Myers [9] have shown that
by saving additional information about consecutive suffixes of the binary search
in the suffix array, it is possible to search pattern P in time O(|P |+ log |T |).

A suffix tree contains a lot of repetitive information in different tree branches.
The uncompacted version of the suffix tree called suffix trie can be trans-
formed into a structure called suffix automaton or DAWG (Directed Acyclic
Word Graph) [2] by combining its similar subtrees. If the method is applied
straight to the suffix tree we get a Compact DAWG (CDAWG) [3,4,5,6]. This
kind of combining can also be applied to the suffix array. As the suffix array
? A work supported by the Academy of Finland under grants 44449 and 22584.
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represents only the leaves of the suffix tree, there are less possibilities for com-
bining.

In this paper we present a modification of the suffix array called compact
suffix array (CSA). The CSA can be considered as an analogue to the CDAWG;
as the CDAWG is a minimized suffix tree, the CSA is a minimized suffix array.
Despite the analogue, these two structures are not in one-to-one correspondence
to each other, because there is different kind of repetitiveness in the suffix tree
than in the suffix array due to different data representation.

A feature of the CSA is that the compression does not change the asymptotic
search times; searching pattern P from the CSA takes still time O(|P |+log |T |).
Moreover, there is a trade off between the compression performance and the
search time in our algorithms. The trade off is controlled using certain constant
parameters.

In Section 2 we define the CSA. In Section 3 we give an algorithm to con-
struct a CSA in linear time from the suffix array. In Section 4 we give a general
algorithm to search pattern P from the CSA in average time O(|P |+ log |T |).
In Section 5 we consider the space requirement and the trade off between com-
pression and search times, and give a practical search algorithm that works in
O(|P |+log |T |) time in the worst case. Experimental results are given in Section
6 both about the size of the structure and the search times. Conclusions are
given in Section 7.

2 Compact Suffix Array

Let Σ be an ordered alphabet and T = t1t2 . . . tn ∈ Σ∗ a text of length n = |T |.
A suffix of text T is a substring Ti...n = ti . . . tn. A suffix can be identified by
its starting position i ∈ [1 . . . n]. A prefix of text T is a substring T1...i. A prefix
can be identified by its end position i ∈ [1 . . . n].

Definition 1. The suffix array of text T of length n = |T | is an array A(1 . . . n),
such that it contains all starting positions of the suffixes of the text T such that
TA(1)...n < TA(2)...n < . . . < TA(n)...n, i.e. the array A gives the lexicographic
order of all suffixes of the text T .

The idea of compacting the suffix array is the following: Let ∆ > 0. Find
two areas a . . . a + ∆ and b . . . b + ∆ of A that are repetitive in the sense that
the suffixes represented by a . . . a + ∆ are obtained in the same order from the
suffixes represented by b . . . b + ∆ by deleting the first symbol. In other words,
A(a+ i) = A(b+ i)+1 for 0 ≤ i ≤ ∆. Then replace the area a . . . a+∆ of A by a
link, stored in A(a), to the area b . . . b+∆. This operation is called a compacting
operation. Similarly define uncompacting operation such that a link to the area
b . . . b + ∆ is replaced by suffixes a . . . a + ∆.

Basically a compacting operation on a suffix array corresponds to the opera-
tion of combining subtrees of a suffix tree to form a CDAWG. This is visualized
in Fig. 1(a). Figure 1(b) shows the same operation with a suffix array. As can
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be seen in Fig. 1, conversions from a suffix tree to a CDAWG, and from a suffix
array to a CSA, are slightly different.

In Fig. 1(b), the link at entry 7 of the compact suffix array is to the area that
itself is represented by a link. This means that to represent the starting point of
the linked area, we need in fact two values: value x at entry a to represent the
link to an existing entry b of the compacted array, and if entry b contains a link to
another entry c, we need value ∆x to tell which of the entries represented by the
link at entry b we are actually linking to. In Fig. 1(b), we have (x, ∆x) = (5, 1)
at the entry 7. The value ∆x = 1 tells that the link at entry 7 points to the
second entry of the area that is created by uncompacting link (3, 0) at entry
x = 5. In principle, we would need a third value to denote the length of the
area represented by a link, but a link can also be uncompacted without it (see
Sect. 4). However, we still need a boolean value for each entry to tell whether it
contains a link or a suffix of the text.
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Fig. 1. (a) A suffix tree and a CDAWG for text ”gtagtaaac” (b) A suffix array for
text ”gtagtaaac” and construction of a compact suffix array. Arrows in columns
with title suffix tell that the value(s) in parenthesis in the next column denote
a link to another area of the array.
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Because the links can be chained, we have to extend the definitions of the
compacting and uncompacting operations. A compacting operation compacts
area b . . . b+∆ such that some parts of the area can already be compacted using
a compacting operation. A uncompacting operation retrieves area a . . . a + ∆
from an area b . . . b + ∆ that is compacted using a compacting operation.

Definition 2. The compact suffix array (CSA) of text T of length n = |T | is
an array CA(1 . . .n′) of length n′, n′ ≤ n, such that for each entry 1 ≤ i ≤ n′,
CA(i) is a triple (B, x, ∆x), where B is a boolean value to determine whether x
denotes a suffix of the text (B = false), or whether x and ∆x denote a link to
an area obtained by a compacting operation (B = true). If B = true, x + ∆x
denotes the entry of CA where the linked area starts after uncompacting CA(x)
with a uncompacting operation.

The relationship between the suffix array and the CSA can be characterized
by the fact that the suffix array of the text T can be constructed by uncompacting
the links of the CSA. The optimal CSA for T is such that its size n′ is the smallest
possible.

We use CA(i).B, CA(i).x, and CA(i).∆x to denote the value of B, x, and
∆x at entry i of the array CA.

3 Constructing a CSA from a Suffix Array

The idea of the algorithm to construct a CSA from a suffix array is shown in Fig.
1(b). First, the areas that can be replaced by a link are marked in the original
array. This is done by advancing from the first entry of the array to the last, and
finding for each suffix A(i) the entry x that contains suffix A(i)+1. The entry x
of suffix A(i) + 1 could be found by a binary search, but it can also be found in
constant time by constructing the reverse Ar of array A in advance; the array Ar

is easily created in linear time by setting Ar(A(i).x) = i for all 1 . . . n. After the
entry x of suffix A(i)+1 is found, the repetitiveness is checked between the areas
starting at i and x, and in the positive case, the area starting at x is marked to
be replaced by a link to the area starting at i. The second step is to construct
the compacted array by replacing marked areas by links, and changing links to
refer to the entries of the compact array. Both steps, that are shown in Fig. 2,
work clearly in linear time.

In MarkLinksToSuffixArray, the reason for the conditions in the line (8) is
to prevent cyclic links. For example a simple cyclic link would be that area A
is represented by a link to area B and area B′ : B′ ∩ B 6= ∅ is represented by
a link to area A′ : A′ ∩ A 6= ∅ (for example, the CSA of text ”ababa” could
contain such). Using the array IsPointed we choose the areas that can be linked
and prevent cyclic links. For example, with the simple cyclic link we choose so
that area A can be replaced by a link to area B, but area B′ can not be replaced
by a link to area A′. Unfortunately, this prevents all the other links to the area
A′′ : A′′∩A 6= ∅, too, and results in a structure that is not optimally compressed.
Thus, the algorithm does not construct the optimal CSA.
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MarkLinksToSuffixArray(in A,in n,out A′,out n′):
(1) for each 1 ≤ i ≤ n do A′(i).x← −1;
(2) for each 1 ≤ i ≤ n do Ar(A(i).x)← i;
(3) i← 1; n′ ← 1;
(4) while i ≤ n do begin
(5) x← Ar(A(i).x + 1);
(6) j ← 0;
(7) while x + j < n and i + j < n and
(8) x + j 6= i and i + j 6= x and not IsPointed(x + j) and
(9) A(x + j).x← A(i + j).x + 1 do begin
(10) if A′(i + j).x < 0 then A′(i + j)← A(i + j);
(11) if j > 0 then begin
(12) A′(x + j)← (true, i, j);
(13) IsPointed(i + j) ← true end;
(14) j ← j + 1 end;
(15) if j > 1 then begin {update first linked suffix}
(16) IsPointed(i) ← true;
(17) A′(x)← (true, i, 0);
(18) i← j + 1 end
(19) else begin {copy suffix}
(20) if A′(i).x < 0 then A′(i)← A(i);
(21) i← i + 1 end;
(22) n′ ← n′ + 1 end;

CompactMarkedArray(in A′,in n,in n′,out CA):
(1) j ← 0;
(2) for each 1 ≤ i ≤ n do begin
(3) if A′(i).∆x = 0 then begin
(4) CA(j)← A′(i);
(5) j ← j + 1;
(6) mapiToj(i) ← j end
(7) else mapiToj(i) ← j − 1 end;
(8) for each 1 ≤ i ≤ n′ such that CA(i).B = true do
(9) CA(i)← (true, mapiToj(i), A′(CA(i).x).∆x);

Fig. 2. Algorithm to construct a CSA. For simplicity, arrays A and A′ use the
same representation as array CA.

4 Searching

The proposed compacting method maintains the important property that the
CSA still allows a fast search. The search algorithm works in two phases. First,
a binary search is performed over the entries that do not contain a link. This
search gives us an area of the array that must be checked. Secondly, checking is
done by uncompacting every link of the area, and checking the suffixes formed
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this way against the pattern. To be able to make a binary search over the CSA,
we need some modifications to its original definition.

Definition 3. The binary searchable compact suffix array (BSCSA) of text T
is an array CA(1 . . . n′) which is as in the definition of the CSA with following
limitations: CA(1).B = CA(n′).B = false and for each i ∈ [2 . . . n′ − 1] if
CA(i).B = true then CA(i + 1).B = false.

On other words, only every other entry of a BSCSA can be a link. The
algorithm MarkLinksToSuffixArray in Fig. 2 can be easily modified to handle
this limitation. From this on, we assume that a CSA is actually a BSCSA. The
search algorithm that utilizes this property is shown in Fig. 3.

SearchFromCSA(in P ,in CA,in T ,in n,in n′,out matches):
{Make two binary searches to find left limit LL and right limit RR}
{Check the area LL..RR}

(1) if (LL = RR and CA(LL).B = true) or (LL < RR) then
(2) matches ← matches + CheckArea(CA, LL, RR, P )
(3) else if LL = RR then matches ← 1;

CheckArea(in CA, in LL, in RR, in P ):
(1) for each LL ≤ i ≤ RR do begin
(2) if CA(i).B = true then begin
(3) LimitSet← LimitSet ∪ {i};
(4) UCA← UnCompactLink(CA, i);
(5) LimitSet← LimitSet \ {i};
(6) if i = LL or i = RR then UCA← CopyEqual(UCA, P );
(7) matches ← matches + |UCA| end
(8) else matches ← matches + 1 end
(9) return matches;

Fig. 3. Search algorithm for a CSA

Algorithm SearchFromCSA makes two binary searches to find left and right
limits of the area to be checked. The only difference compared to the normal
binary search, is the special treatment of the entries containing a link; if the
middle of the area is a link, we can choose the entry on its left side instead.
Also, if the last middle point of the search loop is a link, we have to make
some additional checkings. After finding left and right limits, we call function
CheckArea to calculate the sum of the matches.

The reason for the use of the LimitSet in CheckArea is to prevent function Un-
CompactLink from trying to uncompact cyclic links (i.e. prevents from entering
into the areas of the array that cannot be part of the link being uncompacted).
Function UnCompactLink returns an array that represents the linked area of
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the original suffix array. The resulting array does not necessarily match totally
to the pattern, so function CopyEqual returns the matching part. Finally, the
number of the matches is incremented by the length of the uncompacted array.

The difficult part of the search algorithm is the function UnCompactLink.
As the links between the areas of the CSA can be chained, it is natural to
write a recursive function to uncompact a link. We first write a procedure that
only handles the situation where the linked area does not contain links (i.e. the
situation at the end of the recursion). The resulting algorithm is shown in Fig.4.

SimpleUnCompactLink(in CA, in x):
(1) y← CA(x).x + CA(x).∆x;
(2) prev ← CA(x− 1).x;
(3) i← 0;
(4) while TCA(y+i).x+1...n < TCA(x+1).x...n and

TCA(y+i).x+1...n > Tprev...n do begin
(5) prev ← CA(y + i).x + 1;
(6) UCA(i + 1).x← prev;
(7) i← i + 1 end
(8) return UCA;

Fig. 4. The simple case of the algorithm to uncompact a link.

It is easy to see that the simple case of the UnCompactLink works right
in its proper environment: The conditions in the while-loop are for detecting
the end of the linked area. If suffix TCA(y+i).x+1...n is greater than previously
uncompacted suffix and smaller than TCA(x+1).x...n, it must belong to the area
being uncompacted. Otherwise it would have been in the place of the suffix
TCA(x+1).x...n in the original suffix array, and would have ended up to be in
CA(x + 1), in which it is not.

Now we can write the full recursive version of the same algorithm, which can
handle the chained links; the algorithm is shown in Fig. 5.

In UnCompactLink, procedure AddAndCheck(A,B,inc) adds the area B to the
end of area A and adds inc to each added suffix. It also checks whether the end of
the linked area is reached with the same conditions as in SimpleUnCompactLink.
The LimitSet is to prevent UnCompactLink from trying to uncompact cyclic
links; the construction algorithm of Sect. 3 does not create cyclic links, but the
uncompacting phase could enter into a cycle while searching the end of the linked
area.

The only significant difference between the recursive version and the simple
case of the UnCompactLink is the treatment of the value ∆x: in the recursive
version the start of the linked area is not known, and all the links starting after
entry x must be checked. When the start of the linked area is found, the end
of the area is checked almost similarly in both versions. In the recursive version
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checking is done in parts: entries that contain a suffix are handled as in the
simple case, and entries that contain a link are first uncompacted and then the
suffixes in the uncompacted area are handled as in the simple case.

UnCompactLink(in CA, in x):
(1) y← CA(x).x; ∆x← CA(x).∆x; i← 0;
(2) while (y + i) /∈ LimitSet do begin
(3) if CA(y + i).B = true then begin {y + i contains a link}
(4) LimitSet← LimitSet ∪ {y + i};
(5) UCA← UnCompactLink(CA, y + i);
(6) LimitSet← LimitSet \ {y + i};
(7) if AddAndCheck(Area, UCA(∆x + 1 . . . |UCA|),1) then break;
(8) ∆x← max(0, ∆x− |UCA|)) end
(9) else begin {y + i contains a suffix}
(10) if ∆x > 0 then ∆x← ∆x − 1
(11) else if AddAndCheck(Area, CA(y + i).x, 1) then break end;
(12) i← i + 1 end;
(13) return Area;

Fig. 5. Recursive algorithm to uncompact a link.

4.1 The Search Time

The first part of the algorithm SearchFromCSA of Fig. 3, that finds the area to
be checked, works in time O(|P | logn′), as the pattern P is compared to each
suffix of the binary search. We can, however, store LCP values for the entries
that contain suffixes (see Sect. 5.1). With this information, the first part of the
algorithm SearchFromCSA can be implemented to work in time O(|P |+ logn′).

The time needed for the recursive subprocedure UnCompactLink is presented
in the following lemma:

Lemma 4. The average time needed to uncompact a link of CSA is
O((2n−n′

n′ )2 log n), where n = |T | and n′ is the length of the CSA.

Proof. The structure of the CSA guarantees that at most every other entry con-
tains a link. We start the average case analysis by considering the worst case,
i.e. every other entry contains a link. This gives us an equation n′

2
x + n′

2
= n

to the average length of the linked area x. The value n′
2

x = n − n′
2

is the
sum of the lengths of the linked areas. If we assume that every entry of the
original suffix array is equally likely to be the start of a linked region, we
can write the probability of a link path of length k as P(”link path of length

k”)= (n−n′
2

n )k−1(1 − n−n′
2

n ) = (1 − n′
2n)k−1 n′

2n (i.e. k − 1 times a link leads to
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an entry containing a link and the last link leads to an entry containing a suf-
fix). This is a geometric probability distribution and its expectation value is
E(”link path of length k”) = 2n−n′

n′ .
As each link represents on the average 2n−n′

n′ suffixes and the length of the link
path to each such suffix is on the average 2n−n′

n′ , and every such suffix is compared
to some other suffixes (time O(logn)), the total time used to uncompact the
suffixes presented by a link is on the average O((2n−n′

n′ )2 log n).
In addition to uncompacting the suffixes represented by a link, the algorithm

of Fig. 5 spends time finding the start of the linked area. This must be done only
when an area is linked inside an already linked area. In such cases, there is on
average 2n−n′

2n′ suffixes to uncompact to find the start of the linked area, because
in the average case a link points in the middle of the already linked area. As the
length of the link path is on the average 2n−n′

n′ , it takes O(1
2
(2n−n′

n′ )2 logn) to
find the start of the linked area.

The total time to uncompact a link is therefore O(3
2 (2n−n′

n′ )2 log n). ut

Theorem 5. The average time needed to search all occurrences of pattern P
from CSA of text T is O((2n−n′

n′ )2(|P |+k logn)), where n = |T |, n′ is the length
of the CSA, and k is the number of occurrences.

Proof. The binary search of the area of possible occurrences takes time O(|P |+
logn′). If k is the number of occurrences, there will be at most k/3 links to
uncompact (when each link represents the minimum two suffixes). Therefore the
result of Lemma 4 must be multiplied by k/3. In addition, the suffixes represented
by the first and the last links must be checked against the pattern P (other
suffixes already match due to the binary search). The total search time is the
sum of these three factors. ut

Theorem 6. The average time needed to determine whether there is an occur-
rence of pattern P inside text T , using CSA is O((2n−n′

n′ )2(|P |+ log n)), where
n = |T | and n′ is the length of the CSA.

Proof. There is at most one link to uncompact, because if there were two (or
more) links to uncompact, there would be a suffix between them that matches
P . Therefore we get the time O((2n−n′

n′ )2(|P |+ logn)). ut
If n′ = Θ(n), the value (2n−n′

n′ )2 can be considered as a constant, and the
results of Lemma 5 and Theorem 6 can be improved. This is the case for typical
texts, as can be seen from the experimental results in Sect. 6.

5 Practical Implementation

5.1 Space Requirement

Although a CSA has fewer entries than the corresponding suffix array, an entry of
a CSA takes more space than an entry of a suffix array. An entry of a suffix array
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contains only one integer value, while in a CSA there are two integer values and
one boolean value in an entry (triple (B, x, ∆x)). This can be overcome by the
fact that we can limit the length of the linked region at the cost of slightly smaller
compression. If we limit the length of the linked region so that 0 ≤ ∆x ≤ 255,
we can use one byte to represent the value of ∆x1. Also the boolean value B
can be embedded into the value x at the cost of only being able to handle texts
that are smaller than 231 bytes.

Fact 7. An entry of a CSA takes 5/4 times the space of an entry of a suffix
array.

Since the value ∆x is only needed for the entries that contain a link, the
wasted space can be used to store the LCP information of consecutive suffixes of
the binary search. As each suffix has two possible preceding suffixes in a binary
search, there are two values to be saved for each suffix. There was suggested in
[9], that saving only the maximum of these two values is adequate, because the
other value can be achieved during the search. However, we need one bit to tell
which value is actually saved. There remains 7 bits to save the LCP information,
i.e the LCP values must be in the range 0 . . .127. In an average case this is an
acceptable limitation2. The special case when a LCP value does not fit into a
byte can be handled separately (costing in search times).

Fact 8. An entry of a suffix array with the LCP information of consecutive
suffixes of the binary search takes the same space as an entry of a CSA with the
LCP information.

5.2 An Implementation with Improved Worst Case Bounds

Although the algorithm in Fig. 5 has reasonably good average case bounds, its
worst case behavior is a problem; finding the start of the linked area may require
uncompacting the whole array.

Therefore we make the following modifications to the structure of the CSA
and construction algorithm of Fig. 2:

• The length of the linked area is added to the structure of the CSA. That is,
each CA(i) in Definition 2 contains (B, x, ∆x, ∆), where ∆ is the length of
the linked area (i.e. ∆ = ∆2 + 1, where ∆2 denotes the value ∆ introduced
in Sect. 2).

1 We assume an environment, where an integer takes 32 bits and consists of four bytes.
2 The largest value of a LCP of two suffixes of a text T equals to the length of the

longest repeat in T , i.e. the longest substring of T that occurs at least twice. As
the probability of a repeat of length m is 1

|Σ|m and there are approximately |T |2
places to start the repeat, we can write the expectation value E(”number of repeats

of length m”) ≈ |T |2
|Σ|m . If the longest repeat is unique, its length ml should satisfy

1 ≈ |T |2
|Σ|ml , and therefore ml ≈ 2 log|Σ| |T | (see the more detailed analysis in [7,12]).

Thus, the values of LCPs are expected to be in the range 0 . . . 127.
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• The length of the linked area is limited by a constant C by adding condition
j < C in while-loop at line (7) of procedure MarkLinksToSuffixArray in Fig.
2. Also, the value of j must be copied to the value A′(x).∆ at line (17).
• The length of the link path is limited by a constant D by using array

pathdepth(1 . . . n) in procedure MarkLinksToSuffixArray. The array entries
are initialized to zero and condition pathdepth(i + j) < D is added in the
line (7). The array pathdepth is updated by adding pathdepth(x + j) ←
pathdepth(i + j) + 1 in line (12) and pathdepth(x) ← pathdepth(i) + 1 in
line (16).

Storing the value ∆ similarly as ∆x (using 8 bits) would imply that an entry
of the CSA takes 6/5 times the size of an entry of the suffix array with LCP
information. This is impractical, and therefore we store both values using only
4 bits (i.e. C = 15, ∆ ≤ C, and ∆x ≤ C). This does not affect the compression
significantly, as can be seen from the experimental results in Sect. 6.

With the value ∆ in the CSA, we can now replace the algorithm UnCom-
pactLink by a more efficient version, that is shown in Fig. 6.

UnCompactLinkPractical(in CA, in x):
(1) y← CA(x).x; ∆x← CA(x).∆x; ∆← CA(x).∆; i← 0;
(2) while ∆x > 0 do begin
(3) if CA(y + i).B = false then begin
(4) i← i + 1; ∆x← ∆x− 1 end
(5) else begin
(6) if CA(y + i).∆ ≤ ∆x then begin
(7) ∆x = ∆x−CA(y + i).∆; i← i + 1 end
(8) else break end end;
(9) while true do begin
(10) if CA(y + i).B = true then begin {y + i contains a link}
(11) UCA← UnCompactLink(CA, y + i);
(12) Add(Area, UCA(∆x + 1 . . . min(|UCA|,∆x + ∆)),1);
(13) ∆x← 0; end
(14) else {y + i contains a suffix}
(15) Add(Area, CA(y + i).x,1);
(16) if |Area| ≥ ∆ then break;
(17) i← i + 1 end;
(18) return Area;

Fig. 6. A version of UnCompactLink with improved worst case bounds.

Theorem 9. The algorithm in Fig. 6 uncompacts a link of the CSA using
O(C2(D − log2 C)) time in the worst case, where C is a constant limiting the
length of the linked area and D is a constant limiting the length of the link path.
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C-1

C-1 C-1

C-1 C-1 C-1. . . . . .

. . . . . .C-1 C-1 C-1

D

Fig. 7. The recursive search tree to uncompact a link in the worst case.

Proof. The recursive search tree of the worst case is visualized in Fig. 7.
The first call to UnCompactLink requires to skip at most C−1 suffixes (when

∆x = C − 1). After that, there is a link, a suffix, and a link to represent the
linked area, so that the tree will grow as much as possible and code as little
information as possible. Because a link can represent at most C suffixes, there is
a limit to the growth of the tree. On the other hand, there could be link paths
that do not code any information. As we have limited the length of the link path
by a constant D, the worst case is achieved when the links at the last level of
the search tree each represent the minimum two suffixes that are located at the
end of the link path of length D.

The amount of widening levels (denoted by x) in the worst case search tree
can be solved from the following equation:

x∑
i=0

2i + 2 · 2x+1 = C, (1)

where the summation denotes the suffixes at levels 1 . . . x and the last term
denotes the suffixes at the end of the link path. The equation (1) has a solution
x = log2

C+1
3 −1. We have to limit to the values of C that result a whole number

solution to the value of x (for other values, the worst case search tree of Fig. 7
would be unbalanced, and thus slightly harder to analyze).

To calculate the time needed to uncompact a link, we have to multiply each
node of the search tree with C − 1. Therefore the time requirement is:

(C − 1)(
x∑

i=0

2i + 2x+1(D − x)), (2)
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which can be written as follows by substituting the above value for x:

(C − 1)(
C + 1

3
− 1 +

C + 1
3

(D − log2

C + 1
3

+ 1))). (3)

ut

As a corollary of Theorem 9, we have O(|P |+ logn′) worst case search time
from the CSA (when LCP values are stored in integer fields). Although, the con-
stant factor is quite big compared to the original suffix array. The experimental
results in next section show that the constants C and D can be set relatively
small without significant loss in compression.

6 Experimental Results

Two important properties of the CSA were tested: how much CSA saves space
as compared to the suffix array, and how much the search times suffer from
compression.

The space requirements of some files from the Calgary and Canterbury cor-
pora [1] are shown in Table 1. The SA LCP means the size of a suffix array with
the LCP information, i.e. five times the size of the text. The CSA is constructed
as described in Sect. 5 using values C = 15 and D = 4 (the values in parentheses
in the last column of Table 1 show the reduction percentage when C = 255 and D
is not used). As can be seen, the corresponding CSA takes about half the size of
the suffix array with two texts: world192.txt and progp (Pascal-program code).
This is quite good result as normal compression routine like zip compresses these
texts by 71% and 77%. The text book1 does not have much repetitiveness and
is therefore compressed poorly even with zip (59%). The worst text to the CSA
is e.coli containing DNA, though it compresses well with zip (71%). This is due
to the nature of the repetitiveness; e.g. string ”aggggt” may occur frequently in
DNA, but so will occur strings ”cggggt”, ”gggggt”, and ”tggggt”. When a suffix
array is constructed, suffixes starting with ”aggggt” will be before suffixes start-
ing with ”cggggt”, ”gggggt”, and ”tggggt”. Now, suffixes starting with ”ggggt”
cannot be represented as links to any of these suffixes starting with ”aggggt”,
”cggggt”, ”gggggt”, or ”tggggt”, because they will occur in different order. This
is in contrast to the word ”procedure” in progp; there will be no other words
containing word ”rocedure” and so all suffixes starting with ”rocedure” can be
replaced by a link to the area of suffixes starting with ”procedure”.

The search times are compared in Table 2. The total time to search 10000
patterns is reported for each text. For natural language texts, the patterns are
chosen randomly from different sources. For e.coli, all patterns of length 6 are
generated and they are combined with some patterns of length 7 to get the
total amount of 10000. Each search is repeated 10, 100, or 1000 times depending
on the size of the text. The first line on each text denotes the time needed to
determine whether there is an occurrence of the pattern (the column occurrences
reports the amount of patterns that were found). The second line on each text
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Table 1. Space requirement

text —text— SA LCP CSA reduction %

book1 768 771 3 843 855 2 502 785 35% (36%)
e.coli 4 638 690 23 193 450 18 722 175 19% (19%)
progp 49 379 246 895 129 560 48% (52%)
world192.txt 2 473 400 12 367 000 6 590 370 47% (52%)

Table 2. Search times

text —text— occurrences SA LCP (ms) CSA (ms)

book1 768 771 4 466 27 39
book1 768 771 530 950 32 112

e.coli 4 638 690 10 000 34 39
e.coli 4 638 690 6 328 248 90 1054

progp 49 379 1 224 21 49
progp 49 379 34 151 21 81

world192.txt 2 473 400 5 632 34 47
world192.txt 2 473 400 1 283 892 44 278

denotes the time needed to report all the occurrences. Times are milliseconds
on a Pentium III 700 MHz machine with 774 MB main memory running Linux
operating system.

The search algorithms use LCP values, and thus work in O(|P |+log |T |) time
in the average case. The LCP values were calculated using a simple algorithm
that uses O(|T | log |T |) time in the average case (the worst case is not a problem,
because we have limited the lengths of the LCPs to be smaller than 128).

It can be seen that with the basic string matching query, the CSA is not
significantly slower than the suffix array. As predicted, the more occurrences
there are, the more time takes searching from the CSA. The reason why the
search time also increases in the suffix array, is that matches were reported (not
printed, but calculated one by one) for the sake of comparison.

7 Conclusion

We have considered an efficient way to compact a suffix array to a smaller struc-
ture. A new search algorithm has been developed for the string-matching problem
using this compact suffix array. It has been shown that a basic string-matching
query can be answered in average time O(|P | + log |T |) on typical texts. The
same bound can be achieved in the worst case, although with a larger constant
factor and smaller compression.

The algorithm in Sect. 3 that constructs a CSA from a suffix array does
not necessarily give the smallest CSA, because the method used for preventing
cycles, can also prevent some non-cyclic links. It is an open problem to develop
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an efficient algorithm to construct the smallest possible CSA (a Union-Find
approach for preventing cycles could be possible). Another open problem is to
construct a CSA straight from the text. This would save space at construction
time, as our algorithm needs space for two suffix arrays and some additional
structures during the construction.
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Abstract. Affix trees are a generalization of suffix trees that is based
on the inherent duality of suffix trees induced by the suffix links. An
algorithm is presented that constructs affix trees on-line by expanding the
underlying string in both directions and that has linear time complexity.

1 Introduction

Suffix trees are a widely studied and well known data structure. They can be
applied to a variety of text problems and have become more popular with their
application in problems related to molecular biology. There exist many linear
algorithms for their construction [Ukk95], [McC76]. They all make use of auxil-
iary edges called suffix links. Usually, when taking edges in the suffix tree, the
string represented by the current node is lengthened or shortened at the end.
Suffix links are used to move from one node to another so that the represented
string is shortened at the front. This is extremely useful since two suffixes of a
string always differ by the characters at the beginning of the longer suffix. Thus
successive traversal of all suffixes can be sped up greatly by the use of suffix
links.

As proven by Giegerich and Kurtz in [GK97], there is a strong relationship
between the suffix tree built from the reverse string (often called reverse prefix
tree) and the suffix links of the suffix tree built from the original string.

Obviously, the suffix links form a tree by themselves (with edges pointing
to the root, see Figures 1c, 1d, and 2). Giegerich and Kurtz have shown that
the suffix links of the atomic suffix tree (AST - sometimes also referred to as
suffix trie) for a string t are exactly the edges of the AST for the reverse string
t−1 (i.e., the reversed suffix links labeled with the letters they represent and the
same nodes are the AST for the reverse string). This property is partially lost
when turning to the construction of the compact suffix tree (CST - most often
referred to simply as suffix tree). The CST for a string t contains a subset of the
nodes of the CST for the reverse string (which we will call compact prefix tree
(CPT)) and the suffix links of the CST represent a subset of the edges of the
CPT.

A similar relationship was already shown by Blumer et al. in [BBH+87] for
compact directed acyclic word graphs (c-DAWG). As shown there, the DAWG
contains all nodes of the CPT (where nodes for nested prefixes are also inserted,

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 320–334, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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Fig. 1. Affix tree for ababc in suffix (a) and prefix (b) view (dotted lines represent
the prefix edges, dashed boxes mark the paths) and suffix tree for ababc (c) and
cbaba (d) (dotted lines represent the suffix links).

although they are not branching) and uses the CPT’s edges as suffix links. The
c-DAWG is the “edge compressed” DAWG. Because the nodes of the c-DAWG
are invariant under reversal one only needs to append the suffix links as reverse
edges to gain the symmetric version. Although not stated explicitly, Blumer et
al. in essence already observed the dual structure of suffix trees as stated above
because the c-DAWG is the same as a suffix tree where isomorphic subtrees are
merged.

The goal of this paper is to show how a tree that incorporates both the CST
and the CPT can be built on-line in linear time by appending letters in any
order at either side of the underlying string. This tree will be called compact
affix tree (CAT). It has been introduced by Stoye in his Master’s thesis [Sto95]
(an English translation is available [Sto00]). Our algorithm essentially has the
same steps as Stoye’s algorithm, but we will use additional data collected in
paths (see section 2.2 and Figures 1a and 1b) to assure a suffix-tree-like view.
Stoye could show that the CAT takes linear space, but he was unable to show
linear time complexity of his algorithm. The basic algorithmic idea is to merge
an algorithm for building CSTs on-line (Ukkonen’s algorithm) with an algorithm
for building CSTs anti-on-line (appending to the front of the string similar to
Weiner’s algorithm [Wei73]).

The core problem for achieving linear complexity is that Ukkonen’s algorithm
(or any other suffix tree algorithm) expects suffix links of inner nodes to be
atomic (i.e., having length one). As can easily be seen in Figures 1a, 1b, and 2,
this is the case for suffix trees, but not for affix trees (nodes 7, 8 in Figure 1a
and 4, 5 in Figure 1b). Stoye tried to solve this problem by traversing the tree to
find the appropriate atomic suffix links. In general, this approach might lead to
quadratic behavior, which is the reason why Stoye could not prove linear time
complexity of his algorithm. We will use additional data collected in paths to
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establish a view of the CAT, as if it were the corresponding CST (this can be
seen comparing Figures 1a, 1b with Figures 1c, 1d).

We will continue by briefly describing the data structures in section 2. Then
the algorithms for constructing CSTs in linear time on-line by adding characters
either always to the front or to the end of the string are given in section 3. These
are merged to form the linear bidirectional on-line algorithm for CATs in section
4. The linearity for bidirectional construction is proven in section 5. We finish
with a section on the implementation of paths.

2 Data Structures

In the following, let Σ be an arbitrary finite alphabet. Let Σ∗ denote the set of
all finite strings over Σ, let λ be the empty string and let Σ+ = Σ∗ \{λ} denote
the set of all non-empty strings over Σ. If t ∈ Σ∗ is a string, then let |t| be its
length and let t−1 be the reverse string. If t = uvw for any u, v, w ∈ Σ∗, then
u is a prefix, w a suffix, and v a substring of t. A suffix w of t is called nested
if t = uwv for v ∈ Σ+ and u ∈ Σ∗ (nested prefix is defined analogously). A
substring w of t is called right branching if a, b ∈ Σ are two distinct characters
(a 6= b) and t = uwav and t = u′wbv′ for any u, u′, v, v′ ∈ Σ∗ (left branching is
defined analogously).

2.1 Trees

We will define the affix tree data structure in terms of [GK97] beginning with
Σ+-trees.

Definition 1 (Σ+-Tree). A Σ+-tree T is a rooted, directed tree with edge labels
from Σ+. For each a ∈ Σ, every node in T has at most one outgoing edge whose
label starts with a. A Σ+-tree is called atomic, if all edges are labeled with single
letters. A Σ+-tree is called compact, if all nodes other than the root are either
leaves or branching nodes.

We represent the edge labels by means of pointers into the underlying string,
thus keeping the size for each label constant. Each path from the root to an
arbitrary node n in T represents a unique string w = path(n). If u = path(n),
we can identify the node by the string and we will write u = n. A string u ∈ Σ∗

is in words(T ) iff there is a node n in T with path(n) = uv with v ∈ Σ∗. If a
string u is represented in T by a node n (i.e., u = path(n)), we call the location
of the string explicit. Otherwise, if the string u is represented but not by a node
(i.e., there exists a node n and a string v ∈ Σ+ s.t. uv = path(n)), we say the
location of the string is implicit.

A suffix link is an auxiliary edge from node n to node m where m is the node
s.t. path(m) is the longest proper suffix of path(n) represented by a node in T .
Suffix links can be labeled similarly to edges, but with the string label reversed
(see Figure 1). For example, a suffix link leading from a node representing the
string cbab to a node representing the string b will be labeled abc.
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Definition 2 (Reverse Tree T−1). The reverse tree T−1 of a Σ+-tree T aug-
mented with suffix links is defined as the tree that is formed by the suffix links of
T , where the direction of each link is reversed, but the label is kept.

Definition 3 (Suffix Tree). A suffix tree of string t is a Σ+-tree with
words(T ) = {u|u is a substring of t}.
As stated above, Giegerich and Kurtz have proven in [GK97] that the AST

T for the reverse string t−1 is the same as the reverse AST T−1 for the string t.
Affix trees can be defined as ‘dual’ suffix trees.

Definition 4 (Affix Tree). An affix tree T of a string t is a Σ+-tree s.t.
words(T ) = {u|u is a substring of t} and
words(T−1) = {u|u is a substring of t−1}.
Note that a string might have two different locations in CAT if it is not

explicit. The following lemma presents an easily verifiable fact about CSTs.

Lemma 1. In the CST for string t, each node represents either the empty string
(the root), a right branching substring, or a non-nested suffix of t.

The CAT contains all nodes that would be part of the CST and the CPT.
With this lemma, each node can easily be checked to belong either to the suffix
part, the prefix part, or both, thus defining a node type. For a node to be a suffix
node it needs to be the root or have zero or more than one suffix child (because
it is a leaf or because it is branching). The attribute needs not be saved explicitly
but can be reconstructed on-line. Edges are either suffix or prefix edges. In CATs
the suffix links are the (reversed) prefix edges and vice versa. All edges need to
be traversable in both directions.

Compare Figures 1a and 1b with Figures 1c and 1d to see the differences
between CAT and CST. In the following let CAT(t) denote the CAT for the
string t (CST(t), CPT(t) analogously).

2.2 Additional Data for the Construction of CAT

Let α(t) be the longest nested suffix of string t and α̂(t) the longest nested
prefix of t. There are some important locations in CAT(t) that are needed for
the building process. These locations are (the string arguments are dropped if
they are clear from context):

– The active suffix point asp(t), which represents the suffix location of the
longest nested suffix (the active suffix) α(t).

– The active suffix leaf asl(t), which represents the shortest non-nested suffix
of t.

– The active prefix point app(t), which represents the prefix location of the
longest nested prefix (the active prefix) α̂(t).

– The active prefix leaf apl(t), which represents the shortest non-nested prefix
of t.
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The asl has a special role regarding suffix links.

Lemma 2. In CST (t) all suffix nodes except for the asl and the root have atomic
suffix links.

The proof should be obvious and follows from Lemma 1.
To keep track of asp and app, which might both be implicit, we will use

reference pairs (rps) (similarly defined by Ukkonen [Ukk95]). A rp is a pair (n, u)
where n is a node (called the base of the rp), u ∈ Σ∗ is a string, and path(n)u
is the represented location. Since there are always two implicit locations of any
string not represented by a node in CAT (e.g. bab in Figure 1a and 1b), the
rps will have a type. A suffix rp will refer to a suffix location (which might be
implicit in a suffix edge) and use a suffix node as base. With canonical reference
pair (crp) we will refer to a rp (n, u) that is closest to the represented location
while still being of the referenced type (i.e., if (n, u) is a suffix crp, then n is a
suffix node and there exists no rp (n′, u′) for the same location with |u′| < |u|
and where n′ is also a suffix node). For asp a suffix crp and for app a prefix crp
is kept during all iterations.

By Lemma 2, all nodes that belong to the suffix part are connected by atomic
suffix links. If they belong exclusively to the suffix part, they cannot be branching
in the prefix part and can therefore be combined to clusters of “suffix only” nodes
connected with atomic prefix edges in the prefix part. Each such cluster will be
combined in a path (asl might have a non-atomic edge, but that will be dealt
with in section 6). See the dashed boxes marking the paths in Figure 1a and 1b.
The paths contain all nodes that would not be part of the corresponding CST
(compare Figures 1a and 1b with 1c and 1d). The same holds true for nodes
that only belong to the prefix part. The paths allow the following operations in
constant time, thus behaving like edges:

– Access the first and the last node from either side.
– Access the i-th node.
– Split the path similar to edges at a given position (e.g. making node 6 of

Figure 1b a prefix node).
– Append or prepend a node to a path.

With these paths, the CAT can be traversed ignoring nodes of the reverse
kind: if a prefix only node is hit while traversing the suffix part, it must have a
pointer to a path. The last node of that path is again followed by a suffix node.
When taking a suffix view and using paths like edges the CAT behaves just like a
CST. This is the key to solving the problem of Stoye’s algorithm and to achieve
linear time.

We will also use open edges as introduced by Ukkonen [Ukk95]. The edges
leading to leaves will be labeled with the starting point and an infinite end point
(i.e., (i,∞)) that represents the end of the underlying string. Such an edge will
always extend to the end of the string.
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3 On-Line Linear Construction of Compact Suffix Trees

We will briefly describe how to construct a CST by expanding the underly-
ing string to the right and how to construct a CST by expanding to the left.
To solve these problems we can make use of two already existing algorithms,
namely Ukkonen’s algorithm [Ukk95] and Weiner’s algorithm [Wei73]. Weiner’s
algorithm is rather complicated, so we will assume some additional information
readily available in the later algorithm for constructing CATs.

3.1 Normal On-Line CST Construction

Ukkonen’s algorithm constructs a CST on-line from left to right, building
CST(ta) from CST(t). It essentially works by lengthening all suffixes represented
in CST(t) by the character a and inserting the empty suffix. It should be obvious
that the resulting tree is CST(ta). To keep the linear time bound two ideas help:
Through the use of open edges the suffixes representing leaves are automatically
lengthened. A reference to the longest represented nested suffix (asp) is always
kept by means of a crp. It is then checked whether the lengthened suffix is still
represented in the tree. If not, the suffix is not nested any more and a leaf is in-
serted. Such a suffix is called a relevant suffix (every non-nested suffix sa of string
ta is a relevant suffix iff s is a nested suffix of t). After that the next shortest
nested suffix is examined. As soon as one suffix is still nested after lengthening
it by a all shorter suffixes will also stay nested and the update is complete. The
location of that first nested suffix s of t, where sa is also nested in ta, is called
the endpoint. sa is then α(ta), the new active suffix. To reach the next shortest
suffix the base of the crp is replaced by the node its suffix link points to. After
that the new rp is canonized by moving the base down the tree as far as possible
thus shortening the string part. The number of nodes traversed in this way can
be estimated by the length change of the string part leading to an overall linear
complexity.

Theorem 1. Ukkonen’s algorithm constructs CST(t) on-line in time O(|t|).
The proof and the algorithmic details can be found in [Ukk95]. An example

of one iteration can be seen in Figure 2c and 2d. The procedure for one iteration
as described above will be called update-suffix.

3.2 Anti-on-Line CST Construction with Additional Help

We will describe how to build CST(at) from CST(t). CST(t) already represents
all suffixes of CST(at) but at. The leaf for at will branch at the location rep-
resenting α̂(at) in CST(t) (which is app(at)). There are three possibilities. The
node location may be represented by an inner node, the location is implicit in
some edge, or the location is represented by a leaf. In the last case the new
leaf does not add a new branch to the tree, but extends an old leaf that now
represents a nested suffix. The node representing the old leaf needs to be deleted
after attaching the new leaf to it (see Lemma 1).
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Fig. 2. CST(abaababb) and CST(babaababb) with app marked and
CST(bbabaaba) and CST(bbabaabab) with asp marked.

See Figure 2a and 2b for an example of one iteration where a new branching
node is inserted. To find the location of app(at) let (n, u) be a crp for app(at) and
(n′, u′) a crp for app(t) in CST(t). app(at) needs to be found in CST(t). If n is not
the root, it has a suffix link to some node n′′ that is on the path from n′ to the
root. Hence n can be found starting from n′ by moving up the tree until a node
n′′ is found that is target of an atomic suffix link that lengthens the represented
string by a at the front (this means traversing the suffix link backwards). These
three nodes are marked in Figure 2a. If we knew the final length of α̂(at), we
could easily determine the length of u. Because we will later be constructing
CATs we allow the additional information of knowing that length. The length is
also used to identify the node that might be target of an additional suffix link
for a possibly inserted branching inner node.

Clearly, |α̂(t)| + 1 ≥ |α̂(at)| and there exists a string v ∈ Σ∗ s.t. α̂(t) = vv′

and α̂(at) = av with v′ ∈ Σ∗. The number of traversed nodes is limited by the
length of the active prefix, so the following theorem is established easily.

Theorem 2. With the additional information of knowing the length of α̂(s) for
any suffix s of t before inserting it, it takes O(|t|) time to construct CST(t) in
an anti-on-line manner.

Proof. Inserting the leaf, inserting an inner branching node, or deleting an old
leaf takes constant time per step. To find the base ni of the crp for the new
app from the old base ni−1, a number of nodes need to be traversed. For each
node encountered the string represented by the new base will be at least one
character shorter. Taking the reverse suffix link lengthens the path by one. If
si is the number of nodes encountered in iteration i, the following inequality
therefore holds:

|path(ni)| ≤ |path(ni−1)| − si + 1⇔ si ≤ |path(ni−1)| − |path(ni)|+ 1 (1)

Thus the total number of nodes traversed is
∑|t|

i=1 si ≤
∑|t|

i=1 |path(ni−1)| −
|path(ni)|+ 1 ≤ |t|+ |path(n0)| − |path(n|t|)| ≤ |t| = O(|t|) ut
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A more detailed discussion of Weiner’s algorithm using the terms of Ukko-
nen’s algorithm can be found in [GK97]. The procedure for one iteration as
described above will be called update-prefix.

4 Constructing Compact Affix Trees On-Line

Obviously, the algorithm is dual. The necessary steps to construct CAT(ta)
from CAT(t) are the same as for constructing CAT(at) from CAT(t). For clarity
we will assume the view of constructing CAT(ta) from CAT(t). We call this a
suffix iteration, while CAT(at) from CAT(t) is called a prefix iteration. The part
representing CST(t) will be referred to as suffix part and the part representing
CST(t−1) as prefix part.

We will merge the above given algorithms (section 3) to get the final algo-
rithm for the construction of CATs. Remember that both algorithms rely heavily
on the fact that all suffix links are atomic. With the use of paths we can estab-
lish a CST-like view, which guarantees atomic suffix links by Lemma 2. When
inserting new nodes that belong only to one part it is important to add them to
paths (either new or existing ones). Given the above path properties (see section
2.2), this will pose no problem. Another modification common to both parts is
the use of paths and of suffix and prefix crps so that the CAT behaves like a
CST (respectively CPT) for each algorithm part.

To update the suffix part we apply a modified update-suffix. Except for the
general modifications the leaves need to get suffix links, too. This is where the asl
is needed. For each new leaf l, asl will get a suffix link to l, and l will become the
new asl. asl initially has a suffix link to some node s. The link will be removed
before lengthening the text since asl will “grow” because of the open edge leading
to it and its suffix link cannot grow, leading to an inconsistency. Nodes s and
asl will be used for the next part.

To update the prefix part we apply a modified update-prefix, where – in order
not to switch the view – we talk of prefixes and not of suffixes (replace suffix by
prefix and vice versa in section 3.2). Recall that the prefix edges are the reversed
suffix links. Note that the suffix leaves form a chain connected by suffix links
that represent a prefix of t and hence also of ta (see Figure 1a and 1b). After
update-suffix they still form a chain representing a (possibly longer) prefix of
ta, thus representing part of the prefix that needs to be inserted in the prefix
part. By removing the suffix link from asl to s, the prefix location for t was lost.
The asl has not been relinked yet. Hence the prefix location for t needs to be
reinserted and asl needs to be suffix linked correctly to form the prefix location
for ta. The first step is obvious because we have node s and we know that the
prefix leaf for t is suffix parent to the prefix leaf for ta (see Figure 1; the node
representing the whole string is easily kept globally, since it never changes due
to the open edges). The second step involves the same search as in update-prefix
to find the prefix location of asp(ta). The additional information is easy to give
because we already know the length of α(ta) from update-suffix. Furthermore, it
may happen that we take a starting point that is above the base n′ for the crp
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for α(t) in the prefix part because we have inserted relevant suffixes. In Figure
2d the endpoint of update-suffix is ba, which is ab in Figure 2a and lies between
n′ and n′′. In case the location of α(ta) is already an explicit prefix node we
can even omit the search, since it will be the |u|-th element of the path starting
after the base n (or n if |u| = 0), if (n, u) is the crp for asp(ta) (see Figure 3d,
where the root is the base for the crp to asp, and nodes 2, 4, and 6 form a path
starting at the root). Section 4.1 describes how the new starting point is found.

Because the algorithm is bidirectional we need to update app and apl. apl
only changes if a new “shortest” leaf is inserted (i.e., if the previous apl was t,
which is only the case if t = ak for a ∈ Σ), or if app grows. app might change in
accordance with a lemma by Stoye [Sto95] (Lemma 4.8):

Lemma 3. The active prefix will grow in the iteration from t to ta iff the new
active suffix α(ta) is represented by a prefix leaf in CAT(t).

That is the case when a node needs to be deleted.
These are essentially the same steps that Stoye’s algorithm performs. (The

reason behind each step is more elaborately described in [Sto95], [Sto00].) The
important difference is that our algorithm makes use of paths (as described in
section 2.2 and section 6) in order to skip over prefix nodes when updating the
suffix part and vice versa. In summary, the six necessary steps of each iteration
of the algorithm are:

1. Remove the suffix link from asl to s.
2. Lengthen the text, thereby lengthening all open edges.
3. Insert the prefix node for t as suffix parent of ta and link it to s.
4. Insert relevant suffixes and update suffix links (update-suffix).
5. Make the location of the new active suffix α(ta) explicit and add a suffix

link from the new asl to it (main part of update-prefix).
6. Update the active prefix, possibly deleting a node.

Step 4 is nearly the same as update-suffix, so we will clarify the other steps
by means of a small example. Figure 3 shows the CAT for baa (a), the tree after
step 2 (b) (node 3 is the asl, node 5 is s, which is only accidentally the same as
asp), the tree after step 3 (c) (node 6 was inserted to represent the prefix baa
and it was linked to s), the tree after step 5 (d) (node 7 was inserted for the
relevant suffix ab, the root was the endpoint, asp was already an explicit prefix
node, it is node 2, the new asl is node 7, it was prefix linked to node 2), and
finally the new CAT for baab after step 6 (e) (node 2 had to be deleted because
it is neither part of CST nor of CPT for baab, which can easily be seen because
it has exactly one incoming and one outgoing edge of either type and it was a
leaf before). b is now the active prefix and the active suffix.

4.1 Finding the New Starting Point for the Search for the Prefix
Location of α(ta)

If a starting point is needed it will always be a prefix node that represents
the string u (where ua = α(ta)), which is the endpoint of that iteration. The
following lemma will be helpful:
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Fig. 3. Step-by-step construction of affix tree for baab from affix tree for baa in
suffix view.

Lemma 4. Assume that in the iteration from CAT(t) to CAT(ta) at least one
relevant suffix is inserted before the endpoint g is reached. Let γ = path(g).

1. The location of the endpoint is always represented by a suffix node.
2. If the endpoint is not a prefix node, it is the active prefix of CAT(t) and γa

will be the new active prefix of CAT(ta).

Proof. Let α(t) = udγ for some u ∈ Σ∗, d ∈ Σ. If relevant suffixes are inserted,
then t = vudγ (1), t = v′udγbw (2) and t = v′′cγaw′ (3a) or t = γaw′′ (3b)
where v, w ∈ Σ+ , v′, v′′, w′, w′′ ∈ Σ∗, a, b, c, d ∈ Σ and a 6= b, c 6= d. Hence by
(2) and (3a) / (3b) γ is right branching (proving 1).

If γa appears somewhere in t, where it is not a prefix of t, by (3a), γ must
be left branching and γ is a prefix node. Otherwise γa is a prefix of t and no
further γa in t, so γ is the active prefix of t. γa is also a suffix of ta, so γa will
be the new active prefix of ta (proving 2). ut

To find the prefix location of α(ta), we will distinguish the following cases:

1. No relevant suffixes were inserted, the active prefix got longer in the previous
iteration.

2. No relevant suffixes were inserted, the active prefix did not change in the
previous iteration.

3. Relevant suffixes were inserted, the endpoint is a prefix node.
4. Relevant suffixes were inserted, the endpoint is not a prefix node.

In case 1 the prefix location is already explicit in the prefix tree, it is a prefix
leaf. In the previous iteration the active prefix got longer and was equal to the
active suffix. By Lemma 3, a node that was previously a leaf got deleted (the
active prefix is the longest nested prefix, so the next longer prefix must be a
leaf). Since all leaves form a chain with inner distances one, the prefix location
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of the asp must be the next leaf (i.e., the apl). It can be easily found by the path
starting at the base of the suffix crp for asp.

In case 2 the active suffix was made an explicit prefix location in the previous
iteration. This location will be the starting point for the search in the prefix tree.

In case 3 the endpoint is a prefix node as well as a suffix node. It will be the
starting point for the search in the prefix tree.

Case 4 can be dealt with similar to case 1, since the endpoint is the active
prefix by Lemma 4. Therefore, the prefix location is already explicit in the prefix
tree as a prefix leaf (it is the apl).

Note that it is important to have a prefix node as starting point in the tree
because this enables us to use the paths in the prefix tree (otherwise it might be
necessary to search a prefix node first which would add extra complexity).

4.2 Complexity of the Unidirectional Construction

Since all operations of a single iteration are either constant (steps 1, 2, 3, 6) or
have a linear amortized complexity by Theorem 1 (step 4) and Theorem 2 (step
5), the following theorem follows.

Theorem 3. CAT(t) can be constructed in an on-line manner from left to right
or from right to left in time O(|t|).

5 Complexity of Bidirectional Construction

The affix tree construction algorithm is dual, so the tree can be constructed by
any sequence of appending characters to any side of the string. We will prove
the following:

Theorem 4. Bidirectional construction of affix trees has linear time complexity.

Because part of the complexity analysis is amortized, it is necessary to show
that these parts do not interfere. The amortized complexity analysis depends
upon step 4 and step 5. Their analyses are both based on the rps for the active
suffix αi and for the active prefix α̂i in iteration i. The amortized complexity
analysis counts the nodes encountered using string lengths as an upper bound.

For the following lemmas and their proofs let t(i) be the string that is rep-
resented in the CAT after iteration i. Let (µi, νi) be the suffix crp for the suffix
location of αi, (ui, vi) be a (pseudo) prefix crp for the prefix location of αi (pseudo
because the prefix location of αi might exist if it is a prefix node or when it will
be inserted). Analogously, let (ûi, v̂i) [(µ̂i, ν̂i)] be the suffix [prefix] crp for α̂i,
and let γ̂i be the prefix endpoint in iteration i (which might be α̂i−1). For γ̂i let
(û′

i, v̂
′
i) [(µ̂′

i, ν̂
′
i)] be the suffix [prefix] crp.

For step 4, additional work might occur when the active suffix grows in a
prefix iteration s.t. the string distance from its location to the base of its crp

grows (i.e., |νl| > |νl−1|). (Consider inserting bak+1bak+1ac from left to right
versus inserting ak+1bak+1 from left to right, appending b to the left and
inserting ac on the right).
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Lemma 5. Additional k interim reverse (prefix) iterations add at most O(k)
work to be accounted for in the amortized analysis of step 4.

Proof. For step 4 we account the distance that is traversed by canonizing the
rp for asp. For a given rp for asp we can determine the potential path (called
traversal path) that would be taken in step 4 (e.g., if a previously unseen letter
is appended). The nodes on this path make up the accounted complexity. The
number of nodes is always less or equals to the string distance of the path (which
we use in Theorem 1). We call a part of the path where the work is accounted by
the traversed string distance string-accounted. If the work is accounted by the
number of nodes, we call the part node-accounted. (Lemmas 6 and 7 introduce
node-accounted parts in the analysis.) Furthermore, it is possible that the traver-
sal path contains parts of the tree multiple times (the same nodes are traversed
more than once, e.g. in the iteration from CAT(aab(ab)i) to CAT(aab(ab)ic)).
We will call such parts of the path nested. We take a look at two cases. The case
where the base of the suffix crp for the asp changes and the case where suffix
nodes are inserted in reverse iterations.

For the first case, suppose the active suffix grows in iteration l, when append-
ing from the left: t(l) = at(l−1), α̂l = aγ̂l, αl = aαl−1 and α̂l = αl ⇒ γ̂l = αl−1. It
follows that the crps must be equal: (µl, νl) = (ûl, v̂l) and (µl−1, νl−1) = (û′

l, v̂
′
l).

Therefore, the number of nodes that are accounted for step 5 is exactly the
number of nodes added to the traversal path of step 4. Since the active suffix
grows by Lemma 3, the new suffix location is a leaf and can be found in constant
time (see section 4.1, cases 1 and 4). Hence, the additional work imposed by this
intermediate reverse iteration is already accounted for. A node-accounted part
is added to the front of the traversal path.

For case two, we will distinguish the different parts of the tree and of the
traversal path. Obviously, inserting a node into a string-accounted part does not
matter. A node inserted into a node-accounted part of the path that is not nested
will add O(1) work. Only if a nested, node-accounted part of the traversal path
existed, would a node add more than O(1) work. Node-accounted parts can be
appended to the front of the traversal path by case 1. For a part of the tree
to be added a second time, the base of the rp for asp needs to be moved back
down below that part without the part being traversed in step 4. This can only
happen when the base is moved down in the tree over reverse suffix links in
reverse iterations. It takes at least k iterations to move the base down by string
distance k. For each iteration we can save a coin and use the coins to turn a
previously node-accounted part of the traversal path string-accounted. Thus,
before adding a part for the second time to the traversal path the first instance
in the traversal path can be turned string-accounted. As a result, there cannot
be node-accounted, nested parts of the traversal path.

Hence, the overall cost for k reverse (prefix) iterations is O(k). ut

The following lemma will give us a bound on the remaining work yet to be
done in step 5 by means of the current data structure.
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Lemma 6. For every sequence of suffix iterations from CAT(t(i)) to CAT(t(j)),
i < j, let ṡi be the number of prefix nodes on the prefix path from ui to the root
in iteration i and let ṡj be the number of prefix nodes on the prefix path from uj

to the root in iteration j. Let sk be the number of prefix nodes traversed in step
5 of iteration k, then ṡi + (j − i) ≥ ṡj +

∑j
k=i+1 sk.

Proof. By Lemma 2, every prefix node w on the path from uj to the root has
an atomic prefix link starting a chain of atomic prefix links leading to the root.
All nodes on the path are prefix nodes. The chain has length |path(w)|. Every
suffix iteration moves uj over a reverse prefix link to a new prefix branch (step
5). Obviously, ui and uj have a distance of (j− i) prefix links. Thus, for at most
(j − i) nodes |path(w)| ≤ (j − i) and the chain ends at the root before reaching
the path from ui to the root. Every other node with |path(w)| > (j − i) can be
coupled with a node on the path from ui to the root by following its prefix link
chain. Hence ṡi + (j − i) ≥ ṡj .

Let j = i + 1 and sj nodes be traversed from ui in step 5 until the atomic
prefix link to uj is found. Then ṡi + 1 ≥ ṡj + sj = ṡi+1 + si+1. Continuing the
argument, ṡi + 2 ≥ ṡi+1 + 1 + si+1 ≥ ṡi+2 + si+2 + si+1. Induction easily yields
ṡi + (j − i) ≥ ṡj +

∑j
k=i+1 sk. ut

With this lemma, the number of prefix nodes on the prefix path from ui

to the root in iteration i can be used to limit the work accounted for in all
subsequent steps 5 and limit the complexity of the unidirectional construction
in terms of nodes: ṡ0 + n ≥ ṡn +

∑n
k=1 sk =⇒∑n

k=1 sk ≤ n − ṡn.

Lemma 7. The insertion of nk prefix nodes in k interim reverse (prefix) itera-
tions adds at most O(nk +k) work for any following steps 5 of a suffix iteration.

Proof. Suppose after k interim reverse iterations |path(ui+k)| > |path(ui)|. Since
the active suffix can only be enlarged along prefix edges k times, only k existing
prefix nodes may be between αi+k (or its location) and ui. All other prefix nodes
must be nodes inserted in the prefix iterations. Hence a maximum of nk + k− 1
prefix nodes can lie between ui+k and ui. Let ṡi be the number of prefix nodes
above ui in iteration i and ṡi+k be the number of prefix nodes above ui+k after
the k interim iterations. It follows that ṡi+k − ṡi ≤ nk + k − 1.

With Lemma 6, after iteration i the amortized work for i suffix iterations and
additional m subsequent suffix iterations can be limited by

∑i
j=1 sj + ṡi + m,

where
∑i

j=1 sj is already performed and ṡi + m is remaining. With k interim
reverse iterations, the accounted work is then

∑i
j=1 sj + ṡi+k + m ≤∑i

j=1 sj +
ṡi + m + nk + k − 1. The remaining work increased by nk + k − 1.

ut
Proof (Proof of Theorem 4).

Let the CAT T be constructed by l suffix iterations interleaved with k prefix
iterations. Let n = l + k.

By Lemma 5, k additional reverse iterations add O(k) additional work for
step 4. By Lemma 7, each preceding sequence of i prefix (suffix) iterations adds
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at most O(ni+i) additional work for all following suffix (prefix) iterations, where
ni is the number of prefix (suffix) nodes inserted in the sequence.

The total cost is therefore O(n)+O(k + l) +O(nk + k + nl + l) = O(n + k +
l + nk + k + nl + l) = O(n) ut

6 Implementation of Paths

We will show that paths with the properties used above can be maintained on-
line. Each path is represented by two dynamic arrays which can grow dynamically
with constant amortized cost per operation (see section 18.4 “Dynamic tables” in
[CLR90]). With one array growing downward and the other one upward, a path
can grow in either direction (the underlying string can be represented similarly).

Only the first and the last node of a path need to have access to the path.
They hold a pointer to the double-sided dynamic array object, an offset, and a
length. Thus the first, the last, and the i-th element can be retrieved in constant
time. Appending or prepending elements can also be done easily in constant
time. When the path is split somewhere in the middle, both new paths will use
the same array with different lengths and offsets, thus this operation can be done
in constant time, too. Since all nodes in a path are connected by atomic edges,
the paths can never grow on a side where they were split, hence no problems will
arise through the split operation. Only the asl might have a non-atomic suffix
link or might be deleted, thus disturbing this property. Fortunately, this is not
the case due to the following lemma:

Lemma 8. The prefix parent of the active suffix leaf (asl) is (also) a prefix node.

Proof (Idea). The proof is a purely technical case distinction and we will there-
fore only give the basic proof idea. The proof will be done by contradiction. We
will assume asl’s parent ω to be a suffix only node and make a case distinction
over the letters preceding ω in all occurrences of ω in t (which are at least three,
one because ω is a suffix of α(t), two other because ω is right branching). In the
case where ω is a prefix of t, the characters preceding the other two occurrences
must be examined iteratively until the left of the string is reached, leading to
the contradiction in the final case. ut

The total number of nodes contained in all paths is O(n). If a path is split in
the middle a hole is in that path representing a prefix and suffix node. The total
number of holes is also bounded by O(n), so the space requirement is linear.

7 Conclusion

Suffix trees are widely known and intensively studied. A less known fact is the
duality of suffix trees with regard to the suffix links that is described in [GK97]
and is implicitly stated in [BBH+87] and other papers. Stoye developed a first
algorithm that could construct affix trees in an on-line manner, but could not
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prove that his algorithm is linear [Sto95]. Through the introduction of paths,
the algorithm could be improved and a linear behavior could be proven even for
bidirectional construction.

Affix trees (especially augmented by paths) have the same properties as suffix
trees and more. Construction is bidirectional and on-line. In affix trees, not only
the suffixes, but also the prefixes of a string are given, and the tree view can
be switched from suffixes to prefixes at any time and node, which cannot be
achieved with two single suffix trees. At any position in the affix tree one can tell
immediately whether the represented string is left branching or right branching
or both.

Applications might be in pattern matching problems, where both the original
and the reverse string are represented in one tree (e.g. finding all maximal repeats
[Gus97]). Other new applications might come from the use of affix trees as two-
head automaton with “edge compression” (see [GK97]).
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Abstract. Gibbs sampling is a local search method that can be used to
find novel motifs in a text string. In previous work [8], we have proposed a
modified Gibbs sampler that can discover novel gapped motifs of varying
lengths and occurrence rates in DNA or protein sequences. The Gibbs
sampling method requires repeated searching of the text for the best
match to a constantly evolving collection of aligned strings, and each
search pass previously required θ(nl) time, where l is the length of the
motif and n the length of the original sequence. This paper presents a
novel method for using suffix trees to greatly improve the performance
of the Gibbs sampling approach.

1 Introduction

1.1 Motivation

The term motif , often used in biology to describe similar functional components
that several proteins have in common, can also be used to describe any collection
of similar subsequences of a longer sequence G, where the metric used to measure
this similarity varies widely. In biological terms, these sets of similar substrings
could be regulatory nucleotide sequences such as promoter regions, functionally
or evolutionarily related protein components, noncoding mobile repeat elements,
or any of a variety of kinds of significant pattern. More generally, if we find a
collection of strings that are considerably more alike than a chance distribution
could explain, then there is likely to be some underlying biological explanation,
and if that explanation is not known for the motif in question, then investigating
this motif is likely to be a fruitful line of questioning for biologists.

Although motif-finding tools exist that find ungapped motifs, the reality is
that instances of biologically significant patterns can appear with insertions or
deletions relative to other instances of the same underlying pattern. A tool to
quickly and thoroughly discover approximate gapped motifs in long sequences
would give a great deal of information to biologists on where to start looking for
functional or critical regions. As the gap grows between the amount of available
sequence data for various organisms and the relatively small percent of these
� This material is based on work supported in part by the National Science Foundation
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sequences which are characterized, computational tools like this will become
more and more useful in analyzing data as a supplement to work in the lab.

1.2 Overview

Gibbs sampling is a local search method that can be used to find novel motifs
in a text string, introduced to computational biology by Lawrence et al. [5]. In
previous work [8], we have proposed a modified Gibbs sampler that can discover
novel gapped motifs of varying lengths and occurrence rates in DNA or protein
sequences. This algorithm is powerful in practice, but also time-consuming, since
each iteration requires searching the entire string for a best-match substring and
its ideal alignment with the existing motif. This paper presents a method for
using suffix trees to greatly improve the time performance of this approach.

Section 2 will give a brief introduction to Gibbs sampling and to suffix trees,
and describe some previous work on finding motifs using suffix trees. Section
3 will introduce the basic outline of our algorithm, and sections 4 through 6
will describe the suffix tree search algorithm. Finally, section 7 will describe
an implementation of the algorithm and report on its behavior in practice on
genomic data.

2 Background and Previous Work

2.1 Gibbs Sampling

The original source for the algorithm presented here is Lawrence et al.’s Gibbs
sampling algorithm for motif discovery[5]. The idea is to start with a random
collection of length l substrings from the length n sequence G. For each iteration
of the algorithm, discard one substring and search G for a replacement string.
Any string in G is chosen with a probability proportional to its score according
to some metric; in [5] the metric used is the relative entropy of the collection if
that string were added:

l∑

i=1

A∑

j=1

qi,j log(
qi,j

pj
), (1)

where A is the size of the alphabet, qi,j is the fraction of the ith column of the
collection consisting of letter αj , and pj is the fraction of G consisting of letter
αj . The basic idea of this scoring function is to reward distributions that are
unlikely to occur by chance. The lowest score, 0, is found when an alignment
column contains letters at exactly the proportion they occur in the sequence as
a whole1 (in other words, qi,j/pj = 1), while the highest score is obtained by
a column consisting entirely of the letter αmin which is least frequent in G, in
which case the score for that column will be log(1/pmin). Each alignment column
is scored independently, based only on the letters in that column, and the scores
for each column are added together.
1 The proof that 0 is the lowest possible score involves noting that ln(1/x) ≥ 1−x ∀x,

whence the proof can be derived algebraically.
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Gapped Motifs. In previous work [8], we extended this algorithm to allow
gapped motifs, requiring three main changes. First, we altered the scoring func-
tion to account for gaps, while retaining the basic relative entropy schema. Sec-
ond, in order to allow gapped alignment, at each iteration we perform a dynamic
programming search of G to simultaneously find the best string and its ideal
alignment. To avoid an NP-complete multiple alignment problem, we make a
simplifying assumption that at each iteration of the algorithm, the remaining
strings are likely to already be in a good mutual alignment, since each one was
aligned to the collection when it was originally added. Their alignment to one
another can therefore be kept fixed, and only a 2-way alignment between the col-
lection and the candidate string need be performed. Thus, our dynamic program-
ming pass is in essence a standard Smith-Waterman 2-sequence alignment[10],
albeit with a more complex scoring function. The third modification is that we
take the highest scoring replacement string for each iteration, rather than any
string with probability proportional to its score, due to the complexity of as-
signing scores not only to each string but to different possible alignments of the
same string.

An additional feature is that our gapped Gibbs sampler decides as it pro-
gresses whether to lengthen the strings in the collection (if the context in G
around the strings has high score), or to shorten them (if the edges of the strings
have low score), and whether to add more strings to the collection or discard
some. The result is a program that will flexibly find gapped motifs of varying
lengths and number of occurrences—the user need not know in advance what
kind of pattern is present—which makes it of considerable use in discovering
novel features of DNA and amino acid sequences, as well as being applicable to
areas outside of computational biology such as text processing, database search-
ing, and other applications in which a long, error-prone data sequence must be
analyzed.

However, a disadvantage is the speed at which this algorithm performs. Each
pass through the dynamic programming step takes time θ(nl), where n is the
length of G. In the end, a run of this sampling algorithm on a bacterial genome
might take hours or days if it finds a long pattern in the sequence, and would
be proportionally longer on more complex genomes. We would like to reduce
the amount of unnecessary work performed in examining all of G each iteration,
by doing a preprocessing step to store some of this information in advance. A
perfect example of a data structure to compactly store this kind of information
on a text is the suffix tree.

2.2 Suffix Trees

A suffix tree is a data structure which provides a powerful interface to quickly
visit any given subsequence of a sequence G = g1g2...gn, and which can be
constructed in O(n) time and space. A thorough description of suffix tree con-
struction and properties is beyond the scope of this paper, and can be found
in [3].
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However, to understand this paper it suffices to know three basic properties
of suffix trees. First, a suffix tree is an A-ary tree, where A is the size of the
alphabet, having a text “label” on each edge. Second, the (up to A) child edges
from each node must each have an edge label beginning with a distinct letter in
α1, ... , αA. Finally, let us say a path from the root of the tree to a leaf is labeled
with some string S if the concatenation of the labels on each edge of the path,
from root to leaf, is S. Then the key property of a suffix tree is that each “suffix”
of G, that is, each subsequence gigi+1...gn, appears in the suffix tree as a label
from the root to some leaf, and conversely, every path from the root to a leaf is
labeled with some suffix of G.

To understand this last property, notice how in Figure 1, a depiction of the
suffix tree for the string ACGACT, each suffix (ACGACT, CGACT, GACT, ACT, CT,
T) appears in the tree as a label on some path from root to leaf.

Fig. 1. An example suffix tree: the string “ACGACT”

An example use for this data structure is to query for a substring S in time
O(|S|). Note that any such S in G begins some suffix of G. Thus, if S is in G,
some edge path from the root of the suffix tree begins with the label S. Simply
by beginning at the root and walking down the correctly labeled edge from each
node, we either find S or discover that it is not present. If searching for a number
of patterns, each much shorter than G, a search time independent of n is a great
time savings.

A detailed and accessible explanation of the O(n) space bound and construc-
tion time can be found in [3].

2.3 Related Work

Approximate Suffix Tree Matching. Although the most obvious use of
a suffix tree is to find exact matches, there are a number of known methods
([1,2,3,4,7,11,13,14] etc.) for using a suffix tree for approximate matching. How-
ever, these previous methods are generally not applicable to this problem do-
main, since the Gibbs sampling algorithm requires the search component to allow
gaps, to be able to deal with a relative entropy score matrix (as opposed to, for
example, a simple edit distance metric), and to be efficient even for the problem
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of finding a single best-match string rather than an exhaustive listing of many
good matches.

Known methods that do allow gapped alignment generally use dynamic pro-
gramming in conjunction with a traversal of the suffix tree. A k-difference
search—finding all strings whose edit distance from a given model is at most
k—can be performed in O(k×n) time, but we are unaware of a result extending
this time bound to an arbitrary score matrix instead of edit distance. Of work
done on arbitrary score matrices, most concentrates on exhaustive listings, for
example the “all-against-all” problem or the “P -against-all” problem, since in
general there are few applications that require only a single best match, and the
similar strings can be more efficiently found in bulk than individually.

Novel Motif Discovery with Suffix Trees. There are some recent algorithms
([6,9]) that use suffix trees to find novel motifs. [9] in particular applies to a
similar problem domain to the one covered by this paper, that of exhaustively
finding significant approximate motifs in a long sequence or collection of long
sequences.2 Rather than a sampling approach, this algorithm outputs a list of
every string C and associated collection of strings AC that meets the following
conditions: AC is a collection of at least T strings, every string in AC is a
substring of G differing from C in no more than k positions, and every such
substring of G is included in AC . C itself need not be in G. Here T and l are
user-specified constants.

The Gibbs sampling algorithm presented here can have several advantages
over this kind of exhaustive k-difference search in certain situations. By consider-
ing only patterns that actually occur in the sequence, it can look for motifs much
longer than an enumerative approach can tolerate. It also inherently produces a
classification of strings into best-probability motifs, rather than leaving it to the
user to decide which of several k-difference sets a string belongs to is the best fit.
Finally, dynamically varying the length of the strings is difficult with exhaustive
algorithms, while a local search algorithm can easily change these parameters in
the middle of a run, taking little or no more time than if the final length and
size had been specified for that motif in advance.

On the other hand, there are disadvantages to a sampling method. One ob-
vious difference—that with a sampling local-search method one can never be
certain the program has found all the relevant motifs—does not turn out to
be problematic in practice. In [8] we found that on the order of 90 out of 100
runs of the algorithm discovered the same handful of high-scoring motifs, which
cover only a small fraction of the genome. This suggests that the sampling algo-
rithm will, with high probability, find all the most significant motifs. However,
exhaustive methods will probably remain more efficient to solve the problems of
finding short motifs, ungapped motifs, or motifs with few errors, all of which will
continue to be necessary for some biological problems. In particular, many regu-
latory sequences in DNA are fairly short (around 7 bases long), and could easily
2 Although the algorithm in [9] does not allow gapped alignment as originally stated,

the authors note in the paper that it can be modified to do so.
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be found with an exhaustive k-difference search. In short, we hope to present
an algorithm here that will improve considerably on other existing methods for
some, but not all, situations in which novel gapped motifs must be found.

3 Overview of the Algorithm

3.1 Suffix Tree Construction

The preprocessing step uses Ukkonen’s algorithm[12] as described in [3], a prac-
tical and fairly intuitive O(n) algorithm for suffix tree construction.

3.2 Iteration

At each step in the algorithm, one string is discarded from the existing align-
ment and must be replaced with the best-scoring string from G. Just as before,
the program uses dynamic programming to align the incoming candidate string
with the current alignment. However, instead of using the letters of G in or-
der as the input to the dynamic programming table, the new algorithm uses
a traversal of the suffix tree to drive the dynamic programming. This allows
the search to sometimes examine fewer than all n characters of the input. The
method of traversing the tree will be described in section 4. Because the worst
case performance of this traversal is a factor of O(l) worse than the O(ln) time
the whole-sequence search requires—which can be significant, particularly for
longer motifs—an arbitrary time limit can be set on the tree search, after which
point, if no result has been found, the entire sequence is traversed as in the orig-
inal algorithm. This ensures a guaranteed bound on the worst-case performance
which can be as close to the original time as is necessary.

3.3 Termination

The algorithm ends when it is neither advantageous to change the size of the
alignment (either length or number of instances), nor is it advantageous to re-
place any string with a different string or different alignment of the same string.

4 Details of Search Step

This section fills in the details of the search step from section 3.2, describing
how the algorithm searches the suffix tree to find the best match in G. First,
section 4.1 describes the basic search algorithm. Next, section 5 introduces the
idea of k-difference matching and describes how a suffix tree can be used for
a k-difference search. Finally, section 6 describes how to modify this concept
for the search component of this algorithm in order to improve the worst case
running time.
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4.1 Suffix Tree Search

In order to align each string occurring in G to the current alignment, the search
step uses a depth-first traversal of the suffix tree edges to directly drive the
dynamic programming. As an edge is traversed, a dynamic programming (DP)
table column is computed for each letter on the edge. Later, when the search
backtracks up that edge (to try a different path out of its parent node), a DP
column is deleted from the end of the DP table for each character on the edge.
The traversal thus does O(l) work constructing and later removing a column of
l entries in the DP table for each character seen in the suffix tree search.

4.2 Improving Time Required

A complete traversal of the tree would see n2/2 characters for an overall time of
O(n2l), since each suffix of G is in the tree in its entirety. However, several tech-
niques ensure that the traversal takes less time in practice. The most significant
of these is a branch-and-bound heuristic. First, note that for each alignment col-
umn i and character α (including a gap) there is a fixed score σi(α) for adding α
to column i. The maximum score, σi,max, for any column is thus well-defined and
need only be computed once for each search of G. This can be conceptualized as
a scoring matrix Mσ fixed by the current alignment, in which the A + 1 entries
in the ith scoring matrix column are the scores of matching each character to
the ith alignment column. This means that for any given DP column, it takes
O(l) time (not significantly more than to compute the column itself) to check
whether there is any set of characters we can see in the future that can cause
this path to improve upon the best string found so far. If not, we can backtrack
immediately instead of continuing down that branch.

4.3 Limiting Search Depth

The first benefit of this branch-and-bound technique is that, since insertions
must be defined to have negative score in any effective motif scoring function,
the traversal will seldom go significantly more than l characters down any branch
of the tree. To quantify this statement more precisely, we will define the quasi-
constant ε ≥ 1, which depends only on the scoring matrix Mσ:

Definition 1. Let di > 0 be the largest absolute-value difference between any
two scores in column i of Mσ—in other words, the maximum possible mismatch
penalty for alignment column i (including for a gap). Let I > 0 be the minimum
penalty for an insertion, that is, the absolute value of the maximum score for
aligning any character against a blank alignment column. Then define ε = ε(Mσ)
to be 2 +

∑
i di/(lI)

If any string S is longer than ε× l, then consider the string S ′ consisting of the
first l characters of S. At most, S ′ can have a mismatch in every column while
S has none, for a maximum scoring penalty

∑
i di. Also, S must have more than

lε − l insertions, while S ′ can have at most l, for a scoring gain greater than
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I(lε− 2l) =
∑

i di. This means that once the edge traversal has gone more than
εl characters deep into the tree, no future set of characters seen can cause the
path to outscore the string consisting of the first l characters on that path. The
following observation therefore holds:

Fact 1. No path through the tree longer than εl will be considered when using
the branch-and-bound heuristic.

Although ε does depend on the scoring matrix, for any given iteration of the
search phase it can be considered a constant. In addition, for scoring functions
used in practice to model gapped pattern discovery in nearly any domain, inser-
tions are highly penalized, and so in practice ε is very small. Since ε is constant
during any given search, future equations will include ε in O-notation bounds
only when it appears in an exponent or when this makes the derivation clearer.

What the above implies is that using branch-and-bound makes the worst-case
number of characters seen O(nl) rather than O(n2), since at worst we examine
lε characters of each of the n suffixes of G for a maximum of nlε characters seen.
Although this leads to an O(l2nε) overall worst-case running time, a factor of lε
more expensive than the original algorithm, it does mean that if we restrict the
search phase to take time O(ln) (with constant factor less than lε and preferably
less than 1) before doing a whole-sequence search, the tree search has a significant
chance of finishing before the cutoff.

If l is small, of course, the worst-case behavior is better than this—if the
search looks at every possible string of length lε, it still only encounters Alε

total characters, creating a size-l DP column for each, for a worst-case time of
O(lAlε). For short patterns and a small alphabet, this is the relevant bound.

4.4 Limiting Search Breadth

The second, equally important, benefit of the branch-and-bound operation is
that not every string of length lε will be examined. For example, if the first string
seen happens to be the highest-scoring possible string to match the alignment
(the consensus string , C), then every future branch will be pruned (because any
other string will be unable to beat this first string’s score), and the search step
will take O(l) time. More generally, if a string differing only slightly from the
consensus is seen early in the search, then the search will efficiently prune most
of the unhelpful branches.

4.5 Dependence on Search Order

Although this latter creates a marked improvement in practice, it does not affect
the worst-case bounds. Even if the exact consensus string C is in G, if it is on the
last path the search traverses then it will not help eliminate any edge traversals.
If the search happened to encounter each string in worst-to-best order, then
no pruning would take place and the running time would be maximal. A second
heuristic that helps this problem significantly in practice is to search the children
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of each suffix tree node in order of how much the first letter on that edge improves
the score along the DP table diagonal. For example, if a letter “T” would be
most helpful next, the search looks first on the edge beginning with “T”. Again,
though, this greedy heuristic—however beneficial in practice—does nothing for
the worst case bound. The best match string Smax in G might be an exact
match to C except for a difference in the first character of Smax, and then the
search will be almost over—without the pruning benefit of knowing about Smax’s
score—before it encounters this best string.

The tree search performance will inevitably depend on the difference in score
between Smax and the consensus string, as well as on the properties of the implicit
scoring matrix defined by the scores σi(α), but need not do so in such an arbitrary
way. The following sections describe a method for eliminating the dependence
on chance and on the order in Smax of the differences from the consensus C.

5 k-Difference Matching

The k-difference matching problem is the question of, given a query string C—for
our purposes, C will be the consensus string given the alignment scoring matrix—
and sequence G, how to find all substrings of G whose edit distance from C is
no more than k. In other words, find the strings in G that can be converted into
C by applying no more than k insertions, deletions, and substitutions.

This problem is more tractable than the one we need to solve in the search
step, it uses an edit distance metric instead of the more complicated relative
entropy scores. However, the problems are related, and there are certain tech-
niques for finding k-difference strings that would be helpful in this situation.
Fortunately, we will see in section 6, there is a way to relate our problem to a
more general form of k-difference.

5.1 k-Difference Suffix Tree Search

If we restrict ourselves for the moment to solving the simple k-difference problem,
a similar algorithm to that described in section 4.1 can be used. Just as before,
use the suffix tree to drive a dynamic programming alignment, but instead of
using the best score seen so far as the criterion to prune a branch, use the score
that a string must meet in order to be edit distance k from the consensus. If c1

is the score for a match, and c2 is the penalty for a mismatch, this threshold is
just (l− k)c1− kc2. Whenever the DP column scores are low enough that it can
never beat the threshold, return back to the parent node as before, unwinding
the dynamic programming. This will happen precisely when every current path
in the DP table—that is, any path which goes through to the last DP column
computed—implies more than k differences from the consensus.

An upper bound on the number of strings the k-difference search can consider
is O((A + 1)k(lε)k+1), with ε as defined in Definition 1. This is because it must
investigate strings with any arrangement of k differences over lε positions, each



344 Emily Rocke

of which can be any of A + 1 characters (including a gap). For each character a
column of l DP table entries is constructed, giving a bound of O((A + 1)klk+2).

If k is large, the O(nlε) bound on characters visited described in section 4.1
is a more relevant limit. However, for k small, the above guaranteed search time
can be much less than l2n. This is not the most efficient way to do k-difference
searching, but faster k-difference methods can not be easily extended to arbitrary
score matrices as will be done in section 6.

5.2 Iterative k-Difference

This technique can also be used to find the best string in G, even though the
number of differences between Smax and C is not known in advance. Again,
assume for now an edit-distance metric. Then the best string can be found by
performing a 1-difference search, then a 2-difference search, and so forth until the
search finds a string meeting the current criterion, that is, a string with only k
differences from C. When this happens, that string can immediately be returned
as the optimal, since it is certain that no other string has a better edit-distance
score (or it would have been found on an earlier k-difference search pass).

Since each pass takes little time compared to the next pass, the work dupli-
cated by starting over with each new k is negligible. In other words, performance
is comparable to that when the value of k is known in advance. A bound on total
time taken will be O(T (k)) where

T (k) = min((A + 1)k∗
lεk∗+2, (A + 1)lε) (2)

and k∗ is the number of differences between the best-match string in G and
the consensus. The second term will dominate when k∗ is close to l, and simply
enumerates all strings of length lε.

Notice that, unlike in section 4.1 where the time taken depends on the order
in which the strings are encountered in the tree, this bound depends only on
how good a match to the alignment exists anywhere in G.

6 Applying k-Difference Techniques

6.1 Thresholds for an Arbitrary Score Matrix

The technique above can clearly improve the worst case performance if strings
are scored using an edit-distance metric, but the question remains of how to
extend the technique to an arbitrary scoring matrix. The basic idea here is to
retain “k-difference” thresholds that must be met at each pass, and to somehow
construct this series of thresholds so that even on an arbitrary scoring matrix
there are guarantees on the behavior.

More specifically, because of the irregular scoring metric, a string with higher
score than another string might nevertheless have differences in more alignment
columns. In other words, there no longer exists a score threshold τk that will allow
any possible string with at most k differences while preventing any string with
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more than k differences from being examined. Since the worst-case performance
bound in Equation 2 increases exponentially as k grows, we want to step up the
thresholds slowly enough that if there exists a string in G sufficiently close to
the consensus, it will be found before each pass becomes too long.

6.2 Calculating the Thresholds

First, remember that for each column i and character (or blank) α we know the
score σi(α) of aligning α with column i. Define σi,0 to be the maximum score for
column i, σi,1 the next highest score, and so on up to σi,A. Because which string
the algorithm selects depends only on the differences between these scores, not
on the absolute score, it is useful to define the set of differences. Let

δi,a = σi,a − σi,a+1, 0 ≤ a < A (3)

be the difference between the score of matching the ath best character to column
i and that of matching the (a + 1)th best.

Now look at the set of values δi,0, the set of differences between the best and
second-best score for each column. Define an array ∆0[0 .. l] containing each δi,0

sorted into increasing order.
Now compute a series of “threshold scores” τk. Begin with

τ0 =
∑

i

σi,0 (4)

or, in other words, the maximum possible score. Then for 1 ≤ k ≤ l let

τk = τk−1 −∆0[k]. (5)

Each subsequent threshold τk is then less than the previous threshold by an
increment of the kth smallest difference δ between the maximum and second-
best score for some column.

The significance of the threshold score τk is that it subtracts the minimum
possible penalty for k differences from the maximum score.3 Of course, there
may be strings with fewer than k differences that score below τk, since different
differences have varying penalties. However, one deduction clearly follows from
the definition of τk:

Fact 2. If we look at all strings with scores above τk, each will have strictly
fewer than k differences from C.

3 Strictly speaking, this is not quite accurate with ∆ as defined above, since some
column may have an expensive mismatch penalty that is worse than the score for an
insertion. In reality, any values at the end of ∆[..] that are higher than the cheapest
insertion penalty I for this score matrix will be replaced with I , since subtracting I
from the threshold always permits an additional difference, namely an insertion, to
take place in strings scoring above that threshold.
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As we will see in the following search algorithm, this fact combined with the use
of these thresholds will allow some control over the worst-case performance of
the search step.

If the scoring matrix scored each mismatch for a given column with an equal
penalty, then every possible string would have a score of at least τl, the smallest
threshold calculated above, which is the score of adding the second-best character
to each column. However, since this is not the case, additional thresholds need
to be added, continuing down in small decrements so that the last threshold is
the lowest possible score. We therefore define a set of arrays ∆a, 1 ≤ a < A,
similarly to ∆0: each contains the values δi,a sorted in increasing order. After
τl, the next set of decrements will reflect the differences between second-worst
and third-worst matches to a column (∆1), then between the third-worst and
fourth-worst, etc.:

τal+k = τal+k−1 −∆a[k], 1 ≤ k ≤ l, 0 ≤ a < A (6)

6.3 Iterative Search with Arbitrary Scores

The final search algorithm combines the iterative k-difference search of section
5.2 with this method of calculating threshold scores. As in section 5.2, a number
of search passes are tried, decreasing the threshold score each time. Whereas
before, the threshold for the kth pass was a score of (l − k)c1 − kc2, the new
threshold is τk. If, at the end of pass k, the best string seen so far has a score
strictly greater than τk, then this string is returned as the best match, since the
kth pass has considered every string in the tree that can score better than τk.

6.4 Worst Case Performance

Fact 2 ensures that no string with more than k differences is seen on the kth

pass, giving an upper time bound of T (k) as in Equation 2. However, there is
no guarantee that a given string with k differences from C will be found on the
kth pass, since it might have a score lower than τk. All we can say is

Fact 3. If the best match Smax has score higher than τk, then it will be found
in time no greater than T (k).

This means that if any of the best few strings to match the alignment exist in
G, then the search is sure to rapidly find an answer, unlike in the one-pass suffix
tree search where the search might not be effectively bounded.

7 Empirical Results

We have implemented the algorithm described in this paper in approximately
10,000 lines of C++ code, in order to demonstrate its practicability, but more
importantly in order to apply the algorithm to biological problems of interest.
We plan to use this program in the future to discover and analyze patterns in
various real genomic data sets.
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7.1 Practicality of Suffix Trees

Suffix trees, despite their usefulness, are often avoided in practice due to fear
of their coding complexity or that the O(n) space and time bounds hide large
constants. Neither concern turns out to be well founded. This suffix tree class
implementation requires under 2,000 lines of code, and the O(n) construction
involves only a small constant factor so that preprocessing a genome is practical,
under a minute for a 400 kilobase dataset on a laptop computer. The space
used for this implementation is in practice around 8× n integers, certainly not
infeasible even on genome-sized datasets with the ever-increasing availability of
memory.

7.2 Empirical Time Behavior

Choosing axes along which to measure the performance of the search algorithms
is a nontrivial matter, since it depends on a variety of complicated factors—
pattern length, information content of G (which affects the shape and properties
of the suffix tree), the score of the actual best match to the alignment in G, and
most significantly, the granularity of the scoring matrix.

A good estimator for how the algorithms perform in practice, though, is to
run the Gibbs sampler on a sample of genomic data—improving the performance
of which was, after all, the motivation behind this algorithm—and measure how
each of the two suffix tree searches measure up to the original whole-sequence
search. Averaging over many iterations in this way will not show instances of
extreme behavior, but it will give a good idea of how the methods can be expected
to behave in general.

For each of a range of motif lengths, 50 trials were run on the forward and
reverse-complement noncoding regions of the H.influenzae genome, a dataset of
about 400 kilobases. Each trial starts from a random set of 10 sequences of that
length and runs the Gibbs sampling algorithm to completion. To isolate the effect
of motif length on the running time, the component of the algorithm which tries
to change the length and number of alignment strings has been disabled for this
experiment, so each trial ends when the alignment has stabilized at the initial
length (modulo length changes due to insertions) and number of instances. For
each trial, the three methods are made to operate on the same alignment at each
iteration during the trial, so that the results are directly comparable.

As mentioned in section 3.2, after the suffix-tree search has traversed a pre-
determined number d of characters it will switch methods to perform a whole-
sequence search. In these trials d was set at (0.1)n, chosen because (1.1)n seemed
like a reasonable worst-case penalty to pay for the potential savings: low enough
that this algorithm is not significantly less practical than whole-sequence search
even on very long motifs that are unlikely to see a savings with the suffix tree
search.

Figure 2 shows average percent of G examined per iteration over the 50 trials.
The original whole-sequence search method, of course, is always fixed at 1.0—
the whole dataset is examined precisely once per iteration. Only the two suffix
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tree search algorithms are therefore drawn explicitly. The wide bars depict one
standard deviation, and the outer lines show the minimum and maximum percent
of G seen during any iteration. The averages for length 10 are approximately
0.0009 and 0.0011 respectively.
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Fig. 2. Average percent of genome seen vs. length of motif during Gibbs sampler runs.
Shows relative behavior of whole-sequence search (constant at 1.0), one-pass suffix tree
search, and k-difference-style suffix tree search.

7.3 Practicality of Iterative k-Difference

Note that the performance of the iterative k-difference style search was consis-
tently comparable to that of the 1-pass suffix tree search. Although any single
search using the 1-pass method might take much longer, the heuristics used ap-
pear to be effective enough that this simpler method can consistently perform
approximately as well when averaged over many trials.

One might be tempted to conclude that the iterative k-difference algorithm
is useful more as an explanatory tool to discuss worst case performance than as
a practical algorithm. However, the Gibbs sampling process has enough random
factors that it is unlikely to repeatedly produce worst-case situations for the 1-
pass algorithm, while other problem domains could do so. Since the k-difference
search is little more complicated in code, and appears to perform with no penalty
compared to the simpler algorithm, it makes sense to use the k-difference ap-
proach in practice to guard against worst-case scenarios.
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8 Conclusions

In conclusion, this paper presents a novel use of suffix trees to improve the perfor-
mance of a Gibbs sampling algorithm for discovering novel gapped motifs. While
the worst case is a constant factor worse than using whole-sequence search, the
average performance is significantly faster with the new algorithm. In particular,
searching for a relatively short pattern is orders of magnitude faster using this
method. Since the string lengths for which the suffix tree search shows a marked
improvement over the whole-sequence search extends significantly beyond the
string lengths at which it is practical to combinatorially enumerate all possible
motifs, this algorithm will unquestionably be useful in using suffix trees to find
mid-length gapped motifs in long sequences.
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Abstract. We present a new index for approximate string matching.
The index collects text q-samples, i.e. disjoint text substrings of length
q, at fixed intervals and stores their positions. At search time, part of the
text is filtered out by noticing that any occurrence of the pattern must
be reflected in the presence of some text q-samples that match approxi-
mately inside the pattern. We show experimentally that the parameteri-
zation mechanism of the related filtration scheme provides a compromise
between the space requirement of the index and the error level for which
the filtration is still efficient.

1 Introduction

Approximate string matching is a recurrent problem in many branches of com-
puter science, with applications to text searching, computational biology, pat-
tern recognition, signal processing, etc. The problem is: given a long text T1..n of
length n, and a (comparatively short) pattern P1..m of length m, both sequences
over an alphabet Σ of size σ, retrieve all the text substrings (or “occurrences”)
whose edit distance to the pattern is at most k. The edit distance between two
strings A and B, ed(A, B), is defined as the minimum number of character in-
sertions, deletions and replacements needed to convert A into B or vice versa.
We define the “error level” as α = k/m.

In the on-line version of the problem, the pattern can be preprocessed but
the text cannot. The classical solution uses dynamic programming and is O(mn)
time [23]. It is based in filling a matrix C0..m,0..n, where Ci,j is the minimum
edit distance between P1..i and a suffix of T1..j. Therefore all the text positions
j such that Cm,j ≤ k are the endpoints of occurrences of P in T with at most k
errors. The matrix is initialized at the borders with Ci,0 = i and C0,j = 0, while
its internal cells are filled using

Ci,j = if Pi = Tj then Ci−1,j−1 else 1 +min(Ci−1,j, Ci−1,j−1, Ci,j−1) (1)

which extends the previous alignment when the new characters match, and oth-
erwise selects the best choice among the three alternatives of insertion, deletion
? Work developed during postdoctoral stay at the University of Helsinki, partially

supported by the Academy of Finland and Fundación Andes. Also supported by
Fondecyt grant 1-000929.

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 350–363, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



Indexing Text with Approximate q-Grams 351

and replacement. Figure 1 shows an example. In an on-line searching only the
previous column C∗,j−1 is needed to compute the new one C∗,j, so the space
requirement is only O(m).

s u r g e r y

0 0 0 0 0 0 0 0

s 1 0 1 1 1 1 1 1

u 2 1 0 1 2 2 2 2

r 3 2 1 0 1 2 2 3

v 4 3 2 1 1 2 3 3

e 5 4 3 2 2 1 2 3

y 6 5 4 3 3 2 2 2

Fig. 1. The dynamic programming matrix to search the pattern "survey" inside
the text "surgery". Bold entries indicate matching text positions when k = 2.

A number of algorithms improved later this result [20]. The lower bound of
the on-line problem (proved and reached in [7]) is O(n(k + logσ m)/m), which is
of course Ω(n) for constant m.

If the text is large even the fastest on-line algorithms are not practical, and
preprocessing the text becomes necessary. However, just a few years ago, index-
ing text for approximate string matching was considered one of the main open
problems in this area [27,3]. Despite some progress in the last years, the indexing
schemes for this problem are still rather immature.

There are two types of indexing mechanisms for approximate string match-
ing, which we call “word-retrieving” and “sequence-retrieving”. Word retrieving
indexes [18,5,2] are more oriented to natural language text and information re-
trieval. They can retrieve every word whose edit distance to the pattern word is at
most k. Hence, they are not able to recover from an error involving a separator,
such as recovering the word "flowers" from the misspelled text "flo wers",
if we allow one error. These indexes are more mature, but their restriction can
be unacceptable in some applications, especially where there are no words (as in
DNA), where the concept of word is difficult to define (as in oriental languages)
or in agglutinating languages (as Finnish).

Our focus in this paper is sequence retrieving indexes, which put no restric-
tions on the patterns and their occurrences. Among these, we find three types
of approaches.

Neighborhood Generation. This approach considers that the set of strings match-
ing a pattern with k errors (called Uk(P ), the pattern “k-neighborhood”) is finite,
and therefore it can be enumerated and each string in Uk(P ) can be searched us-
ing a data structure designed for exact searching. The data structures used have
been the suffix tree [16,1] and DAWG [9,6] of the text. These data structures
allow a recursive backtracking procedure for finding all the relevant text sub-
strings (or suffix tree / DAWG nodes), instead of a brute-force enumeration and
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searching of all the strings in Uk(P ). The approaches [12,15,26,8] differ basically
in the traversal procedure used on the data structure.

Those indexes take O(n) space and construction time, but their construction
is not optimized for secondary memory and is very inefficient in this case (see,
however, [10]). Moreover, the structure is very inefficient in space requirements,
since it takes 12 to 70 times the text size (see, e.g. [11]). The simpler search
approaches [12] can run over a suffix array [17,13], which takes 4 times the text
size. With respect to search times, they are asymptotically independent on n,
but exponential in m or k. The reason is that |Uk(P )| = O(min(3m, (mσ)k) [26].
Therefore, neighborhood generation is a promising alternative for short patterns
only.

Reduction to Exact Searching. These indexes are based on adapting on-line fil-
tering algorithms. Filters are fast algorithms that discard large parts of the text
checking for a necessary condition (simpler than the matching condition). Most
such filters are based on finding substrings of the pattern without errors, and
checking for potential occurrences around those matches. The index is used to
quickly find those pattern substrings without errors.

The main principle driving these indexes is that, if two strings match with k
errors and k+s non-overlapping samples are extracted from one of them, then at
least s of these must appear unaltered in the other. Some indexes [24,21] use this
principle by splitting the pattern in k + s nonoverlapping pieces and searching
these in the text, checking the text surrounding the areas where s pattern pieces
appear at reasonable distances. These indexes need to be able to find any text
substring that matches a pattern piece, and are based on suffix trees or indexing
all the text q-grams (i.e. substrings of length q).

In another approach [25], the index stores the locations of all the text q-grams
with a fixed interval h; these q-grams are called “q-samples”. The distance h
between samples is computed so that there are at least k + s q-samples inside
any occurrence. Thus, those text areas are checked where s pattern q-grams
appear at reasonable distances among each other. Related indexes [15,14] are
based on the intersections of two sets of q-grams: that in the pattern and that
in its potential occurrence.

These indexes can also be built in linear time and need O(n) space. De-
pending on q they achieve different space-time tradeoffs. In general, filtration
indexes are much smaller than suffix trees (1 to 10 times the text size), although
they work well for low error levels α: their search times are sublinear provided
α = O(1/ logσ n). A particularly interesting index with respect to space re-
quirements is [25], because it does not index all the text q-grams. Rather, the
q-samples selected are disjoint and there can be even some space among them.
Using this technique the index can take even less space than the text, although
the acceptable error level is reduced.

Intermediate Partitioning. Somewhat between the previous approaches are
[19,22], because they do not reduce the search to exact but to approximate
search of pattern pieces, and use a neighborhood generating approach to search
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the pieces. The general principle is that if two strings match with at most k
errors and j disjoint substrings are taken from one of them, then at least one
of these appears in the other with bk/jc errors. Hence, these indexes split the
pattern in j pieces, each piece is searched in the index allowing bk/jc errors and
the approximate matches of the pieces are extended to complete pattern occur-
rences. The existing indexes differ in how j is selected (be it by indexing-time
constraints [19] or by optimization goals [22]), and in the use of different data
structures used to search the pieces with a neighborhood generating approach.
They achieve search time complexities of O(nλ), where λ < 1 for low enough
error levels (α < 1− e/

√
σ, a limit shown to be probably impossible to surpass

in [4]).

The idea of intermediate partitioning has given excellent results [22] and
was shown to be an optimizing point between the extremes of neighborhood
generating (that worsens as longer pieces are searched) and reduction to exact
searching (that worsens as shorter pieces are searched). However, it has only
been exploited in one direction: taking the pieces from the pattern. The other
choice is to take text q-samples ensuring that at least j of them lie inside any
match of the pattern, and search the pattern q-grams allowing bk/jc errors in
the index of text q-samples. This idea has been indeed proposed in [25] as an
on-line filter, but it has never evolved into an indexing approach.

This is our main purpose. We first improve the filtering condition of [25] and
then show how an index can be designed based upon this principle. We finally
implement the index and show how it performs. The index has the advantage
of taking little space and being an alternative tradeoff between neighborhood
generation and reduction to exact searching. By selecting the interval h between
the q-samples, the user is able to decide which of the two goals is more relevant:
saving space by a higher h or better performance for higher error levels, ensured
by a lower h.

In particular, the scheme allows us to handle the problem posed by high error
levels in a novel way: by adjusting parameters, we can do part of the dynamic
programming already in the filtration phase, thus restricting the text area to be
verified. In certain cases, this gives a better overall performance compared to
the case where a weaker filtration mechanism results in a larger text area to be
checked by dynamic programming.

2 The Filtration Condition

A filtration condition can be based on locating approximate matches of pattern
q-grams in the text. In principle, this leads to a filtration tolerating higher error
level as compared to the methods applying exact q-grams: an error breaking
pattern q-gram u yields one error on it. Thus, the modified q-gram u′ in an
approximate match is no more an exact q-gram of the pattern, but an approx-
imate q-gram of it. Hence, while u′ cannot be used in a filtration scheme based
on exact q-grams, it gives essential information for a filtration scheme based on
approximate q-grams.
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This is the idea we pursue in this section. We start with a lemma that is used
to obtain a necessary condition for an approximate match.

Lemma 1. Let A and B be two strings such that ed(A, B) ≤ k. Let A =
A1x1A2x2...xj−1Aj , for strings Ai and xi and for any j ≥ 1. Then, at least
one string Ai appears in B with at most bk/jc errors.

Proof: since at most k edit operations (errors) are performed on A to convert it
into B, at least one of the Ai’s get no more than bk/jc of them. Or put in another
way, if each Ai appears inside B with not less than bk/jc+ 1 > k/j errors, then
the whole A needs strictly more than j · k/j = k errors to be converted into B.

This shows that an approximate match for a pattern implies also the approx-
imate match of some pattern pieces. It is worthwhile to note that it is possible
that j · bk/jc < k, so we are not only “distributing” the errors across pieces but
also “removing” some of them. Figure 2 illustrates.

A

B

A2 A3x2x1A1

A3’A2’A1’

Fig. 2. Illustration of Lemma 1, where k = 5 and j = 3. At least one of the Ai’s
has at most one error (in this case A1).

Lemma 1 is used by considering that the string B is the pattern and the
string A is its occurrence in the text. Hence, we need to extract j pieces from
each potential pattern occurrence in the text.

Given some q and h ≥ q, we extract one text q-gram (called a “q-sample”)
each h text characters. Let us call dr the q-samples, d1, d2, . . . , dbn

h c, where dr =
Th(r−1)+1..h(r−1)+q .

We need to guarantee that there are at least j text samples inside any oc-
currence of P . As an occurrence of P has minimal length m − k, the resulting
condition on h is

h ≤
⌊

m− k − q + 1
j

⌋
(2)

(note that h has to be known at indexing time, when m and k are unknown, but
in fact one can use a fixed h and adjust j at query time).

Figure 3 illustrates the idea, pointing out another fact not discussed until
now. If the pattern P matches in a text area containing a test sequence of q-
samples Dr = dr−j+1 . . . dr, then dr−j+i must match inside a specific substring
Qi of P . These pattern blocks are overlapping substrings of P , namely Qi =
P(i−1)h+1...ih+q−1+k .

A cumulative best match distance is computed for each Dr, as the sum of the
best distances of the involved consecutive text samples dr−j+i inside the Qi’s.
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More formally, we compute for Dr

∑
1≤i≤j

bed(dr−j+i, Qi)

where
bed(u, Q) = min

Q′<Q
ed(u, Q′)

(where < denotes substring of). That is, bed(u, Q) gives the best edit distance
between u and a substring of Q. The text area corresponding to Dr is examined
only if its cumulative best match distance is at most k.

q q q q

P

T

Q1
Q2

Q3
Q4

h h h h

Fig. 3. Searching using q-samples, showing how the four relevant text samples
at each position are aligned with the corresponding pattern blocks.

The algorithm works as follows. Each counter Mr , corresponding to the se-
quence Dr = dr−j+1 . . . dr, indicates the number of errors produced by Dr . The
counters are initialized to Mr = j(e + 1), were q ≥ e ≥ bk/jc is unspecified by
now. That is, we start by assuming that each text q-sample yields enough errors
to disallow a match. Later, we can concentrate only on those that can be found
in the pattern with at most e errors.

Now, for each pattern block Qi, we obtain its “q-gram e-environment”, de-
fined as

U q
e (Qi) = {u ∈ Σq , bed(u, Qi) ≤ e}

which is the set of possible q-grams that appear inside Qi with at most e errors.
Now, each dr ∈ U q

e (Qi) represents a text q-sample that matches inside pattern
block Qi. Therefore, we update all the counters

Mr+j−i ← Mr+j−i − (e + 1) + bed(dr, Qi)

Finally, all the text areas whose counter Mr ≤ k are checked with dynamic
programming. Of course, it is not necessary to maintain all the counters Mr ,
since they can implicitly be assumed to be initialized at j(e + 1) until a text
q-sample participating in Dr is found in some U q

e (Qi).
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3 Finding Approximate q-Grams

In this section we focus on the problem of finding all the text q-samples that
appear inside a given pattern block Qi, that is, find all the r such that dr ∈
U q

e (Qi). The first observation is that it is not necessary to generate all U q
e (Qi),

since we are interested only in the text q-samples (more specifically, in their
positions). Rather, we generate

Iq
e (Qi) = {r ∈ 1..bn/hc, bed(dr, Qi) ≤ e}

The idea is to store all the different text q-samples in a trie data structure,
where the leaves store the corresponding r values. A backtracking approach is
used to find all the leaves of the trie that are relevant for a given pattern block
Qi, i.e. those that match inside Qi with at most e errors.

From now on we use Q = Qi and use i for other purposes. If considering
a specific text q-sample S = s1 . . . sq (corresponding to some dr), the problem
is solved by the use of the dynamic programming algorithm explained in the
Introduction, where the text is the pattern block Q and the pattern is the text
q-sample S. That is, we fill a matrix C0..q,0..|Q| such that Ci,` is the smallest edit
distance between S1..i and a suffix of Q1..`. When this matrix is filled, we have
that the text q-sample S is relevant if and only if Cq,` ≤ e for some ` (in other
words, S matches somewhere inside Q with at most e errors). In a trie traversal
of the q-samples, the characters of S are obtained one by one, so this matrix will
be filled row-wise instead of the typical on-line column-wise filling.

The algorithm works as follows. We perform an exhaustive search on the
trie, starting at the root and entering into all the children of each node. At each
moment, if we are in a trie node representing a prefix S′ of some text q-samples,
we keep C|S′|,` for all `, i.e. the current row of the dynamic programming matrix.
Upon entering into the children of the current node following an edge labeled
with the letter c, a new row of C is computed from the current one using c as
the next pattern letter. When we reach the leaf nodes of the trie (at depth q)
we check in the last row of C whether there is a cell with value at most e, in
which case the corresponding text q-sample is reported. Note that since we only
store the rows of the ancestors of the current node at each time, the total space
requirement for the backtrack is just O(|Q|q) = O(mq).

As we presented it, it seems that we traverse all the nodes of the trie. How-
ever, some pruning can be done. As all the values from a row to the next are
nondecreasing, we know that if all the values of a row are larger than e then
this will keep true in descendant nodes. Therefore, at that point we can abandon
that branch of the trie without actually considering its subtree.

Figure 4 shows an example, using Q = "surgery" and S = "survey". If
e = 1 then the alternative path shown can be abandoned immediately since all
its entries are larger than 2.

An alternative way to consider the problem is to model the search with a
non-deterministic automaton (NFA). Consider the NFA for e = 2 errors shown
in Figure 5. It is built for a fixed pattern block Q and is fed with the characters
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5 4 3 2 2 2 3 4

s u r g e r y

0 0 0 0 0 0 0 0

s 1 0 1 1 1 1 1 1

u 2 1 0 1 2 2 2 2

r 3 2 1 0 1 2 2 3

v 4 3 2 1 1 2 3 3

e 5 4 3 2 2 1 2 3

y 6 5 4 3 3 2 2 2

s

u

r

v

e

y

a

Fig. 4. The dynamic programming algorithm run over the trie of text q-samples.
We show just one path and one additional link.

of a text q-gram S. Every row denotes the number of errors seen (the first
row zero, the second row one, etc.). Every column represents matching a prefix
of S. Horizontal arrows represent matching a character (i.e. if the characters
of S and Q match, we advance in S and in Q). All the others increment the
number of errors (move to the next row): vertical arrows insert a character in
S (we advance in Q but not in S), solid diagonal arrows replace a character
(we advance in Q and S), and dashed diagonal arrows delete a character from
S (they are ε-transitions, since we advance in S without advancing in Q). The
initial set of ε-transitions allow a match of S to start anywhere inside Q. The
q-gram prefix S′ of S matches inside Q as long as there is an active state after
considering all the characters of S′.
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Fig. 5. An NFA for approximate string matching inside the pattern block Q =
"surgery" with two errors. The shaded states are those active after considering
the text q-sample "survey".
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In [4,22] it is shown that this NFA can be simulated using bit-parallelism,
mapping each state to a bit in a computer word and updating all the states of
a single computer word in O(1) operation. The total time needed is O(|Q|e/w)
per node of the trie, where w is the number of bits in the computer word (cf. the
dynamic programming O(|Q|) time per trie node). The only change necessary
to the simulation technique used in [22] is to start with all the states active to
account for the initial ε-transitions, absent in [22]. Checking that there is an
active state in the automaton is easily done (so the branch of the trie can be
abandoned if there are no more active states). Finally, checking the exact number
of errors of a match (i.e. finding the smallest row with an active state) is easily
done in O(e) time using bit masks. We use this simulation in our implementation.

4 The Parameters of the Problem

The value of e has been left unspecified in the previous development. This is
because there is a tradeoff involved. If we use a small e value, then the search
of the e-environments will be cheaper, but as we have to assume that the text
q-samples not found have only e + 1 errors (which may underestimate the real
number of errors it has), so some unnecessary verifications will be carried out.
On the other hand, using larger e values gives more exact estimates of the actual
number of errors of each text q-sample and hence reduces unnecessary verifica-
tions in exchange for a higher cost to search the e-environments.

As the cost of this search grows exponentially with e, the minimal e = bk/jc
can be a good choice. With the minimal e the sequences Dr−j+i are assumed to
have j(bk/jc + 1) errors, which can get as low as k + 1. In that particular case
we can avoid the use of counters, since every text q-gram dr−j+i found inside Qi

will trigger a verification in Dr.
It is interesting to consider the interplay between the different remaining

parameters h, q and j. Equation (2) relates these parameters, introducing also
m and k in the condition. In general m and k are not known at index construction
time, while h and q have to be determined at that moment. Therefore, j must be
adjusted at search time in order to make Eq. (2) hold. For a given query, j has
a maximum acceptable value. As j grows, longer test sequences with less errors
per piece are used, so the cost to find the relevant q-samples decreases but the
amount of text verification increases.

So j and e permit finding the best compromise between both parts of the
search. On the other hand, q and h determine the space usage of the index,
which is in the worst case O(σq +n/h). Having a smaller index puts restrictions
in the allowed j values and, indirectly, on e.

5 Experimental Results

In the following experiments, the texts have been generated according to the
symmetric Bernoulli model where each character occurs at the same probability,
independently of other characters, like its predecessors.
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Table 1 shows how the error level increases the number of processed columns,
in cases of random text in 4- and 20-character alphabets. The behavior in other
alphabets is similar but a bigger alphabet implies a higher tolerated error level.
Note that some fluctuations in the number of processed columns are due to the
change in the value of e.

σ = 4 σ = 20

k j e Columns Columns

0 . . . 3 5 0 0.0 0.0
4 5 0 7.5 0.0
5 5 1 0.0 0.0
6 4 1 33.9 0.0
7 4 1 93.7 0.1
8 4 2 97.0 0.0
9 4 2 100.0 0.0

10 4 2 100.0 0.2
11 4 2 100.0 9.0
12 3 4 100.0 99.9
13 3 4 100.0 100.0

Table 1. Processed columns (in per cent) for m = 40, q = h = 6, and n =
100, 000.

Altering the number of q-samples in test sequences Dr , i.e., the value of j,
is related to changes in the values of h and q. This phenomenon lets us also to
achieve more efficient filtration for higher error levels. Compare the results in
Table 2 to those in Table 1.

k h q j e Cols

6 7 7 4 1 6.0
7 8 8 3 2 44.2
8 8 8 3 2 95.6

Table 2. Processed columns (in per cent) for σ = 4, m = 40, and n = 100, 000,
for different values of h, q and j.

Table 3 shows how our scheme allows to do part of the dynamic programming
already in the filtration phase, by traversing the trie structure and evaluating
minimum edit distances between q-samples and substrings of pattern blocks. This
is based on increasing the value of e. Although the results seem promising at the
first sight, one has to remember that a small portion of processed columns does
not necessarily imply a shorter processing time. In fact, the optimal setting for
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e depends on several factors, like the length of the text and the implementation
of the trie.

e Columns Traversed nodes

1 33.3 8,061
2 11.6 19,304
3 9.6 21,500
4 7.1 21,544
5 4.9 21,544
6 2.1 21,544

Table 3. Processed columns (in per cent) and the number of traversed nodes of
the q-sample trie for σ = 4, m = 40, k = 6, q = h = 6, j = 4, and n = 100, 000,
for different values of e.

The distance h between the q-samples is crucial for the space requirement of
the index. Table 4 shows that a lower interval h, and thus, a larger index, yields
a more efficient filtration, as indicated, for example, in the number of processed
columns.

h j Columns

7 11 100.0
6 8 99.8
5 6 90.7
4 5 14.2
3 4 0.1

Table 4. Processed columns (in per cent) with a decreasing h, for σ = 4, m = 40,
k = 5, q = 3, e = 3, n = 100, 000. Note that the parameter j has to be adjusted
according to h.

Since the index of the presented approach only stores non-overlapping q-
samples, its space requirement is small, and can be kept below the size of the
text [25]. This should be kept in mind when the performance is compared to other
related approaches. Table 5 shows that the new approach works for a small error
level almost as efficiently as its competitor [22] which, however, consumes more
space; in fact, four times as much as the text does. It is obvious that an index
which stores only a fraction of text portions cannot compete with one with more
information on the text.

Let us conclude by briefly discussing how the space consumption of our index
depends on the sampling interval h. The standard implementation of a q-gram
index stores all the locations of all the q-grams of the text. Since the number
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k Alg. A Alg. B

4 0.0 1.0
5 0.3 1.0
6 5.3 1.1
7 30.2 1.2
8 81.1 22.9
9 99.5 23.6

Table 5. Processed columns (in per cent) for relatively low error levels. The new
approach, denoted as A, collects non-overlapping q-samples, and an intermediate
partitioning approach [22], denoted by B, stores all the text pieces which need
to be searched for. The parameters are as follows: σ = 4, m = 40, q = h = 6 for
algorithm A, j = 4, e = 6, and n = 100, 000.

of q-grams in a text of length n is n − q + 1 and storing a position takes log n
bits (without compression), the overall space consumption is n log n (q is small
compared to n). Let us define a space saving factor vr as the space requirement
ratio between our method and the standard approach, i.e.

vr =
n
h

log n
h

n logn
≈ 1

h
(for large n).

Table 6 shows how the space saving factor decreases with an increasing h.

h vr

1 1.000
2 0.470
3 0.302
4 0.220
5 0.172
6 0.141
7 0.119
8 0.102
9 0.090

10 0.080

Table 6. Space saving factor vr for n = 100, 000.

6 Conclusions

We have introduced a static pattern matching scheme which is based on locating
approximate matches of the pattern substrings among the q-samples of the text.
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The mechanism breaks the fixed division of pattern matching into two phases,
filtration and checking, where dynamic programming belongs only to the last
phase. In our approach, it is possible to share dynamic programming between
these phases by setting appropriate parameters. This is an important feature,
since it makes it possible to tune the algorithm according to the particular
problem instance. In some cases, saving space is a critical issue, whereas a high
error level requires a more dense index. At the moment, the presented approach
presumes non-overlapping q-samples (h ≥ q). However, this is a question of
parameterization. In the future, we will evaluate the impact of these parameters
in different environments and problem instances, and enhance the scheme to
allow also overlapping q-samples.
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Abstract We present a new string matching algorithm linear in the
worst case (in O(m + n) where n is the size of the text and m the
size of the searched word, both taken on an alphabet Σ) and opti-
mal on average (with equiprobability and independence of letters, in
O(m + n log|Σ| m/m)). Of all the algorithms that verify these two com-
plexities, our is the simplest since it uses only a single structure, a suffix
automaton. Moreover, its preprocessing phase is linearly dynamical, i.e.
it is possible to search the words p1, then p1p2, p1p2p3, . . . , p1p2p3 . . . pi

with O(
∑ |pi|) total preprocessing time. Among the algorithms that ver-

ify this property (for instance the Knuth-Morris-Pratt) our algorithm is
the only one to be optimal on average.

1 Introduction

The string-matching problem is to find all the occurrences of a given pattern
p = p1p2 . . . pm in a large text T = t1t2 . . . tn, both sequences of characters
from a finite character set Σ. This problem is fundamental in computer science
and is the basic part of many others, like text retrieval, symbol manipulation,
computational biology, network security.

Several algorithms exist to solve this problem. One of the most famous, and
the first having linear worst-case behavior, is Knuth-Morris-Pratt (KMP) [10].
The search is done by scanning the text character by character, and for each
text position i remembering the longest prefix of the pattern which is also a
suffix of t1 . . . ti. This approach is O(n) worst-case time but it needs to scan all
characters in the text, independently of the pattern. A second classical algorithm
of Boyer and Moore (BM)[2] allows to skip characters. The search is done inside
a window of length m, ending at position i in the text. It searches backwards a
suffix of t1 . . . ti which is also a suffix of the pattern. If the suffix is the whole
pattern a match is reported. Then the window is shifted to the next occurrence
of the suffix in the pattern.

An average lower bound in O(n log(m)/m) (with equiprobability and inde-
pendence of letters) has been proven by A. C Yao in [12].

The Backward Dawg Matching (BDM) [7,11] is the first algorithm that
reached this average bound. It uses a suffix automaton in a backward search

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 364–374, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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(of the same kind as the one of Boyer-Moore). However, its worst case com-
plexity is O(nm). Several techniques can be used in order to make its worst
case linear, but only by combining it with an algorithm like KMP. This makes it
much more difficult to implement, increases its memory use and also the number
of characters of the text that have to be read twice.

In this extended abstract, we propose a new algorithm which is both optimal
on average and worst case linear. It only uses a suffix automaton. We obtain
a much simpler algorithm, that requires less memory and that avoids a lot of
characters to be read twice.

Moreover, the preprocessing phase of our algorithm is linearly dynamical,
i.e it is possible to search the words p1, then p1p2, p1p2p3, . . . , p1p2p3 . . . pi with
O(

∑
|pi|) total preprocessing time. Among the algorithms that verify this prop-

erty (for instance the Knuth-Morris-Pratt) our algorithm is the only one to be
optimal on average. This property is useful, for instance, when compressing a
file by the LZ77 compression algorithm [13] using string matching. The LZ77 al-
gorithm runs as follow. If we assume that a prefix t1 . . . ti of a text T = t1 . . . tn
has already been compressed, the next step is to find the longest prefix of the
rest of the text, i.e. ti+1 . . . tn that appears already in t1 . . . ti. Once this prefix
has been found, it is coded as a reference to its position in t1 . . . ti. There exist
many different ways to find this longest prefix, and one of them is to search for
the first occurrence of the character pi+1 in t1 . . . ti, and if found in position l,
to search for the first occurrence of ti+1ti+2 in tl . . . ti, and so on. This approach
is quite rough (using a suffix tree, it is possible to obtain a total compression of
all the text in linear time), but requires very little memory in comparison with
the others. The linearly dynamical property insures that the total preprocessing
time needed to search this longest prefix u is linear in the size of u.

We now define notions and definitions that we need along this paper. A word
p is a finite sequence p = p1p2 . . . pm of letters taken in an alphabet Σ. We will
keep the notation p along this paper to denote the word on which we are working.
A word x ∈ Σ∗ is a factor of p if and only if p can be written as p = uxv with
u, v ∈ Σ∗ . We denote Fact(p) the set of all the factors of word p. A factor x of p
is a prefix (resp. a suffix) of p if p = xu (resp. p = ux) with u ∈ Σ∗ . The set of
all the prefixes of p is denoted by Pref(p) and the one of all the suffixes Suff(p).
We say that x is a proper factor (resp. proper prefix, proper suffix) of p if x is a
factor (resp. prefix, suffix) of p distinct from p and from the empty word ε.

Finally, we define for u ∈ Fact(p) the set endposp(u)={i | p=wupi+1 . . . pm}.

2 Suffix Automaton

The suffix automaton of a word p is the minimal deterministic automaton (not
necessarily complete) that recognizes the set of suffixes of p. We denote it AS(p).
The figure 1 represents AS(baabbaa).
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Figure 1. Suffix automaton of the word baabbaa

More formally, the suffix automaton is built from the following relation.

Definition 1. Let u and v be two words of Σ∗. We define the relation ∼p by:

u ∼p v if and only if endposp(u) = endposp(v)

It is not difficult to verify that this relation is an equivalence relation.
Moreover, lemma 1 shows that this relation is compatible with the concatenation
operation.

Lemma 1. Let u, v ∈ Fact(p) such that u ∼p v. Then uσ ∼p vσ.

We denote Cl∼p(u) the equivalence class of the word u ∈ σ∗ for relation ∼p.
From congruence ∼p, we can build the suffix automaton AS(p) = {S, δ, I, T }

defined by:
– S is the set of states of the automaton. We take for S the set of equivalence

classes for relation ∼p, excluding the one that corresponds to the words that
are not factors of p.

– δ : S × Σ → S is the transition function defined for q ∈ S and a ∈ Σ
by: δ(q, a) = p, with p such that there exists a word u ∈ Σ∗ for which
q = Cl∼p(u) and p = Cl∼p(ua).

– I ∈ S is the initial state, defined by I = Cl∼p(ε).
– T ⊂ S is the set of terminal states, defined by: q ∈ S belongs to T if and

only if there exists a suffix s of p such that q = Cl∼p(s).

Lemma 2. The automaton AS(p) defined above is the minimal automaton that
recognizes the set of suffixes of p.

Lemma 3. Let u and v be two distinct words recognized by AS(p) in the same
state q. Then one is suffix of the other.

Corollary 1. The minimal length word u recognized in state q of AS(p) is suffix
of all the words recognized by AS(p) in q.

We add to the previous definition of the automaton a supply function sp :
Fact(p) \ ε→ Fact(p) defined for every non-empty factor v of p by:

sp(v) = the longest u ∈ Suff(v) such that u �∼p v

We show that the supply function is compatible with the congruence ≡Suff(p).
It is the object of the following lemma.



Simple Optimal String Matching Algorithm 367

Lemma 4. Assume that p �= ε, and let u, v ∈ Fact(p) \ {ε}. If u ∼p v, then
sp(u) = sp(v).

For every non-initial state q, we call supply state of q, denoted by Sp(q), the
equivalence class of sp(u).

Figure 2 represents the suffix automaton AS(baabbaa) with its supply func-
tion (represented by dashed arrows).

� � � �

�

� � � �
b a a b b a a

b

a

ba

Figure 2. Suffix automaton with its supply function (in dashed arrows) of the word
baabbaa

Some properties of the supply function of a suffix automaton will be used in
the following.

Lemma 5. Let q a non-initial state of the suffix automaton AS(p = p1 . . . pm)
such that s = Sp(q). Then the longest word v recognized in s is a suffix of every
word recognized in q.

We denote CSp(q) = {q, Sp(q), Sp(Sp(q)), . . . , I} the supply path of state q
in AS(p).

Lemma 6. Let q be a state of AS(p) such that there is no outgoing transition
from q by a character a ∈ Σ, and let o the first state encountered on CSp(q)
(going down from q to I) that has an outgoing transition by a. If such a state
exists, then the longest word v recognized in o is the longest suffix of one of the
words recognized in q such that there is an occurrence of va in p.

The suffix automaton of a word p = p1p2 . . . pm can be build online (i.e. by
reading the letters p1, then p2, until pm, by modifying the build automaton with
each addition) in O(m). We do not present this algorithm, but it can be found
in [3,6].

For each state q of the suffix automaton, we define Length(q) to be the length
of the longest word recognized in q. This value associated to each state is used in
the online construction algorithm of the suffix automaton [3,6] and in the string
matching algorithms we present in the following.
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It is important to notice that, by construction, the label of any path in the
suffix automaton of p is a factor of p and, conversely, every factor of p labels a
path starting in the initial state in the automaton. The suffix automaton can
then be used to recognize the set of factors of p in the same time as the set of
the suffixes of p.

3 Forward Search

The suffix automaton is used in [3,6] for a forward search of a word p = p1 . . . pm

in a text T = t1 . . . tn, i.e. by reading the letters of the text one after the
other. The text T and the search word p are both taken on an alphabet Σ. The
algorithm is called Forward Dawg Matching (FDM). It is based on the following
idea. For each position pos in the text, we compute the length of the longest
factor of p that is a suffix of the prefix t1 . . . tpos (see figure 3).

Longest factor in pos

Word p

posText T

l

Figure 3. Current situation in the FDM

We first build the suffix automaton AS(p) and initialize the current length
l to 0. We then read the characters of the text one by one with the automaton,
updating the length l for each letter. Assume that we read the text until pos and
that we arrived in a state q with some value l. We read character tpos+1 and we
update l and q in the following way.

1. If there is a transition from q by tpos+1 to a state f , then the current state
becomes f and l is incremented by 1.

2. If not, we go down the supply path of q until we found a state which has an
existing transition by tpos+1. Two cases may occur:
(i) If there is such a state d that has a transition to a state r by tpos+1.

Then the current state becomes r and l is updated to Length(d) + 1.
(ii) If not, the current state is set to the initial state of AS(p) with l set to

0.

Lemma 7. Let qpos be the state of AS(p) reached after the reading of t1 . . . tpos

by the preceding algorithm, and lpos be the computed length. One of the paths
from the initial state to qpos in AS(p) is labeled by the longest suffix of t1 . . . tpos

that is a factor of p, whose length is lpos.
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Now that we have in each step the length of the longest factor of p, we need
a way of recognizing an occurrence of p in the text T .

Corollary 2. There is an occurrence of p = p1 . . . pm in the text in position pos
if and only if the value of l computed after the reading of tpos is equal to m = |p|.

The validity proof of the FDM is straightforward from lemma 7 and corollary 2.

Lemma 8. The complexity of the FDM for the search of a word p in the text T
is O(|p|+ |T |) on the average and in the worst case.

A second corollary of lemma 7 will be useful in the following.

Corollary 3. The length l computed by the preceding algorithm in position pos
in the text T is a majorant of the length of the longest prefix of p that is also a
suffix of t1 . . . tpos.

4 A Simple and Optimal Algorithm

We now present our new string matching algorithm. In a way, it uses two FDM,
we call it Double Forward Dawg Matching (DFDM).

To explain it in detail, we first present the basic idea it is built on. We move a
window of size m (the length of the searched word) along the text, and we make
our search in that window. At a given time, the window is located on the text
like in the top of figure 4. Assume that we read forward the text in that window,
starting near the right end of the window in position B on figure 4. We start
reading the text with the suffix automaton (the hatched part of the window,
figure 4), but we fail on a letter σ (before we reach the end of the window). We
denote u the hatched factor on figure 4. The factor uσ is not a factor of the
searched word p, because the suffix automaton recognizes them all. Then, we
can move the search window safely (i.e. without missing any occurrence of word
p) up to position B + 1.

σ
B

Factor recognition fails on σ.
Reading with the suffix automaton

Window

σ

New window
Safe shift

Text

Figure 4. Failure of the recognition of a factor on character σ in the DFDM
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If we can repeat this operation on the new window, and so on, we can avoid
reading many characters. However, we now have to combine this idea with the
FDM and be able to recognize an occurrence of the searched word, while staying
linear in the worst case.

We then use a trick combined with our basic approach of figure 4. During
the recognition of a factor, we fail on letter σ before reaching the right end of
the window. But, this stage corresponds to the beginning of the FDM algorithm.
The recognition has failed but we can continue the reading of the text with the
FDM (going down the supply links), at least until we reach the right end of the
window. We then have to stop this forward search quickly in order to use again
the basic idea (figure 4).

More formally, here is our complete algorithm. The current position of our
search window is shown figure 5. The word u on the figure is a prefix of the
searched window that is also a factor of word p. It is the result of an earlier
forward search with a FDM. We know that the length |u| of word u is a bound
on the length of the longest prefix of p that can start before position A, and that
|u| < αm with 0 < α < 1, typically α = 1/2.

Text

Window

BAu

Figure 5. Current position in the DFDM. The word u is such that |u| is a bound on
the length of the longest prefix of p

In the current position, we start to read forward the text with a new FDM
from position B close (we will precise this later) to the right end of the window.
Two cases may occur.

1. We do a supply jump before we have reached the right end of the window.
In that case, we simply continue our FDM until we pass the right end of the
initial window, and then we stop this FDM once the computed value l (i.e.,
according to lemma 3, a bound on the length of the longest prefix) is less
than αm. Figure 6 illustrates this situation.

2. We reach the right end of the window without doing any supply jump, i.e.
the part of the window located after B is a factor of p. We resume the reading
with the previous FDM that we have stopped in A in order to read again
all the characters up to the right end of the window. Once the right end is
passed, as in the previous case, we stop this FDM once the computed value
l is less than αm. Figure 7 illustrates this situation.

The occurrences are marked during the reading with the FDM.
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σ

Window 1

BA

Reading by the FDM
Supply jump in σ

The reading with the current FDM continue

u

u′
A’

σ

B

New window 2

σ

Text

Figure 6. First case in the DFDM. The end of the search window is not reached
without supply jump in the FDM started from position B. We continue the reading
after the end of window 1 by the FDM until the bound on the longer prefix is smaller
than αm.

We always take positions A and B such that A < B. Regardless of the value
of A and B, we can prove lemma 9 and theorem 1.

Lemma 9. The DFDM algorithm for searching a word p in a text T marks all
the occurrences of p in t and only them.

Theorem 1. The complexity in the worst case of the DFDM algorithm to search
a word p in a text T is 0(|p|+ |T |).
Proof. The pre-processing phase of our algorithm is the construction of the suffix
automaton of p, in O(|p|). During the search phase, it is clear that any character
in the text can be read at most twice by a FDM. As the complexity of the
FDM is O(|T |), the complexity of the search phase is also O(|T |). So the total
complexity of the FDM is O(|p| + |T |). �

In order to analyse the average complexity of our algorithm for a word p =
p1 . . . pm on the text T = t1 . . . tn, we have to set B and α. We take B such that
the distance dB from B to the end of the search window is:

dB = max[1, min(m/5, 3�log|Σ|(m)�) ],

where / is the integer division and log|Σ|(m) the logarithm in base |Σ| of m. We
now take α such that dB < αm < m/2.

Under these conditions, we can now prove the following results.

Theorem 2. Under a model of independence and equiprobability of the letters
of Σ in the text T = t1 . . . tn, the average complexity of the DFDM algorithm for
the search of a word p = p1 . . . pm in T is O(n log|Σ|(m)/m).
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Window 1

BA

Reading by the FDM
No supply jump

u

u′
A’ B

New window 2

Text

u A

Resuming of the preceding FDM in A

Figure 7. Second case in the DFDM. The end of the search window is reached without
supply jump in the FDM started from position B. We resume the reading with the
FDM that was previously stopped in A. We continue the reading after the end of
window 1 by this FDM until the bound on the longer prefix is smaller than αm.

Proof. We start by bounding the average number of characters that have to be
read in order to get a window move of at least m/2 characters, leaving and going
back to the current situation (of figure 3).

As we are interested in an asymptotic complexity, we consider the case where
dB = 3�log|Σ|(m)�.

We consider the two cases of the algorithm:

1. We have a supply jump before the end of the window. In that case, we get a
window move of at least m/2, and as dB < αm, we are back to the current
position. A bound on the number of read character is dB = 3�log|Σ|(m)�.

2. We reach the end of the window without any supply jump and we resume
the reading from A. In that case, a bound on the number of characters read
to get a window move of at least m/2 is 3m/2 + dB : dB characters to read
up to the end of the window, then m characters to read from A to the end
of the window, then in the worst case m/2 characters to be sure of having
a window move of at least m/2 m/2 is a bound because (a) if the FDM
stops before having read these m/2 characters, the longest prefix is less than
αm < m/2 and the window is well more than m/2, (b) if the FDM does not
stop after m/2 characters, the search window which is of length m has been
moved of at least m/2. We bound 3m/2 + dB by 2m.
We now have to consider the number of characters that still have to be read
in order to go back to the current position. For a given position i we denote
it νi. These characters are only read once during the algorithm execution
and their total number

∑
i νi is bound by n.
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We consider the probabilities of being in each of these cases. The number δ
of words δ of length dB appearing potentially (equiprobably) is δ = |Σ|dB =
|Σ|3�log|Σ|(m)� and satisfies m3 ≤ δ < |Σ|m3. The number of factors of p of
length dB is at most m. An upper bound on the probability that a word of
length dB read in the text is a factor of p is m/m3 = 1/m2. We now go back
to our two cases. We underestimate the probability of being in the first case,
because it is the one that requires less character readings, and we overestimate
the probability of being in the worst case, the second one. A lower bound on the
probability of being in the first case then is (1− 1/m2). An upper bound on the
probability of being in the second case is 1/m2.

We get an upper bound on the average number of characters read in both
cases equal to

(

1− 1
m2

)

× 3�log|Σ|(m)�) +
1

m2
× (2m + νi).

We have at most n/(m/2) = 2n/m current position to cover the whole text.
Hence an upper bound on the average total number of read characters is

2n/m∑

i=1

[(

1− 1
m2

)

× 3�log|Σ|(m)�) +
1

m2
× (2m + νi)

]

,

which can be rewritten:

6n

m
× �log|Σ|(m)�

(

1− 1
m2

)

+
4n

m2
+

1
m2

2n/m∑

i=1

νi.

As
∑2n/m

i=1 νi ≤ n, the total complexity is O(n log|Σ| m/m). �

5 Conclusion

We have presented a new string matching algorithm linear in the worst case and
optimal in the average under a model of independence and equiprobability of
letters, which uses only a single structure, a suffix automaton.

These last few years, many linear algorithms in constant space have been
found [4,9,8,5], but none of them is optimal in the average. The problem of
finding an algorithm linear in the worst case, optimal in the average and also in
constant space stays open.
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Abstract. The number of missing words (NMW) of length q in a text,
and the number of common words (NCW) of two texts are useful text
statistics. Knowing the distribution of the NMW in a random text is
essential for the construction of so-called monkey tests for pseudoran-
dom number generators. Knowledge of the distribution of the NCW of
two independent random texts is useful for the average case analysis of
a family of fast pattern matching algorithms, namely those which use a
technique called q-gram filtration. Despite these important applications,
we are not aware of any exact studies of these text statistics. We pro-
pose an efficient method to compute their expected values exactly. The
difficulty of the computation lies in the strong dependence of successive
words, as they overlap by (q−1) characters. Our method is based on the
enumeration of all string autocorrelations of length q, i.e., of the ways
a word of length q can overlap itself. For this, we present the first effi-
cient algorithm. Furthermore, by assuming the words are independent,
we obtain very simple approximation formulas, which are shown to be
surprisingly good when compared to the exact values.

1 Introduction

We consider random texts. A text of length n is a string of n characters from a
given alphabet Σ of size σ. Randomness in this article refers to the symmetric
Bernoulli model, meaning that the probability to encounter any character at any
position of the text is 1/σ, independently of the other text positions. As soon as
the text length has been fixed to n, every text has the same chance of occurring,
namely σ−n. A word of length q, also called a q-gram, is a substring of length q.
If n ≥ q, we find exactly (n − q + 1) (overlapping) q-grams in a text of length
n; they end at positions q, q + 1, . . . , n. However, not all of these need to be
different.

We consider two applications that motivate why it is interesting to determine
the distribution, and hence especially the expectation, of the number of missing

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 375–387, 2000.
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words (NMW) in a random text, and of the number of common words (NCW)
of two independent random texts.

Missing Words and Monkey Tests. Knowing the distribution of the NMW
in a random text allows the construction of so-called monkey tests for pseudo-
random number generators (PRNGs).

Assume we are given a subroutine that supposedly produces instances of
a random variable U uniformly distributed in the interval [0, 1], but we are
unsure of the quality of this PRNG, i.e., whether the produced sequences of
pseudorandom numbers indeed share properties with truly random sequences.
In this case one usually runs a series of empirical tests, a list of which can be
found in Knuth’s comprehensive work [9].

One set of tests called monkey tests was proposed by Marsaglia and Zaman
[10]. One variant works as follows: Each call to the PRNG is used to create
a pseudorandom bit (e.g., the most or least significant bit of U), and a text
of length n is created by concatenating the bits from successive calls to the
PRNG. (Imagine a monkey typing randomly on a 0-1-keyboard; hence the name
monkey test.) One counts how many of the 2q possible q-grams are missing
from the resulting text, and compares this number to the expected NMW in a
truly random bit sequence. The PRNG should be rejected if these numbers differ
significantly.

The advantage of monkey tests is that, for each q-gram, only one bit needs to
be stored to indicate whether the q-gram has occurred in the text or not. Other
tests, like the well-known chi-square test on the frequencies of q-grams, require
the storage of an integer (the number of occurrences) for every q-gram. Hence
monkey tests allow to choose q relatively large, such as q = 33, needing 233 bits
or 1 GB of memory. In comparison, if one runs the chi-square test with 1 GB of
memory, one is restricted to q ≤ 28 (assuming 4 bytes per integer). Hence the
monkey test allows to detect possible deficiencies of the PRNG within a larger
context and can capture dependencies within the generated sequence that other
tests may miss.

To construct a precise statistical test, we need to know the distribution of the
NMW. Here, we present an efficient method to compute the exact expectation.
In [10] the authors express a conjecture about the distribution from simula-
tions. In Section 4, we propose a slightly different central limit conjecture, which
agrees in principle with the observations in [10], but additionally has theoretical
foundations in the classical occupancy problem for urn models (e.g., see [7]).

Common Words and Analysis of Pattern Matching Algorithms Using
q-Gram Filtration. The NCW statistic has many applications. It serves as
a distance measure between texts, especially for the comparison of biological
sequences [11, 17, 13, 6]. It is also important for the analysis of text algorithms
and especially for pattern matching algorithms. Here we consider the analysis of
filtration algorithms for the k-difference approximate pattern matching problem
defined as follows: Given a pattern P and a text T , find all ending positions i
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in T of an approximate match of P with at most k differences (substitutions,
insertions or deletions). Filtration algorithms use a quickly verifiable necessary
condition for a match to filter out parts of T where no match can occur; the re-
maining parts are checked with a slower dynamic programming algorithm. Sev-
eral filtration strategies are based on the condition that an approximate match
and P should share a sufficient number of q-grams (among others, see [8, 18, 19]).
Algorithms based on q-gram filtration perform very well in practice when the
filtration condition is not fulfilled very often. The average running time depends
on the NCW. The ability to compute its expectation should allow to analyze the
average time complexity and to determine under which conditions which algo-
rithm performs best. We were motivated to examine word statistics in random
texts since we hope to analyze and fine-tune the recently proposed QUASAR
algorithm [2], which uses the q-gram filtration approach. It serves to search for
similar biological sequences in large databases, and has has been shown to be an
order of magnitude faster than standard programs like BLAST [1].

Organization of this Article. As of today, the literature does not report
any exact systematic statistical study of the NMW and NCW in random texts
(but see [10, 12] for some results). We describe an efficient method to calculate
the exact expectations in Section 2. They depend on the probability that a q-
gram does not occur in a text of length n, which itself depends only on the
autocorrelation of the q-gram. The autocorrelation is a binary vector giving the
shifts that cause the word to overlap itself. Our method requires the computation
of all possible autocorrelations of length q, for which we propose the first efficient
algorithm (Section 3).

The difficulty in computing the exact expectations arises from the fact that
successive q-grams in a text overlap and are hence dependent. Treating them as
if they were independent, one obtains the so-called classical occupancy problem
for urn models (see [7] or Section 4). In this much simpler setup, many results
are known, and we propose to use them as approximations to the missing words
problem. The quality of these approximations is evaluated in Section 5, where
we also give some exemplary results on the two applications mentioned above.

2 Computation of Expectations

2.1 Expected Number of Missing q-Grams

We assume that the word length q ≥ 2 and the alphabet size σ ≥ 2 are fixed. We
denote by X(n) the random number of missing q-grams in a text T (n) of length
n. Assume we have enumerated the σq possible q-grams in some arbitrary order;
let us call them Q1, Q2, . . . , Qσq . For the event that a q-gram Q occurs in T (n)

we use the shorthand notation Q ∈ T (n), and Q /∈ T (n) for the complementary
event. By the method of indicator variables we find that

E[X(n)] =
σq∑
i=1

Pr(Qi /∈ T (n)). (1)
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An important point is that even in the symmetric Bernoulli model the probabil-
ities of non-occurrence are not the same for every q-gram. For example, among
the eight bit-strings of length 3, five do not contain the 2-gram ’00’, while four
do not contain the 2-gram ’01’. The probability depends on the autocorrelation
of the q-gram, defined as follows (see also [4, 16]).

Definition 1 (Autocorrelation of a q-Gram). Let Q = Q[0] . . .Q[q − 1]
be a q-gram over some alphabet. Then we define its autocorrelation c(Q) ≡
c := (c0, . . . , cq−1) as follows: For i = 0, . . . , q − 1, set ci := 1 iff the pattern
overlaps itself if slided i positions to the right, i.e., iff Q[i + j] = Q[j] for all
j = 0, . . . , (q − i − 1). Otherwise, set ci := 0. Note that by this definition we
always have c0 = 1.

The corresponding autocorrelation polynomial (C(Q))(z) ≡ C(z) is obtained
by taking the bits as coefficients: C(z) := c0 + c1z + c2z

2 + · · ·+ cq−1z
q−1.

As an example, consider the 11-gram Q=ABRACADABRA. By looking at the posi-
tions where this word can overlap itself, we find that c(Q) = (10000001001), and
therefore (C(Q))(z) = 1 + z7 + z10.

The following lemma gives the probability of the event Q /∈ T (n).

Lemma 1 (Guibas and Odlyzko [5]). Let Q be a q-gram over some alpha-
bet of size σ; let C(z) be its autocorrelation polynomial. Then the generating
function P (z) of the sequence (pn := Pr(Q /∈ T (n)))n≥1 is given by

P (z) =
C
(

z
σ

)
(

z
σ

)q + (1− z) · C ( z
σ

) .
The lemma states that, if we expand P (z) as a power series P (z) =

∑∞
n=0 pnzn,

then the coefficient pn of zn is exactly Pr(Q /∈ T (n)). We will use the usual
“coefficient extraction” notation [zn]P (z) to refer to pn.

Efficient Computation. In the symmetric Bernoulli model, the probability of
non-occurrence of a q-gram depends only on the alphabet size and on the auto-
correlation, but not on the q-gram itself. Thus, we can simplify the calculation
of E[X(n)] by grouping together q-grams with the same autocorrelation. Let us
enumerate the distinct autocorrelations that occur among the q-grams in some
arbitrary order: C1(z), C2(z), . . . , Cκ(z), with κ being their number. Let Pj(z)
be the generating function of Lemma 1 with C(z) replaced by Cj(z), and let Nj

be the number of q-grams with autocorrelation polynomial Cj(z). We refer to
Nj as the population size of the autocorrelation Cj(z). With these definitions
and Lemma 1, Equation (1) becomes

E[X(n)] =
κ∑

j=1

Nj · [zn]Pj(z). (2)

To evaluate this sum, we must know the κ different polynomials Cj(z) and their
population sizes Nj . This is discussed in Section 3. First, we mention how to
evaluate [zn]Pj(z) efficiently.
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2.2 Coefficient Extraction

Note that the Pj(z) (j = 1, . . . , κ) are rational functions of the form f(z)
g(z)

, where
f and g are polynomials in z such that deg(f) < deg(g) (here deg(f) = q − 1
and deg(g) = q). Moreover, f and g have no common factors, and g(0) = 1. For
the remainder of this section, call a function of this form a standard rational
function.

There is an exact method to compute the coefficients of the power series
expansion of standard rational functions in time O(q3 log n), e.g., see [9].

However, in our case the generating functions Pj are particularly well behaved
when it comes to asymptotic approximation based on the following lemma.

Lemma 2 (Asymptotic Approximation). Let P (z) = f(z)
g(z) be a standard

rational function, and let b1, . . . , bq be the (not necessarily distinct) poles of
P (z), i.e., the complex values for which g(z) = 0, appearing according to their
multiplicity and ordered such that |b1| ≤ |b2| ≤ . . . ≤ |bq|. If |b1| < |b2|, then
β := b1 ∈ R and

pn ∼ − f(β)
g′(β)

· β−(n+1),

where ∼ means that the ratio of the left and right hand sides tends to 1 as
n→∞. The error drops roughly as

∣∣∣b1
b2

∣∣∣n.

Proof. See [16], or any textbook about linear difference equations. ut
To apply the lemma, we need to verify that the Pj(z) fulfill the |b1| < |b2|
condition. The rather technical proof is not included here; a proof along similar
lines can be found in [3]. It turns out that the pole of smallest absolute value of
Pj(z) is always slightly larger than 1, whereas the absolute values of the other
poles are much larger. Hence |b1|/|b2| is small, and the asymptotic approximation
is already excellent for small values of n, such as n = 2q. A good way to determine
β = b1 is Newton’s method with a starting value of 1. We summarize the main
result:

Theorem 1 (Expected Number of Missing Words). Except for a negligi-
ble asymptotic approximation error,

E[X(n)] =
κ∑

j=1

−Nj · fj(βj)
g′j(βj)

· β−(n+1)
j ,

where fj(z) := Cj(z/σ) and gj(z) := (z/σ)q + (1 − z) · Cj(z/σ), and βj is the
unique root of smallest absolute value of gj(z). ut

2.3 Expected Number of Common q-Grams of Two Texts

The same principles can be used to compute the expected number of q-grams
that are common to two independent random texts T (n) and S(m) of lengths n
and m, respectively.
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We need to define more precisely how to count common q-grams. If a given
fixed q-gram Q appears x > 0 times in T (n) and y > 0 times in S(m), should
that count as (a) only 1, (b) x, (c) y, or (d) xy common q-gram(s)? The answer
depends on the counting algorithm. Case (a) suggests that we check for each
of the σq q-grams whether it occurs in both texts and increment a counter if
it does. Case (b) implies that we look at each q-gram in T (n) successively, and
increment a counter by one if we find the current q-gram also in S(m). Case (c) is
symmetric to (b), and case (d) suggests that for each q-gram of T (n), a counter
is incremented by the number of times the q-gram appears in S(m).

Let Z
(n,m)
• denote the number of q-grams that occur simultaneously in both

T (n) and S(m) according to case (•) with • ∈{a,b,c,d}.
Theorem 2 (Expected Number of Common Words). Except for a negli-
gible asymptotic approximation error,

E[Z(n,m)
a ] =

κ∑
j=1

Nj ·
(

1 +
fj(βj)
g′j(βj)

β
−(n+1)
j

)
·
(

1 +
fj(βj)
g′j(βj)

β
−(m+1)
j

)

E[Z(n,m)
b ] =

n − q + 1
σq


σq +

κ∑
j=1

Nj
fj(βj)
g′j(βj )

β
−(m+1)
j




E[Z(n,m)
d ] =

(n − q + 1) · (m− q + 1)
σq

(This is exact.)

The result for E[Z(n,m)
c ] is obtained by exchanging n and m in the result for

E[Z(n,m)
b ]. We have used κ, Nj , fj(z), gj(z) and βj as in Theorem 1.

Proof. As before, let Q1, . . . , Qσq be an arbitrary enumeration of all q-grams over
Σ. For case (a), we have E[Z(n,m)

a ] =
∑σq

i=1 Pr(Qi ∈ T (n) and Qi ∈ S(m)). By
using the independence of the texts, noting Pr(Qi ∈ T (n)) = 1− Pr(Qi /∈ T (n)),
and grouping q-grams with the same autocorrelation together, we obtain

E[Z(n,m)
a ] =

κ∑
j=1

Nj · (1− [zn]Pj(z)) · (1− [zm]Pj(z)).

An application of Lemma 2 proves the theorem for case (a).
For case (b), let Y (m) be the number of missing words in S(m) . Then the

expected number of different q-grams appearing in S(m) is σq − E[Y (m)]. Each
of these is expected to appear (n − q + 1)/σq times in T (n). Since the texts are
independent, we obtain E[Z(n,m)

b ] = n−q+1
σq (σq −E[Y (m)]), and an application of

Theorem 1 proves case (b).
Case (c) is symmetric to case (b), and case (d) is left to the reader. ut

3 Enumerating Autocorrelations and Population Sizes

Enumerating the Autocorrelations. Our enumeration algorithm is based
on a recursively defined test procedure Ξ(v) proposed by Guibas and Odlyzko
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in [4]. It takes as input a binary vector v of arbitrary length q, and outputs ’true’
if v arises as the autocorrelation of some q-gram over any alphabet1, and ’false’
otherwise.

To enumerate Γ (q), the set of all autocorrelations of length q, one could in
principle use Ξ to test every binary vector v = (v0, . . . , vq−1) with v0 = 1 whether
it is an autocorrelation, but this requires an exponential number of tests. The
recursive structure of Ξ(v) allows to build an efficient dynamic programming
algorithm for the enumeration of Γ (q), which we describe now.

First, a notational remark. While we use n for the text length in the other
sections, here we use n as a running variable for the autocorrelation length,
n = 1, . . . , q. This should cause no confusion.

For a binary vector v of length n with v0 = 1, define π(v) := min{1 ≤ i <
n : vi = 1}, and let π(v) := n if no such i exists. For n ≥ 1, p = 1, . . . , n, let
Γ (n, p) be the set of autocorrelations v of length n for which π(v) = p. Then

Γ (n) =
n⋃

p=1
Γ (n, p). We denote the concatenation of two bit vectors s and t by

s ◦ t, and the k-fold concatenation of s with itself by sk. So 10k ◦w is the binary
vector starting with 1, followed by k 0s, and ending with the binary vector w.

From the definition of autocorrelation we have that v ∈ Γ (n, p) implies vjp =
1 for all j = 1, 2, . . ., for which jp < n. It follows that Γ (n, 1) = {1n}. Also,
Γ (n, n) = {10n−1}. To obtain Γ (n, p) for n ≥ 3 and 2 ≤ p ≤ (n− 1), we assume
all Γ (m, p′) with m < n, 1 ≤ p′ ≤ m, are already known. Then there are two
cases:

Case (a) [2 ≤ p ≤ n
2
]: Let r′ := n mod p and r := r′ + p. Then p ≤ r < 2p,

and there are two sub-cases. In each of them, Γ (n, p) can be constructed
from a subset of Γ (r). Hence, let sn,p := (10p−1)bn/pc−1; every string in
Γ (n, p) has sn,p as a prefix, and is then followed by a string w ∈ Γ (r), as
follows.
1. Case r = p:

Γ (n, p) = {sn,p ◦ w | w ∈ Γ (r, p′); r′+gcd(p, p′) < p′ < p} (3)

2. Case p < r < 2p:

Γ (n, p) = {sn,p ◦ w | w ∈ Γ (r, p)} (4)⋃̇ {sn,p ◦ w | w ∈ Γ (r, p′); r′+gcd(p, p′) < p′ < p; wp = 1}

We remark that the condition imposed on p′ in (3) and (4) (r′+gcd(p, p′) <
p′ < p) implies that p′ must not divide p.

Case (b) [n
2

< p ≤ (n − 1)]: Γ (n, p) is constructed from Γ (n− p).

Γ (n, p) = {10p−1 ◦ w | w ∈ Γ (n− p)} (5)

1 In [4], it is proved that if v is an autocorrelation of some word over an alphabet of
size σ ≥ 2, then it is also the correlation of word over a two-letter alphabet.
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The equations (3), (4) and (5), along with the known forms of Γ (n, 1) and Γ (n, n)
for all n, yield a dynamic programming algorithm for the construction of Γ (q).
For n = 3, . . . , q, in order to compute all Γ (n, p) with 1 ≤ p ≤ n, one needs the
sets of autocorrelations of shorter lengths Γ (m, p′) with m < b2n

3 c, 1 ≤ p′ ≤ m
. The correctness of the algorithm follows from the correctness of the recursive
predicate Ξ(v) in [4], after which it is modeled.

One improvement is possible: In case (a), Γ (n, p) is obtained from auto-
correlations w ∈ Γ (r) with r ≥ p. Examining the characterization of auto-
correlations given in [4] more closely, it can be shown that such w must have
π(w) > (n mod p), and therefore it is possible to construct Γ (n, p) from the sets
Γ (s) with s < p. Hence, to obtain Γ (n, p), in both cases (a) and (b), only the
sets Γ (m, p′) with m ≤ bn

2 c, 1 ≤ p′ ≤ m are needed. For example, to compute
Γ (200), we only need to know Γ (1), . . . , Γ (100), but not Γ (101), . . . , Γ (199).

The Number of Autocorrelations. When we know Γ (q), we also know its
cardinality κ(q), which is the number of terms in the sum of (2). In [4] it is
proved that asymptotically

κ(q) ≤ exp
(

(ln q)2

2 ln(3/2)
+ o((ln q)2)

)
;

hence computing the expected number of missing words by (2) is considerably
more efficient than by (1), which uses σq terms.

Population Sizes. To determine how many q-grams over an alphabet of size
σ share a given autocorrelation v ∈ Γ (q) (the population size N(v)), we refer
the reader to [4, Section 7], where a recurrence for N(v) = N((v0, . . . , vq−1)) in
terms of N((vπ(v), . . . , vq−1)) is given, or to our technical report [15], where an
alternative method is described.

4 Approximations

Since for large q, the exact methods in Section 2 become very time-consuming, we
consider a simpler but related problem, whose solution we take as an approximate
solution to the missing words problem.

Classical Occupancy Problem: When N balls are independently thrown into
M equiprobable urns, what is the distribution of the number of empty urns X
after the experiment? For this setup, the moments of X (expectation, variance,
and higher moments) are known. For example, we have that

E[X] = M

(
1− 1

M

)N

, (6)

Var[X] = M

(
1− 1

M

)N

+ M(M − 1)
(

1− 2
M

)N

−M2

(
1− 1

M

)2N

(7)
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Even the distribution of X can be given explicitly in terms of the so-called
Stirling numbers of the second kind. From this knowledge, the following result
can be derived.

Lemma 3 (Central Limit Theorem for the Classical Occupancy
Problem). Let (Nk) and (Mk) be sequences of natural numbers such that
Nk → ∞, Mk → ∞ and Nk

Mk
→ λ > 0, as k → ∞. Let (Xk) be the sequence of

random variables denoting the number of empty urns after Nk balls have been
thrown independently into Mk urns. Then, as k→∞, we have

E[Xk/Mk] → e−λ, (8)

Var[Xk/
√

Mk] → (eλ − 1− λ)e−2λ. (9)

Moreover, we have convergence in distribution

Xk −Mk e−λ√
Mk (eλ − 1− λ) e−2λ

D→ N , (10)

where N denotes the standard normal distribution.

Proof. See, for example, [7]. ut

The missing words problem is a modification of the classical occupancy problem
in the following sense. The M urns correspond to the σq possible words, and the
N balls correspond to the (n− q + 1) q-grams of the text. The difference is that
successive q-grams in the text are strongly dependent because they overlap by
(q − 1) characters, while the balls in the occupancy problem are assumed to be
independent.

Approximations. We propose to use the results from the occupancy problem
by assuming that the q-grams are not taken from a text but generated indepen-
dently. Then the probability that a fixed q-gram does not occur among n− q +1
randomly drawn q-grams is (1− 1

σq )n−q+1. Hence, the expected number of miss-
ing words can be approximated by (6), giving

E[X(n)] ≈ σq ·
(

1− 1
σq

)n−q+1

(11)

This can be further approximated by using the asymptotic value from (8), re-
sulting in

E[X(n)] ≈ σq · e−λ, λ :=
n− q + 1

σq
(12)

We call (11) the independence approximation (IA), and (12) the exponential
approximation (EA).
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A Central Limit Conjecture for Missing Words. The numerical results
in Section 5 show that the independence approximation is surprisingly good.
Also, the asymptotic variance in the occupancy problem (Mk (eλ − 1− λ) e−2λ)
is in accordance with the variance of the number of missing words observed by
Marsaglia & Zaman in [10] (Mk (eλ− 3) e−2λ) when they conducted simulations
for slightly varying λ ≈ 2. Although we have not checked higher moments, we
formulate the following conjecture.

Conjecture 1. The number of missing q-grams over an alphabet of size σ in a
text of length n, and the number of empty urns after N := n− q + 1 balls have
been independently thrown into M := σq urns have the same Gaussian limit
distribution, as given in Lemma 3.

Further Remarks. Other approximations are possible. For example, one may
assume that the waiting time until a q-gram first occurs in the text has a geomet-
ric distribution. Due to space constraints, we do not consider this approximation
any further here. In our tests, (IA) always turned out to be better by an order of
magnitude. Also, (IA) and (EA) can be applied to the common words problem
as well, as shown here for case (b) from Section 2.3:

(IA): E[Z(n,m)
b ] ≈ (n− q + 1) ·

(
1− (1− 1

σq

)m−q+1
)

(EA): E[Z(n,m)
b ] ≈ (n− q + 1) · (1− exp

(
m−q+1

σq

))

5 Comparison of the Methods

We evaluate the quality of the approximations in two different scenarios of prac-
tical relevance.

A Monkey Test of High Order. Coming back to the monkey test described
in Section 1, we compute the expected number of missing bit-strings of length
33 in a random text of varying length n exactly by Theorem 1 (XT), and ap-
proximately according to the independence approximation and the exponential
approximation from Section 4. The excellent quality of the approximations can
be seen in Table 1. The relative errors are around 10−8 or lower. Since for the
exact method, κ = κ(33) = 538 different correlations have to be evaluated, the
approximations save time without sacrificing quality. This behavior is quite typ-
ical when the alphabet size, the word length and the text length are sufficiently
large. For some further numerical results, see [14]. For all computations, we used
100-digit-precision arithmetic. High precision is necessary for the exact computa-
tion and for (IA), as the standard floating point introduces large roundoff errors.
(EA) is more robust in this respect.

QUASAR Analysis. The QUASAR algorithm [2] can be used to search DNA
databases (long texts with σ = 4) for approximate matches to a pattern of
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Table 1. Expected number of missing 33-grams for alphabet size σ = 2 and
varying text length n. Line 1 (XT) shows the exact values according to Theorem
1. Line 2 (IA) gives the independence approximation (IA), and Line 3 the order
of magnitude of its relative error. Line 4 shows the exponential approximation
(EA), and Line 5 the order of magnitude of its relative error.

Expected Fraction of Missing q-grams, E[X(n) ]/σq, for σ = 2 and q=33
Method n = 0.5 σq n = σq n = 2σq n = 4σq

1 (XT) 0.606530661913 0.36787944248 0.135335283715 0.018315638966
2 (IA) 0.606530661954 0.36787944252 0.135335283725 0.018315638952
3 log10(Rel.Error) -10.169 -9.972 -10.147 -9.124
4 (EA) 0.606530661972 0.36787944254 0.135335283741 0.018315638957
5 log10(Rel.Error) -10.014 -9.783 -9.726 -9.285

Table 2. Expected number of common q-grams of two texts of length 50 and 256
according to case (b) of Section 2.3, for varying q. The alphabet size is σ = 4.
Line 1 shows the exact value (XT). Line 2 gives the independence approximation
(IA), and Line 3 shows the magnitude of its relative error. Line 4 gives the
exponential approximation (EA), and Line 5 the order of its relative error. Line
6 shows the Jokinen-Ukkonen threshold t(q) for q-gram filtration to find matches
with k = 7 differences. Line 7 gives an upper bound on the probability of at least
t(q) common q-grams, based on Markov’s inequality.

Quantity q = 3 q = 4 q = 5 q = 6
1 E[Z] (XT) 47.10188 29.55391 10.04229 2.67534
2 E[Z] (IA) 47.12092 29.53968 10.03927 2.67509
3 log10(Rel.Error(IA)) −3.393 −3.317 −3.523 −4.041
4 E[Z] (EA) 47.09294 29.50585 10.03495 2.67478
5 log10(Rel.Error(EA)) −3.722 −2.789 −3.136 −3.679
6 t(q) 27 19 11 3
7 Pr(Z ≥ t(q)) (Markov) trivial ≤ 1 trivial ≤ 1 ≤ 0.913 ≤ 0.892

length n = 50 with at most k = 7 differences. Assume that the database has
been partitioned into blocks of size m = 256. Assume further that an index is
available to quickly determine how many q-grams Z ≡ Z

(n,m)
b each block and the

pattern have in common according to Section 2.3, Case (b), for q ∈ {3, 4, 5, 6}.
By a lemma of Jokinen & Ukkonen [8], no k-approximate match can occur in
a block if the number of common q-grams is below t(q) := n − q + 1 − kq.
Hence in the event Z ≥ t(q) a block must be kept for further inspection. It
is natural to ask for which value of q the filtration performance is optimal, i.e.,
Pr(Z ≥ t(q)) is minimal. When only E[Z] is known, Pr(Z ≥ t(q)) can be bounded
with Markov’s inequality, P (|Z| ≥ t) ≤ E[|Z|]/t. Table 2 lists some relevant
values. The approximation error is of the order 10−3, i.e., approximately 0.1%.
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If one is willing to accept the simple random input model2, q = 6 offers the best
bound, but a more precise statement can only be made if more is known about
the distribution of Z.

6 Conclusion and Future Work

We have presented exact and approximate methods to compute the expected
number of missing q-grams in a random text and the expected number of common
words in two independent random texts. The exact computations require the
knowledge of all autocorrelations of length q, for which we exhibit an efficient
dynamic programming algorithm.

We observe that in general the independence approximation (IA) gives ex-
cellent results, although clearly the q-grams of a text are not independent. An
explanation is that, although for each i, Pr(Qi /∈ T (n)) may be very different
from (1 − 1

σq )n, there is an averaging effect in the sum over all q-grams, such
that (IA) continues to hold approximately. We have been unable to prove this,
though. It also remains an open problem to prove or disprove Conjecture 1, or to
make it more precise. We wanted to point out the relatedness of the NCW prob-
lem and the classical occupancy problem, which seems to have been overlooked
in related work.

For short texts, small alphabets and small word lengths, the errors due to the
use of either approximation are quite high. The exact method is then advised,
since it is inexpensive in these cases. However, high precision arithmetic should
be used to avoid roundoff errors. In the other cases, (EA) is the most reason-
able choice, because its evaluation poses the least numerical problems, and the
approximation error can be neglected.
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2 ESA 6037 - ABISS, Université de Rouen, 76821 Mont-Saint-Aignan Cedex, France
3 Dept. of Comp. Sci., King’s College London, Strand WC2R 2LS, London, UK

Abstract. We provide a new characterization of periods and quasiperi-
ods that is constructive. It allows for a canonical partition of the set
of borders of a given word w. Each subset of the partition contains a
superprimitive border q and possibly quasiperiodic borders that admit
q as a cover. Notably, we characterize superprimitive borders. A few
enumeration results are given.

1 Introduction

In recent study of repetitive structures of strings, generalized notions of periods
have been introduced. A typical regularity, the period u of a given string x, grasps
the repetitiveness of x since x is a prefix of a string constructed by concatenations
of u. For example, u = ab is a period of x = ababa (v = abab is also a period
of x). One can define a dual notion of period, a border which is both a proper
prefix and suffix of x, note that in our example, u′ = aba is a border of x and
x = uu′, v′ = a is a border of x and vv′ = x.

Apostolico et al. in [AFI91] introduced the notion of covers and gave a linear-
time algorithm for finding the shortest cover: a proper factor w of x is a cover
of x if x can be constructed by concatenations and superpositions of w. A string
which has at least one cover is quasiperiodic and superprimitive otherwise. For
example, abaaabaaabaabaa is quasiperiodic and its (only) cover is abaa whereas
abaabaaababa is superprimitive. Note that a cover of x is necessarly at least a
border of x. The notion “cover” is a generalization of period in the sense that
superpositions as well as concatenations are considered to define them, whereas
only concatenations are considered for period.

We provide a new characterization for the periods of a word that refines previ-
ous known results. It relies on the recent concept of quasiperiodicity
[AE93,Bre92], [IM99a]. We show that exists a finite partition of the periods
or borders of a word. Each element Bk of the partition contains a superprimitive
border qk and quasiperiodic borders that admit qk as a quasiperiod. Our results
rely upon a new characterization of periods that is constructive, and we show
that recent characterization by Mignosi and Restivo[MR00] may be derived from
it.
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In the following, we denote S the set of unbordered words, that is words
having no border and therefore no period, by P the set of primitive words, we
recall that a word x is primitive if assuming x = wn leads to w = x and n = 1,
by SP the set of superprimitive words and LQ the set of quasiperiodic words.
Given a word w that is not in S, we denote by B(w) its largest border, and
qp(w) its cover.

2 Period Characterization

Characterization of superprimitive words from their borders is a hard problem,
to be addressed in Section 3. We need to characterize the set of periods of a
given word, and notably, the fundamental properties their lengths satisfy.

Definition 1. A word b is a degenerated border of a word w iff w rewrites
w = bxb where x is a non-empty word.

Theorem 1. Let B0 = ε < B1 < · · · < Bk = B(w) be the increasing sequence
of borders of a word w, and define bi = |Bi|. Define:

δi = bi − bi−1, 1 ≤ i ≤ k .

Any δi satisfies one of the following conditions:

(a) δi = δi−1;
(b) δi =

∑i−1
j=1 δj + εi, εi ≥ 0; when εi = 0, then i ≤ 2 or exists j0 ≤ i −

2,
∑j0

j=1 δj < δi−1 <
∑j0+1

j=1 δj ;
(c) δi =

∑i−1
j=j0+1 δj , 1 ≤ j0 < i− 2, δj0+1 < δi−1.

Remark 1. Condition (c) implies that condition (b) applied for some j, j0 < j ≤
i − 2, the smallest index such that δj0+1 6= δj . Similarly, if a border rewrites
Bi = Bj ·Xk

j , with k ≥ 1, then |Xj| > bj and Bi−1 = Bj if k > 1.

Example 1. Let W = s(as)2s(as)3s(as)2vs(as)2s(as)3s(as)2 where s ∈ SP, as ∈
P and vs(as)2s(as)3s(as)2 ∈ P. This can be achieved for instance if s, a and v
are three different letters. Then, the set of borders is :

{s; sas; s(as)2; s(as)2s(as)2; s(as)2s(as)3s(as)2} .

Border construction falls in turn into the three cases:

δ1 = |s| = ε1 through condition (b);
δ2 = δ1 + ε2 with |ε2 = |a| (condition (b));
δ3 = δ2 (condition (a));
δ4 =

∑3
j=1 δj + ε4 with ε4 = 0. This is case (b) with additional constraint:

δ1 < δ3 < δ1 + δ2.
δ5 = δ3 + δ4. This is case (c), with j0 = 2 and δ3 = δ4.

Proof. We show how border Bi can be built from Bi−1. We rely on the famous
equation: xu = vx that implies x = α(βα)∗ and u = (βα)∗, v = (αβ)∗ and

apply it for: Bi = Bi−1u = vBi−1.
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(a) Bi−1 is a degenerated border of Bi: in that case, Bi rewrites Bi−1xBi−1,
where xBi−1 is a primitive word. It follows that:

δi = |x|+ bi−1 = εi +
i−1∑
j=1

δj .

If εi 6= 0, one can always choose x in order to have xBi−1 primitive. If εi = 0,
then Bi = Bi−1 ·Bi−1 and Bi−1 must be the largest border of Bi. This additional
constraint is equivalent to Bi−1 6= zm. To prove this, one notices that a larger
border would satisfy: Bi−1t = xBi−1. Moreover, equation Bi = Bi−1 · Bi−1

implies that x is a proper suffix and t is a proper prefix of Bi−1. Hence, x = t
and xBi−1 = Bi−1x, |x| < bi−1; this implies that Bi−1 = zm, m ≥ 2. In turn,
this is equivalent to:

δi−1 = . . . = δi−(m−1)

δi−(m−1) =
i−m∑
j=1

δj .

Contradicting this condition yields additional condition in (b).

(b) Bi−1 is a self-overlapping border of Bi: in that case, exists a unique couple
(α, β) with βα ∈ P, such that:

Bi−1 = α(βα)m, m ≥ 1
Bi = Bi−1(βα)k

Condition m ≥ 1 means that Bi−1 is not a degenerated border. Condition Bi−1 =
B(Bi) implies that k = 1. Let us consider in turn two subcases:

m > 1 Here, B(Bi−1) = α(βα)m−1. Hence, δi−1 = |βα| = bi− bi−1 = δi−1. This
is case (a).

m = 1 Here, Bi−1 = α · βα, β 6= ε and Bi = Bi−1 · βα. This implies that α is a
border Bj0 of Bi−1. Hence, |βα| = bi−1− bj0 =

∑i−1
j=j0

δj. Case j0 +1 = i−1
implies δi−1 = δi which is taken into account in case (a). Now, β = ε implies
that Bi−1 = α2, α ∈ P. Then, B(Bi−1) = α = Bi−2 which implies that
j0 = i− 2, and δi−1 = δi, which is (a). We get condition (c).

Let us show that our theorem implies conditions recently stated by Mignosi
and Restivo[MR00].

Theorem 2. Increasing sequence δi satisfying the two following conditions,
when bi ≥ δi+1:

(A) exists j such that bj = bi − δi+1;
(B) δi does not divide δi+1, unless δi = δi+1.
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can be associated to a set of borders of a word w. These two conditions are
equivalent to:

(A’) exists j such that bj = bi − kδi+1 for 1 ≤ k ≤ b bi

δi+1
c;

(B’) δi + δi+1 > bi + gcd(δi, δi+1) or δi = δi+1.

Intuitively, condition (A) means that Bi admits a border of size bi − δi+1,
and that its suffix of size δi+1 is concatenated on the right to make Bi+1.

Proof. Let us prove simultaneously (A) and (B). δi+1 and δi satisfy either one of
the three conditions of Theorem 1. If condition (a) is satisfied, then δi = δi+1 and
(B) is trivial; moreover, j = i− 1 satisfies condition (A) as bi − δi+1 = bi − δi =
bi−1. Now, case (b) is not consistent with condition bi ≥ δi+1, unless εi+1 = 0.
In that case, Bi+1 = Bi · Bi and δi+1 = bi = δi. (B) is trivial again and (A)
is satisfied for j = 0 as, by definition, empty sequence ε is a border. Moreover,
δi = δi+1. Finally, if condition (c) is satisfied for some j0, then j = j0. From our
previous proof, Bi+1 and Bi rewrite α(βα)2 and αβα with Bj0 = α. The largest
border of Bi, Bi−1, rewrites α′(β′α′)∗ with |β′α′| = δi . Assume δi/δi+1. As βα
is a suffix of Bi = α′(β′α′)∗, one has: βα = (β′α′)∗ which contradicts primitivity
and (B) follows.

One can prove (A’) as (A). To prove (B’) assume that δi < δi+1 . If δi+1

satisfies condition (b) in Theorem 1, one has δi+1 > bi (otherwise δi+1 = bi = δi)
and (B’) is trivially satisfied. Otherwise, it satisfies condition (c). Then, rewrite:

δi + δi+1 = δi + (bi − bj0) .

and one has:

gcd(δi, δi+1) = gcd(δi,

i−1∑
j0+1

δj + δi) = gcd(δi,

i−1∑
j0+1

δj) = gcd(δi, bi − bj0) .

Rewrite Bi = Bj .X
k
j , with δi = |Xj |. As Bj0 is an overlapping border of Bi,

it is an overlapping border of Bi−1, hence a border of Bj ·Xj , and we get:

gcd(δi, δi+1) = gcd(|Xj |, bi− bj + bj − bj0) = gcd(|Xj|, bj − bj0)

If bj0 < bj, one gets from Remark 1 that: |Xj| − bj0 ≥ bj − bj0 ≥ gcd(δi, δi+1)
and property is established. Otherwise, Bj is a border of Bj0 and condition (b)
applied for a border construction at some step between Bj0 and BjXj. Hence,
Bj0 is a proper border of BjXj and one gets:

δi = |Xj| − bj0 ≥ bj0 − bj ≥ gcd(δi, δi+1) .

3 Quasiperiod Characterization

3.1 Structure of Quasiperiodic and Superprimitive Words

We now consider the derivation of superprimitive words from their borders.
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Definition 2. Let φ be the application from SP − S into SP defined by:

φ(w) = qp(B(w)) .

Definition 3. We define sets Sk and Qk in the following way:

S1 = S
Sk = {w ∈ SP ; φ(w) ∈ Sk−1}, k ≥ 2

and:
∀k ≥ 1 : Qk = {w; qp(w) ∈ Sk} .

Example 2. Let q = ACATACA and q′ = A(CA)2TA(CA)2. Both are super-
primitive. Here, B(q) = ACA and B(q′) = A(CA)2. Their common cover is
ACA, which has A as the largest border. Hence, φ(ACA) = A ∈ SP ; then ACA
is in SP2 and B(q′) = A(CA)2 is in Q2. Finally, q and q′ are in SP3.

Theorem 3. All sets Qk and Sk are disjoint and

LQ = ∪k≥1Qk ,

SP = ∪k≥1Sk .

Proof. It follows from the definition, that, for any (i, j), one has: Si ∩ Qj = ∅.
Also, due to the unicity of the cover, if sets Sk are disjoint, sets Qk also are.
To prove that sets Sk are disjoint, we first observe that, for any k ≥ 2, words
in Sk have a border, hence are not in S1. Assume now that Si are disjoint for
1 ≤ i ≤ k−1. From our previous remark, this assertion is true for k = 3. Assume
now that k ≥ 3 and that exists w ∈ Sk ∩ (∪k−1

i=1 Si) = Sk ∩ (∪k−1
i=2 Si). Then, B(w)

or qp(B(w)) is in Sk−1 ∩ (∪k−2
i=1 Si), which is a contradiction.

We now prove the inclusions. As a word is either in LQ or in SP , it is enough
to prove that SP = ∪k≥1Sk. It follows from the definition that any word in Sk

is superprimitive, hence that ∪k≥1Sk ⊆ SP. To prove that SP ⊆ ∪k≥1Sk, one
remarks that, for any w ∈ SP − S, |φ(w)| < |w|. Hence, sequence φi(w))i≥1 is
finite, and its smallest element φk(w) is in S. Hence, w is in Sk.

Definition 4. The degree of a word w is the index of the subset Qk or Sk it
belongs to.

We are now ready to characterize the set of borders of a word.

Theorem 4. (k-factorization Theorem) Any superprimitive word sk+1 of
degree k + 1 factorizes as sk+1 = bkakbk where bk = B(sk+1) is the largest
border of sk and akbk is primitive.
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Proof. First, the largest border of a superprimitive word that is not in S1 = S
is a proper border [IM99a]. Hence, sk+1 = bkakbk. Assume that akbk is not
primitive, e.g. that akbk = zm, m ≥ 2. If |z| ≥ |bk|, z factorizes as ckbk and
bkckbk is a strict cover of sk+1, a contradiction. Assume now that |z| < |bk|.
Then the right suffix of bkakbk of size |bk|+ |z| factorizes as tbk = bkz. It follows
that bk = α(βα)∗, with z = βα and αβα is a strict cover of sk+1, a contradiction.

Remark 2. Primitivity condition for akbk is not sufficient to ensure superprimi-
tivity of bkakbk. For example, let b3 = s(as)2us(as)2. Then, asu.s(as)2us(as)2 =
a3b3 is primitive while qp(b3a3b3) = qp(b3) = b3.

Theorem 5. Let w be a word of index k, k > 1. Define, for 1 ≤ i ≤ k − 1:

si(w) = inf{v ∈ Border(w); degree(v) = i}
qi(w) = max{v ∈ Border(w); degree(v) = i} ,

and:
sk(w) = qp(w), qk(w) = w .

Then si(w) is superprimitive of degree i and it is the cover of qi(w), and of all
borders of degree i. Moreover, B(si(w)) = qi−1(w).

Remark 3. These definitions are meaningful, as the set of borders of index i, 1 ≤
i ≤ k − 1 is non-empty.

Proof. It is enough to remark that degree(φ(w)) = degree(w) − 1 and that all
borders of w greater than φ(w) admit φ(w) as a cover.

3.2 Border Characterization

Observe first that main Theorem 1 is not enough to characterize superprimitivity
or the degree of a word.

Example 3. Let q = ACATACA. then B = {0, 1, 3}. Let

T = ACATACA.CATACA.TACA.ACATACA.CATACA.TACA

T ′ = ACATACA.GGGACATACA.ACATACA.GGGACA.TACA

Words T and T ′ have the same border sizes. Nevertheless, the quasi-period of T
is q, that has degree 3, while T ′ has quasiperiod qGGGq, that has degree 4.

Definition 5. Given a superprimitive word q, one denotes its set of borders as
defines its Bord(q) and defines its extension alphabet as:

A(q) = ∪bl∈Bord(q){el}
where el = |q| − |bl|.
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Intuitively, concatenation to q of its suffixof size el creates an overlapping
occurrence of q. In other words, A(q) is the set of sizes of q-suffixes that are in
q-autocorrelation set [GO81,Rég99].

Proposition 1. Given a superprimitive word w, quasiperiodic words with quasi-
period q are uniquely associated to an m-uple on the extension alphabet, with
m ≥ 2.

Example 4. Let q = ACATACA. Here, Bord(q) = {0, 1, 3} andA(q) = {7, 6, 4}.
6-uple (7, 6, 4, 7, 6, 4) defines exactly text T .

Example 5. Consider border B5 of W ; its quasiperiod is B2 and Bord(B2) =
{0, 1} and A(B2) = {3, 2}. 7-uple (3, 2, 3, 2, 2, 3, 2) characterizes B5.

We are now ready to fully characterize the sequence of borders.

Definition 6. Given a periodic word, one defines its canonical decomposition
as the increasing sequence of its border lengths and the sequence of indexes of its
superprimitive borders.

Example 6. Index sequence of T is (1, 2), index sequence of T ′ is (1, 2, 3) and
index sequence of W is (1, 2).

Theorem 6. An index sequence (l1, · · · , lk) is admissible iff

(i) l1 = 1;
(ii) for k > 1, one has:

δlk =
lk−1∑
j=1

δj + εk, εk > 0

(iii) ∀r : lk−1 < r < lk: δr satisfies either one of conditions (a) and (c) of
Theorem 1 or exists an m-uple (w1, · · · , wm) on A(qk−1) such that:
* w1 · · ·wm is a primitive word
* εr = w1 + · · ·+ wm − br−1.

Remark 4. Primitivity condition ensures that Br−1 is the largest border of Br .
When r 6= lk−1 + 1, Br−1 is quasiperiodic with period qk−1 and (w1, · · · , wm) is
constrained through its suffix.

Example 7. Border B4 of W admits B2 as its quasiperiod. Word (|s|, |as|, |as|)
satisfies condition stated in (iii).

Border B4 of T admits B3 = ACATACA as a quasiperiod. Word (6, 4),
associated to suffixes CATACA and TACA satisfies the condition.



Periods and Quasiperiods Characterization 395

4 Enumeration

We prove a few basic results.

Theorem 7. Let S,B1,P and M be respectively the set of unbordered words,
words with one border at least, primitive words and periodic words. Define S(z),
B1(z), P (z) and M(z) as their generating functions. They satisfy the following
functional equations:

S(z) = (2 − S(z2))W (z) (1)
B1(z) = (S(z2) − 1)W (z) (2)

W (z) = 1 +
∑
m≥1

P (zm) (3)

M(z) =
z

1− z
P (z2) (4)

Proof. Proof of (1) and (2) can be found in [Rég92]. It relies on the simple
observation that the smallest border of a bordered word is an unbordered word.
To get equation (3), one observes that any non-empty word w rewrites in a
unique manner as vm , where v is a primitive word. Finally, a periodic word of
size n is associated in a unique manner to a primitive word z of size m ≤ n

2 : one
concatenates this word n

m times and add a suffix of size n mod m. Equivalently:

M(z) =
∑
v∈P

∑
u<v

∑
k≥2

zk|v|z|u| =
∑
v∈P

∑
k≥2

zk|v|1− z|v|

1− z
=

1
1− z

∑
v∈P

z2|v| .

Corollary 1. The number of periodic words and the number of quasiperiodic
words is approximately q

n
2 .

Proof. Generating function of primitive words has a pole at z = 1
q , which yields

an asymptotic expansion qn . It follows that generating function of periodic
words has a pole at z2 = 1

q which yields an asymptotic expansion q
n
2 . Intuitively,

dominating term counts less constrained periodic words of length n. Such words
rewrite p.p where p is primitive and |p| = n/2. And the number of such words is
approximately q

n
2 .

Less constrained quasiperiodic words are associated to two overlapping oc-
currences of a word s2as2, where as2 is primitive. Best choice is done for |s| = 1,
and one can chose almost all a. As a must appear twice, one only choses a word
of size n/2, and we have q

n
2 such choices...

5 Conclusion

We provided a new characterization of periods. We first proved a new theorem
on the lengths of periods. Then we defined a canonical partition determined by
the superprimitive borders. This opens the way to new on-line algorithms to
detect periods and quasiperiods.
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Abstract. Apostolico and Ehrenfeucht defined the notion of a maximal
quasiperiodic substring and gave an algorithm that finds all maximal
quasiperiodic substrings in a string of length n in time O(n log2 n). In
this paper we give an algorithm that finds all maximal quasiperiodic
substrings in a string of length n in time O(n log n) and space O(n).
Our algorithm uses the suffix tree as the fundamental data structure
combined with efficient methods for merging and performing multiple
searches in search trees. Besides finding all maximal quasiperiodic sub-
strings, our algorithm also marks the nodes in the suffix tree that have
a superprimitive path-label.

1 Introduction

Characterizing and finding regularities in strings are important problems in many
areas of science. In molecular biology repetitive elements in chromosomes deter-
mine the likelihood of certain diseases. In probability theory regularities are
important in the analysis of stochastic processes. In computer science repetitive
elements in strings are important in e.g. data compression, speech recognition,
coding, automata and formal language theory.

A widely studied regularity in strings are consecutive occurrences of the
same substring. Two consecutive occurrences of the same substring is called an
occurrence of a square or a tandem repeat. In the beginning of the last century,
Thue [25,26] showed how to construct arbitrary long strings over any alphabet
of more than two characters that contain no squares. Since then a lot of work
have focused on developing efficient methods to count or detect squares in strings.
Several methods [18,23,12] can determine if a string of length n contains a square
in time O(n), and methods [11,6,17,24] can find occurrences of squares in a string
of length n in time O(n log n) plus the time it takes to output the detected
squares. Recently two methods [16,14] have been presented that find a compact
representation of all squares in a string of length n in time O(n).

A way to describe the regularity of an entire string in terms of repetitive sub-
strings is the notion of a periodic string. Gusfield [13, page 40] defines string S
as periodic if it can be constructed by concatenations of a shorter string α.
The shortest string from which S can be generated by concatenations is the pe-
riod of S. A string that is not periodic is primitive. Some regularities in strings

R. Giancarlo and D. Sankoff (Eds.): CPM 2000, LNCS 1848, pp. 397–411, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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cannot be characterized efficiently using periods or squares. To remedy this,
Ehrenfeucht, as referred in [3], suggested the notation of a quasiperiodic string.
A string S is quasiperiodic if it can be constructed by concatenations and su-
perpositions of a shorter string α. We say that α covers S. Several strings might
cover S. The shortest string that covers S is the quasiperiod of S. A covering
of S implies that S contains a square, so by the result of Thue not all strings are
quasiperiodic. A string that is not quasiperiodic is superprimitive. Apostolico,
Farach and Iliopoulos [5] presented an algorithm that finds the quasiperiod of a
given string of length n in time O(n). This algorithm was simplified and made
on-line by Breslauer [7]. Moore and Smyth [22] presented an algorithm that finds
all substrings that covers a given string of length n in time O(n).

Similar to the period of a string, the quasiperiod of a string describes a
global property of the string, but quasiperiods can also be used to characterize
substrings. Apostolico and Ehrenfeucht [4] introduced the notion of maximal
quasiperiodic substrings of a string. Informally, a quasiperiodic substring γ of S
with quasiperiod α is maximal if no extension of γ can be covered by α or αa,
where a is the character following γ in S. Apostolico and Ehrenfeucht showed
that the maximal quasiperiodic substrings of S correspond to path-labels of
certain nodes in the suffix tree of S, and gave an algorithm that finds all max-
imal quasiperiodic substrings of a string of length n in time O(n log2 n) and
space O(n log n). The algorithm is based on a bottom-up traversal of the suf-
fix tree in which maximal quasiperiodic substrings are detected at the nodes in
the suffix tree by maintaining various data structures during the traversal. The
general structure of the algorithm resembles the structure of the algorithm by
Apostolico and Preparata [6] for finding tandem repeats.

In this paper we present an algorithm that finds all maximal quasiperiodic
substrings in a string of length n in time O(n log n) and space O(n). Similar to
the algorithm by Apostolico and Ehrenfeucht, our algorithm finds the maximal
quasiperiodic substrings in a bottom-up traversal of the suffix tree. The improved
time and space bound is a result of using efficient methods for merging and
performing multiple searches in search trees, combined with observing that some
of the work done, and data stored, by the Apostolico and Ehrenfeucht algorithm
is avoidable. The analysis of our algorithm is based on a stronger version of the
well known “smaller-half trick” used in the algorithms in [11,6,24] for finding
tandem repeats. The stronger version of the “smaller-half trick” is hinted at
in [20, Exercise 35] and stated in Lemma 6. In [21, Chapter 5] it is used in the
analysis of finger searches, and in [8] it is used in the analysis and formulation
of an algorithm to find all maximal pairs with bounded gap in a string.

Recently, and independent of our work, Iliopoulos and Mouchard in [15] re-
port an algorithm with running time O(n log n) for finding all maximal quasiperi-
odic substrings in a string of length n. Their algorithm differs from our algo-
rithm as it does not use the suffix tree as the fundamental data structure, but
uses the partitioning technique used by Crochemore [11] combined with several
other data structures. Finding maximal quasiperiodic substrings can thus be
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done in two different ways similar to the difference between the algorithms by
Crochemore [11] and Apostolico and Preparata [6] for finding tandem repeats.

The rest of this paper is organized as follows. In Sect. 2 we define the pre-
liminaries used in the rest of the paper. In Sect. 3 we state and prove properties
of quasiperiodic substrings and suffix trees. In Sect. 4 we state and prove results
about efficient merging of and searching in height-balanced trees. In Sect. 5 we
stated our algorithm to find all maximal quasiperiodic substrings in a string. In
Sect. 6 we analyze the running time of our algorithm and in Sect. 7 we show
how the algorithm can be implemented to use linear space.

2 Definitions

In the following we let S, α, β, γ ∈ Σ∗ denote strings over some finite alphabet Σ.
We let |s| denote the length of S, S[i] the ith character in S for 1 ≤ i ≤ |S|, and
S[i .. j] = S[i]S[i + 1] · · ·S[j] a substring of S. A string α occurs in a string γ at
position i if α = γ[i .. i + |α| − 1]. We say that γ[j], for all i ≤ j ≤ i + |α| − 1, is
covered by the occurrence of α at position i.

A string α covers a string γ if every position in γ is covered by an occurrence
of α. Figure 1 shows that γ = abaabaabaabaab is covered by α = abaab. Note that
if α covers γ then α is both a prefix and a suffix of γ. A string is quasiperiodic
if it can be covered by a shorter string. A string is superprimitive if it is not
quasiperiodic, that is, if it cannot be covered by a shorter string. A superprimitive
string α is a quasiperiod of a string γ if α covers γ. In Lemma 1 we show that
if α is unique, and α is therefore denoted the quasiperiod of γ.

The suffix tree T (S) of the string S is the compressed trie of all suffixes of
the string S$, where $ /∈ Σ. Each leaf in T (S) represents a suffix S[i .. n] of S
and is annotated with the index i. We refer to the set of indices stored at the
leaves in the subtree rooted at node v as the leaf-list of v and denote it LL(v).
Each edge in T (S) is labelled with a nonempty substring of S such that the path
from the root to the leaf annotated with index i spells the suffix S[i .. n]. We
refer to the substring of S spelled by the path from the root to node v as the
path-label of v and denote it L(v). Figure 2 shows a suffix tree.

For a node v in T (S) we partition LL(v) = (i1, i2, . . . , ik), where ij < ij+1

for 1 ≤ j < k, into a sequence of disjoint subsequences R1, R2, . . . , Rr, such that
each R� is a maximal subsequence ia, ia+1, . . . , ib, where ij+1 − ij ≤ |L(v)| for
a ≤ j < b. Each R� is denoted a run at v and represents a maximal substring
of S that can be covered by L(v), i.e. L(v) covers S[min R� .. |L(v)|−1+max R�],
and we say that R� is a run from min R� to |L(v)| − 1 + maxR�. A run R� at v
is said to coalesce at v if R� contains indices from at least two children of v, i.e.
if for no child w of v we have R� ⊆ LL(w). We use C(v) to denote the set of
coalescing runs at v.

3 Maximal Quasiperiodic Substrings

If S is a string and γ = S[i .. j] a substring covered by a shorter string α =
S[i .. i+|α|−1], then γ is quasiperiodic and we describe it by the triple (i, j, |α|). A
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γ = S[i .. j]

a a a b a a b b b a b a a b a a b a a b a a b b a a a b a

α

Fig. 1. The substring γ = abaabaabaabaab is a maximal quasiperiodic substring with
quasiperiod α = abaab. Note that the quasiperiod α covers the substring γ.

triple (i, j, |α|) describes a maximal quasiperiodic substring of S, in the following
abbreviated MQS, if the following requirements are satisfied.

1. γ = S[i .. j] is quasiperiodic with quasiperiod α.

2. If α covers S[i′ .. j′], where i′ ≤ i ≤ j ≤ j′, then i′ = i and j′ = j.

3. αS[j + 1] does not cover S[i .. j + 1].

Figure 1 shows a maximal quasiperiodic substring. The problem we consider
in this paper is for a string S to generate all triples (i, j, |α|) that describe
MQSs. This problem was first studied by Apostolico and Ehrenfeucht in [4]. In
the following we state important properties of quasiperiodic substrings which
are essential to the algorithm to be presented.

Lemma 1. Every quasiperiodic string γ has a unique quasiperiod α.

Proof. Assume that γ is covered by two distinct superprimitive strings α and β.
Since α and β are prefixes of γ we can without loss of generality assume that α
is a proper prefix of β. Since α and β are suffixes of γ, then α is also a proper
suffix of β. Since α and β cover γ, and α is a prefix and suffix of β it follows
that α covers β, implying the contradiction that β is not superprimitive. ��

Lemma 2. If γ occurs at position i and j in S, and 1 ≤ j − i ≤ |γ|/2, then γ
is quasiperiodic.

Proof. Let α be the prefix of γ of length |γ| − (j − i), i.e. α = S[i .. i+ |γ| − (j −
i)−1] = S[j .. i+|γ|−1]. Since j−i ≤ |γ|/2 implies that i−1+|γ|−(j−i) ≥ j−1,
we conclude that α covers γ. ��

Lemma 3. If the triple (i, j, |α|) describes a MQS in S, then there exists a non-
leaf node in the suffix tree T (S) with path-label α.

Proof. Assume that α covers the quasiperiodic substring S[i .. j] and that no
node in T (S) has path-label α. Since all occurrences of α in S are followed by
the same character a = S[i + |α|], αa must cover S[i .. j + 1], contradicting the
maximality requirement 3. ��

Lemma 4. If γ is a quasiperiodic substring in S with quasiperiod α and u is
a non-leaf node in the suffix tree T (S) with path-label γ, then there exists an
ancestor node v of u in T (S) with path-label α.
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Proof. Since u is a non-leaf node in T (S) of degree at least two, there exist
characters a and b such that both γa and γb occur in S. Since α is a suffix of γ
we then have that both αa and αb occur in S, i.e. there exist two suffixes of S
having respectively prefix αa and αb, implying that there exists a node v in T (S)
with L(v) = α. Since α is also a prefix of γ, v is an ancestor of u in T (S). ��

Lemma 5. If v is a node in the suffix tree T (S) with a superprimitive path-
label α, then the triple (i, j, |α|) describes a MQS in S if and only if there is a
run R from i to j that coalesces at v.

Proof. Let (i, j, |α|) describe a MQS in S and assume that the run R ∈ C(v)
from i and j does not coalesce at v. Then there exists a child v′ of v in T (S) such
that R ⊆ LL(v′). The first symbol along the edge from v to v′ is a = S[i + |α|].
Every occurrence of α in R is thus followed by a, i.e. αa covers S[i .. j + 1].
This contradicts the maximality requirement 3 and shows the “if” part of the
theorem.

Let R be a coalescing run from i to j at node v, i.e. L(v) = α covers S[i .. j],
and let a = S[j + 1]. To show that (i, j, |α|) describes a MQS in S it is sufficient
to show that αa does not cover S[i .. j +1]. Since R coalesces at v, there exists a
minimal i′′ ∈ R such that αa does not occur in S at position i′′. If i′′ = i = min R
then αa cannot cover S at position i′′ since it by the definition of R cannot
occur any position � in S satisfying i − |α| ≤ � ≤ i. If i′′ �= i = min R then αa
occurs at minR and maxR, i.e. there exists i′, i′′′ ∈ R, such that i′ < i′′ < i′′′,
αa occurs at i′ and i′′′ in S, and αa does not occour at any position � in S
satisfying i′ < � < i′′′. To conclude that (i, j, |α|) describes a MQS we only have
to show that S[i′′′ − 1] is not covered by the occourence of αa at position i′, i.e.
i′′′ − i′ > |α|+ 1. By Lemma 2 follows that i′′ − i′ > |α|/2 and i′′′ − i′′ > |α|/2,
so i′′′ − i′ ≥ |α|+ 1. Now assume that i′′′ − i′ = |α|+ 1. This implies that |α| is
odd and that i′′ − i′ = i′′′ − i′′ = (|α|+ 1)/2. Using this we get

a = S[i′ + |α|] = S[i′′ + (|α| − 1)/2] = S[i′′′ + (|α| − 1)/2] = S[i′′ + |α|] �= a .

This contradiction shows that (i, j, |α|) describes a MQS and shows the “only
if” part of the theorem. ��

Theorem 1. Let v be a non-leaf node in T (S) with path-label α. Since v is a
non-leaf node in T (S) there exists i1, i2 ∈ LL(v) such that S[i1+|α|] �= S[i2+|α|].
The path-label α is quasiperiodic if and only if there exists an ancestor node u �= v
of v in T (S) with path-label β that for � = 1 or � = 2 satisfies the following two
conditions.

1. Both i� and i� + |α| − |β| belong to a coalescing run R at u, and

2. for all i′, i′′ ∈ LL(u), |i′ − i′′| > |β|/2.

Proof. If α is superprimitive, then no string β covers α, i.e. there exists no
node u in T (S) where C(u) includes a run containing both i� and i� + |α| − |β|
for � = 1 or � = 2. If α is quasiperiodic, then we argue that the quasiperiod β
of α satisfies conditions 1 and 2. Since β is superprimitive, condition 2 is satisfied
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Fig. 2. The suffix tree of the string babaaaababaab. Node v has a superprimitive path-
label aba. There is a coalescing run at v from 7 to 11. Hence the substring ababa
occurring at position 7 in babaaaababaab is a maximal quasiperiodic substring.

by Lemma 2. Since β is the quasiperiod of α, we by Lemma 4 have that β is the
path-label of a node u in T (S). Since β = S[i1 .. i1+|β|−1] = S[i2 .. i2+|β|−1] =
S[i1+|α|−|β| .. i1+|α|−1] = S[i2+|α|−|β| .. i2+|α|−1] and S[i1+|α|] �= S[i2+|α|]
then either S[i1 + |α|] �= S[i1 + |β|] or S[i2 + |α|] �= S[i2 + |β|], which implies that
either i1 and i1 + |α| − |β| are in a coalescing run at u, or i2 and i2 + |α| − |β|
are in a coalescing run at u. Hence, condition 1 is satisfied. ��

Theorem 2. A triple (i, j, |α|) describes a MQS in S if and only if the following
three requirements are satisfied

1. There exists a non-leaf node v in T (S) with path-label α.

2. The path-label α is superprimitive.

3. There exists a coalescing run R from i to j at v.

Proof. The theorem follows directly from the definition of MQS, Lemma 3 and
Lemma 5. ��

Figure 2 illustrates the properties described by Theorem 2.

4 Searching and Merging Height-Balanced Trees

In this section we consider various operations on height-balanced binary trees [2],
e.g. AVL-trees [1], and present an extension of the well-known “smaller-half
trick” which implies a non-trivial bound on the time it takes to perform a se-
quence of operations on height-balanced binary trees. This bound is essential to
the running time of our algorithm for finding maximal quasiperiodic substrings
to be presented in the next section.
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Fig. 3. A height-balanced tree with 15 elements, and the corresponding extended
height-balanced tree. Each node in the extended height-balanced tree with at least
one child is annotated with min (left), max (right) and max-gap (bottom). The empha-
sized path is the search path for ∆-Pred(T, 4, 42)

For a sorted list L = (x1, . . . , xn) of n distinct elements, and an element x
and a value δ, we define the following functions which capture the notation of
predecessors and successors of an element, and the notation of ∆-predecessors
and ∆-successors which in Sect. 5 will be used to compute the head and the tail
of a coalescing run.

pred(L, x) = max{y ∈ L | y ≤ x} ,

succ(L, x) = min{y ∈ L | y ≥ x} ,

max-gap(L) = max{0, x2 − x1, x3 − x2, . . . , xn − xn−1} ,

∆-pred(L, δ, x) = min{y ∈ L | y ≤ x ∧ max-gap(L ∩ [y, x]) ≤ δ} ,

∆-succ(L, δ, x) = max{y ∈ L | y ≥ x ∧ max-gap(L ∩ [x, y]) ≤ δ} .

If L = (5, 7, 13, 14, 17, 21, 25, 30, 31), then pred(L, 20) = 17, succ(L, 20) = 21,
max-gap(L) = 13 − 7 = 6, ∆-pred(L, 4, 20) = 13, and ∆-succ(L, 4, 20) = 25.
Note that pred(L, x) = ∆-pred(L, 0, x) and succ(L, x) = ∆-succ(L, 0, x).

We consider an extension of hight-balanced trees where each node v in addi-
tion to key(v), height(v), left(v), right(v), and parent(v), which respectively stores
the element at v, the height of the subtree Tv rooted at v, pointers to the left and
right children of v and a pointer to the parent node of v, also stores the following
information: previous(v) and next(v) are pointers to the nodes which store the
immediate predecessor and successor elements of key(v) in the sorted list, min(v)
and max(v) are pointers to the nodes storing the smallest and largest elements
in the subtree rooted at v, and max-gap(v) is the value of max-gap applied to
the list of all elements in the subtree Tv rooted at v. Figure 3 shows a height-
balanced tree and the corresponding extended height-balanced tree (previous
and next pointers are omitted in the figure).

If v has a left child v1, min(v) points to min(v1). Otherwise min(v) points to v.
Symmetrically, if v has a right child v2, max(v) points to max(v2). Otherwise
max(v) points to v. If v stores element e and has a left child v1 and a right
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child v2, then max-gap(v) can be computed as

max-gap(v) = max{0, max-gap(v1), max-gap(v2),
key(v)− key(max(v1)), key(min(v2))− key(v)} . (1)

If v1 and/or v2 do not exist, then the expression is reduced by removing the
parts of the expression involving the missing nodes/node. The equation can be
used to recompute the information at nodes being rotated when rebalancing a
height-balanced search tree. Similar to the function max-gap(L) and the oper-
ation max-gap(v), we can define and support the function min-gap(L) and the
operation min-gap(v). The operations we consider supported for an extended
height-balanced tree T are the following, where e1, . . . , ek denotes a sorted list
of k distinct elements. The output of the four last operations is a list of k pointers
to nodes in T containing the answer to each search key ei.

– MultiInsert(T, e1, . . . , ek) inserts (or merges) the k elements into T .

– MultiPred(T, e1, . . . , ek) for each ei finds pred(T, ei).

– MultiSucc(T, e1, . . . , ek) for each ei finds succ(T, ei).

– Multi-∆-Pred(T, δ, e1, . . . , ek) for each ei finds ∆-pred(T, δ, ei).

– Multi-∆-Succ(T, δ, e1, . . . , ek) for each ei finds ∆-succ(T, δ, ei).

We merge two height-balanced trees T and T ′, |T | ≥ |T ′|, by inserting the
elements in T ′ into T , i.e. MultiInsert(T, e1, e2, . . . , ek) where e1, e2, . . . , ek are
the elements in T ′ in sorted order. The following theorem states the running
time of the operations.

Theorem 3. Each of the operations MultiInsert, MultiPred, MultiSucc, Multi-
∆-Pred, and Multi-∆-Succ can be performed in time O(k · max{1, log(n/k)}),
where n is the size of the tree and k is the number elements to be inserted or
searched for.

Proof. If k ≥ n, the theorem follows immediately. In the following we therefore
assume k ≤ n. Brown and Tarjan in [10] show how to merge two height-balanced
trees in time O(k ·max{1, log(n/k)}), especially their algorithm performs k top-
down searches in time O(k ·max{1, log(n/k)}). Since a search for an element e
either finds the element e or the predecessor/successor of e it follows that Multi-
Pred and MultiSucc can be computed in time O(k ·max{1, log(n/k)}) using the
previous and next pointers. The implementation of MultiInsert follows from the
algorithm of [10] by observing that only the O(k·max{1, log(n/k)}) nodes visited
by the merging need to have their associated min, max and max-gap information
recomputed due to the inserted elements, and the recomputing can be done in a
traversal of these nodes in time O(k ·max{1, log(n/k)}) using Equation 1. The
implementation of the Multi-∆-Pred and Multi-∆-Succ operations is more tech-
nical. For the details see [9, Sect. 4]. ��

If each node in a binary tree supplies a term O(k), where k is the number of
leaves in the smallest subtree rooted at a child of the node, then the sum over
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all terms is O(N log N). In the literature, this bound is often referred to as the
“smaller-half trick”. It is essential to the running time of several methods for
finding tandem repeats [11,6,24]. Our method for finding maximal quasiperiodic
substrings uses a stronger version of the “smaller-half trick” hinted at in [20,
Exercise 35] and stated in Lemma 6. It implies that we at every node in a
binary tree with N leaves can perform a fixed number of the operations stated
in Theorem 3, with n and k as stated in the lemma, in total time O(N log N).

Lemma 6. If each internal node v in a binary tree with N leaves supplies a
term O(k log(n/k)), where n is the number of leaves in the subtree rooted at v
and k ≤ n/2 is the number of leaves in the smallest subtree rooted at a child
of v, then the sum over all terms is O(N log N).

5 Algorithm

The algorithm to find all maximal quasiperiodic substrings in a string S of
length n first constructs the suffix tree T (S) of S in time O(n) using any existing
suffix tree construction algorithm, e.g. [28,19,27], and then processes T (S) in two
phases. Each phase involves one or more traversals of T (S). In the first phase
the algorithm identifies all nodes of T (S) with a superprimitive path-label. In
the second phase the algorithm reports the maximal quasiperiodic substrings
in S. This is done by reporting the coalescing runs at the nodes which in the
first phase were identified to have superprimitive path-labels.

To identify nodes with superprimitive path-labels we apply the concepts of
questions, characteristic occurrences of a path-label, and sentinels of a node.
Let v be a non-leaf node in T (S) and u �= v an ancestor node of v in T (S).
Let v1 and v2 be the two leftmost children of v, and i1 = min(LL(v1)) and i2 =
min(LL(v2)). A question posed to u is a triple (i, j, v) where i ∈ LL(v) ⊂ LL(u)
and j = i + |L(v)| − |L(u)| ∈ LL(u), and the answer to the question is true if
and only if i and j are in the same coalescing run at u.

We define the two occurrences of L(v) at positions i1 and i2 to be the
characteristic occurrences of L(v), and define the sentinels v̂1 and v̂2 of v as
the positions immediately after the two characteristic occurrences of L(v), i.e.
v̂1 = i1 + |L(v)| and v̂2 = i2 + |L(v)|. Since i1 and i2 are indices in leaf-lists of
two distinct children of v, we have S[v̂1] �= S[v̂2]. In the following we let SL(v)
be the list of the sentinels of the nodes in the subtree rooted at v in T (S). Since
there are two sentinels for each non-leaf node |SL(v)| ≤ 2|LL(v)| − 2.

Theorem 1 implies the following technical lemma which forms the basis for
detecting nodes with superprimitive path-labels in T (S).

Lemma 7. The path-label L(v) is quasiperiodic if and only if there exists a
sentinel v̂ of v, and an ancestor w of v (possibly w = v) for which there exists
j ∈ LL(w)∩ ]v̂− 2 ·min-gap(LL(w)) ; v̂[ such that (v̂− |L(v)|, j, v) is a question
that can be posed and answered successfully at an ancestor node u �= v of w
(possibly u = w) with |L(u)| = v̂ − j and min-gap(LL(u)) > |L(u)|/2.
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Proof. If there exists a question (v̂ − |L(v)|, v̂ − |L(u)|, v) that can be answered
successfully at u, then v̂ − |L(v)| and v̂ − |L(u)| are in the same run at u, i.e.
L(u) covers L(v) and L(v) is quasiperiodic.

If L(v) is quasiperiodic, we have from Theorem 1 that there for i� = v̂� −
|L(v)|, where � = 1 or � = 2, exists an ancestor node u �= v of v where both i�
and i� + |L(v)| − |L(u)| belong to a coalescing run at u and min-gap(LL(u)) >
|L(u)|/2. The lemma follows by letting w = u and j = v̂� − |L(u)|. ��

Since j and v̂ uniquely determine the question (v̂−|L(v)|, j, v), it follows that
to decide the superprimitivity of all nodes it is sufficient for each node w to find
all pairs (v̂, j) where v̂ ∈ SL(w) and j ∈ LL(w) ∩ ]v̂ − 2 ·min-gap(LL(w)) ; v̂[,
or equivalently j ∈ LL(w) and v̂ ∈ SL(w) ∩ ]j ; j + 2 ·min-gap(LL(w))[. Fur-
thermore, if v̂ and j result in a question at w, but j ∈ LL(w′) and v̂ ∈ SL(w′)
for some child w′ of w, then v̂ and j result in the same question at w′ since
min-gap(LL(w′)) ≥ min-gap(LL(w)), i.e. we only need to find all pairs (v̂, j)
at w where v̂ and j come from two distinct children of w. We can now state the
details of the algorithm.

Phase I – Marking Nodes with Quasiperiodic Path-Labels. In Phase I
we mark all nodes in T (S) that have a quasiperiodic path-label by performing
three traversals of T (S). We first make a depth-first traversal of T (S) where we
for each node v compute min-gap(LL(v)). We do this by constructing for each
node v a search tree TLL(v) that stores LL(v) and supports the operations in
Sect. 4. In particular the root of TLL(v) should store the value min-gap(TLL(v))
to be assigned to v. If v is a leaf, TLL(v) only contains the index annotated to v.
If v is an internal node, we construct TLL(v) by merging the TLL trees of the
children of v from left-to-right when these have been computed. If the children of
v are v1, . . . , vk we merge TLL(v1), . . . , TLL(vi+1) by performing a binary merge
of TLL(vi+1) with the result of merging TLL(v1), . . . , TLL(vi). As a side effect of
computing TLL(v) the TLL trees of the children of v are destroyed.

We pose and answer questions in two traversals of T (S) explained below as
Step 1 and Step 2. For each node v we let Q(v) contain the list of questions
posed at v. Inititially Q(v) is empty.

Step 1 (Generating Questions). In this step we perform a depth-first traversal
of T (S). At each node v we construct search trees TLL(v) and TSL(v) which store
respectively LL(v) and SL(v) and support the operations mentioned in Sect. 4.
For a non-leaf node v with leftmost children v1 and v2, we compute the sentinels
of v as v̂1 = min(TLL(v1)) + |LL(v1)| and v̂2 = min(TLL(v2)) + |LL(v1)|. The
TLL trees need to be recomputed since these are destroyed in the first traversal
of T (S). The computation of TSL(v) is done similarly to the computation of
TLL(v) by merging the TSL lists of the children of v from left-to-right, except
that after the merging the TSL trees of the children we also need to insert the
two sentinels v̂1 and v̂2 in TSL(v).

We visit node v, and call it the current node, when the TLL and TSL trees at
the children of v are available. During the traversal we maintain an array depth
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such that depth(k) refers to the node u on the path from the current node to
the root with |L(u)| = k if such a node exists. Otherwise depth(k) is undef. We
maintain depth by setting depth(|L(u)|) to u when we arrive at u from its parent,
and setting depth(|L(u)|) to undef when we return from u to its parent.

When v is the current node we have from Lemma 7 that it is sufficient
to generate questions for pairs (ŵ, j) where ŵ and j come from two different
children of v. We do this while merging the TLL and TSL trees of the children.
Let the children of v be v1, . . . , vk. Assume LLi = LL(v1) ∪ · · · ∪ LL(vi) and
SLi = SL(v1)∪ · · · ∪SL(vi) has been computed as TLLi and TSLi and we are in
the process of computing LLi+1 and SLi+1. The questions we need to generate
while computing LLi+1 and SLi+1 are those where j ∈ LLi and ŵ ∈ SL(vi+1) or
j ∈ LL(vi+1) and ŵ ∈ SLi. Assume j ∈ TLL and ŵ ∈ TSL, where either TLL =
TLLi and TSL = TSL(vi+1) or TLL = TLL(vi+1) and TSL = TSLi. There are two
cases. If |TLL| ≤ |TSL| we locate each j ∈ TLL in TSL by performing a MultiSucc
operation. Using the next pointers we can then for each j report those ŵ ∈ TSL

where ŵ ∈ ]j ; j + 2 ·min-gap(LL(v))[. If |TLL| > |TSL| we locate each ŵ ∈ TSL

in TLL by performing a MultiPred operation. Using the previous pointers we can
then for each ŵ report those j ∈ TSL where j ∈ ]ŵ − 2 ·min-gap(LL(v)) ; ŵ[.
The two sentinels v̂1 and v̂2 of v are handled similarly to the later case by
performing two searches in TLL(v) and using the previous pointers to generate
the required pairs involving the sentinels v̂1 and v̂2 of v.

For a pair (ŵ, j) that is generated at the current node v, we generate a
question (ŵ − |L(w)|, j, w) about descendent w of v with sentinel ŵ, and pose
the question at ancestor u = depth(ŵ−j) by inserting (ŵ−|L(w)|, j, w) into Q(u).
If such an ancestor u does not exists, i.e. depth(ŵ− j) is undef, or min-gap(u) ≤
|L(u)|/2 then no question is posed.

Step 2 (Answering Questions). Let Q(v) be the set of questions posed at node v
in Step 1. If there is a coalescing run R in C(v) and a question (i, j, w) in Q(v)
such that minR ≤ i < j ≤ maxR, then i and j are in the same coalescing run
at v and we mark node w as having a quasiperiodic path-label.

We identify each coalescing run R in C(v) by the tuple (minR, maxR). We
answer question (i, j, w) in Q(v) by deciding if there is a run (minR, maxR)
in C(v) such that min R ≤ i < j ≤ maxR. If the questions (i, j, w) in Q(v)
and runs (min R, maxR) in C(v) are sorted lexicographically, we can answer all
questions by a linear scan through Q(v) and C(v). In the following we describe
how to generate C(v) in sorted order and how to sort Q(v).

Constructing Coalescing Runs. The coalescing runs are generated in a traversal
of T (S). At each node v we construct TLL(v) storing LL(v). We construct TLL(v)
by merging the TLL trees of the children of v from left-to-right. A coalescing
run R in LL(v) contains an index from at least two distinct children of v, i.e.
there are indices i′ ∈ LL(v1) and i′′ ∈ LL(v2) in R for two distinct children v1

and v2 of v such that i′ < i′′ are neighbors in LL(v) and i′′ − i′ ≤ |L(v)|. We
say that i′ is a seed of R. We identify R by the tuple (min R, maxR). We have
min R = ∆-pred(LL(v), |L(v)|, i′) and maxR = ∆-succ(LL(v), |L(v)|, i′).
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To construct C(v) we collect seeds ir1 , ir2 , . . . , irk
of every coalescing run

in LL(v) in sorted order. This done by checking while merging the TLL trees
of the children of v if an index gets a new neighbor in which case the in-
dex can be identified as a seed. Since each insertion at most generates two
seeds we can collect all seeds into a sorted list while performing the merging.
From the seeds we can compute the first and last index of the coalesing runs
by doing Multi-∆-Pred(TLL(v), |L(v)|, ir1 , ir2 , . . . , irk

) and Multi-∆-Succ(TLL(v),
|L(v)|, ir1 , ir2 , . . . , irk

). Since we might have collected several seeds of the same
run, the list of coalescing runs R1, R2, . . . , Rk might contain duplets which can
be removed by reading through the list once. Since the seeds are collected in
sorted order, the resulting list of runs is also sorted.

Sorting the Questions. We collect the elements in Q(v) for every node v in
T (S) into a single list Q that contains all question (i, j, w) posed at nodes in
T (S). We annotate every element in Q with the node v it was collected from.
By construction every question (i, j, w) posed at a node in T (S) satisfies that
0 ≤ i < j < n. We can thus sort the elements in Q lexicographically with respect
to i and j using radix sort. After sorting the elements in Q we distribute the
questions back to the proper nodes in sorted order by a linear scan through Q.

Phase II – Reporting Maximal Quasiperiodic Substrings. After Phase I
all nodes that have a quasiperiodic path-label are marked, i.e. all unmarked
nodes are nodes that have a superprimitive path-label. By Theorem 2 we report
all maximal quasiperiodic substrings by reporting the coalescing runs at every
node that has a superprimitive path-label. In a traversal of the marked suffix tree
we as in Phase I construct C(v) at every unmarked node and report for every R in
C(v) the triple (min R, maxR, |L(v)|) that identifies the corresponding maximal
quasiperiodic substring.

6 Running Time

In every phase of the algorithm we traverse the suffix tree and construct at
each node v search trees that stores LL(v) and/or SL(v). At every node v we
construct various lists by considering the children of v from left-to-right and
perform a constant number of the operations in Theorem 3. Since the overall
merging of information in T (S) is done by binary merging we by Lemma 6 have
that this amounts to time O(n log n) in total. To generate and answer questions
we use time proportional to the total number of questions generated. Lemma 8
state that the number of questions is bounded by O(n log n). We conclude that
the running time of the algorithm is O(n log n).

Lemma 8. At most O(n log n) questions are generated.

Proof. We prove that each of the 2n sentinels can at most result in the generation
of O(log n) questions. Consider a sentinel ŵ of node w and assume that it gen-
erates a question (ŵ− |L(w)|, j, w) at node v. Since ŵ− j < 2 ·min-gap(LL(v)),
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j is either pred(LL(v), ŵ − 1) (a question of Type A) or the left neighbor of
pred(LL(v), ŵ − 1) in LL(v) (a question of Type B). For ŵ we first consider all
indices resulting in questions of Type A along the path from w to the root. Note
that this is an increasing sequence of indices. We now show that the distance of
ŵ to the indices is geometrically decreasing, i.e. there are at most O(log n) ques-
tions generated of Type A. Let j and j′ be two consecutive indices resulting in
questions of Type A at node v and at an ancestor node u of v. Since j < j′ < ŵ
and j′ − j ≥ min-gap(LL(u)) and ŵ − j′ < 2 · min-gap(LL(u)), we have that
ŵ − j′ < 2

3 (ŵ − j). Similarly we can bound the number of questions generated
of Type B for sentinel ŵ by O(log n). ��

7 Achieving Linear Space

Storing the suffix tree T (S) uses space O(n). During a traversal of the suffix
tree we construct search trees as explained. Since no element, index or sentinel,
at any time is stored in more than a constant number of search trees, storing
the search trees uses space O(n). Unfortunately, storing the sets C(v) and Q(v)
of coalescing runs and questions at every node v in the suffix tree uses space
O(n log n). To reduce the space consumption we must thus avoid to store C(v)
and Q(v) at all nodes simultaneously. The trick is to modify Phase I to alternate
between generating and answering questions.

We observe that generating questions and coalescing runs (Step 1 and the
first part of Step 2) can be done in a single traversal of the suffix tree. This
traversal is Part 1 of Phase I. Answering questions (the last part of Step 1)
is Part 2 of Phase I. To reduce the space used by the algorithm to O(n) we
modify Phase I to alternate in rounds between Part 1 (generating questions and
coalescing runs) and Part 2 (answering questions).

We say that node v is ready if C(v) is available and all questions from it has
been generated, i.e. Part 1 has been performed on it. If node v is ready then
all nodes in its subtree are ready. Since all questions to node v are generated
at nodes in its subtree, this implies that Q(v) is also available. By definition
no coalescing runs are stored at non-ready nodes and Lemma 9 states that
only O(n) questions are stored at non-ready nodes. In a round we produce ready
nodes (perform Part 1) until the number of questions plus coalescing runs stored
at nodes readied in the round exceed n, we then answer the questions (perform
Part 2) at nodes readied in the round. After a round we dispose questions and
coalescing runs stored at nodes readied in the round. We continue until all nodes
in the suffix tree have been visited.

Lemma 9. There are at most O(n) questions stored at non-ready nodes.

Proof. Let v be a node in T (S) such that all nodes on the path from v to
the root are non-ready. Consider a sentinel ŵ corresponding to a node in the
subtree rooted at v. Assume that this sentinel has induced three questions (ŵ−
|L(w)|, j′ , w), (ŵ − |L(w)|, j′′ , w) and (ŵ − |L(w)|, j′′′ , w), where j′ < j′′ < j′′′ ,
that are posed at ancestors of v. By choice of v, these ancestors are non-ready
nodes. One of the ancestors is node u = depth(ŵ − j′). Since question (ŵ −
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|L(w)|, j′ , w) is posed at u, min-gap(LL(u)) > |L(u)|/2. Since j′ , j′′, j′′′ ∈ LL(u)
and j′′′ − j′ ≤ ŵ − j′ = |L(u)|, it follows that min-gap(LL(u)) ≤ min{j′′ −
j′, j′′′ − j′′} ≤ |L(u)|/2. This contradicts that min-gap(LL(u)) > |L(u)|/2 and
shows that each sentinel has generated at most two questions to non-ready nodes.
The lemma follows because there are at most 2n sentinels in total. ��

Alternating between Part 1 and Part 2 clearly results in generating and an-
swering the same questions as if Part 1 and Part 2 were performed without alter-
nation. The correctness of the algorithm is thus unaffected by the modification
of Phase I. Now consider the running time. The running time of a round can be
divided into time spent on readying nodes (Part 1) and time spent on answering
questions (Part 2). The total time spent on readying nodes is clearly unaffected
by the alternation. To conclude the same for the total time spent on answering
questions, we must argue that the time spent on sorting the posed questions in
each round is proportional to the time otherwise spent in the round.

The crucial observation is that each round takes time Ω(n) for posing ques-
tions and identifying coalescing runs, implying that the O(n) term in each radix
sorting is neglectable. We conclude that the running time is unaffected by the
modification of Phase I. Finally consider the space used by the modified algo-
rithm. Besides storing the suffix tree and the search trees which uses space O(n),
it only stores O(n) questions and coalescing runs at nodes readied in the current
round (by construction of a round) and O(n) questions at non-ready nodes (by
Lemma 9). In summary we have the following theorem.

Theorem 4. All maximal quasiperiodic substrings of a string of length n can
be found in time O(n log n) and space O(n).
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Abstract. We study the complexity of a classical combinatorial problem of com-
puting the period of a string. We investigate both the average- and the worst-case
complexity of the problem.
We deliver almost tight bounds for the average-case. We show that every algo-
rithm computing the period must examine Ω(

√
m) symbols of an input string of

length m. On the other hand we present an algorithm that computes the period by

examining on average O
�q

m · log|Σ| m
�

symbols, where |Σ| ≥ 2 stands for

the input alphabet.
We also present a deterministic algorithm that computes the period of a string
using m + O(m3/4) comparisons. This is the first algorithm that have the worst-
case complexity m + o(m).

1 Introduction

The studies on string periodicity remain a central topic in combinatorial pattern match-
ing due to important applications of periodicity in string searching algorithms, algebra,
and in formal language theory (see, e.g., [1,26,36,38,39]).

Let S =< S[1], S[2], . . . , S[m] > be a string over an alphabet Σ with |Σ| ≥ 2.
We shall frequently denote S by S[1 · · ·m]. An initial segment S[1, . . . , i], for i =
1, . . . , m, is called a prefix of string S, and final segment S[j, . . . , m] is called a suffix
of S. A period of S is a positive integer p such that for any i, 1 ≤ i ≤ m − p, S[i] =
S[i + p]. The shortest period of string S is called the period of S and we will denote it
by per(S). Since any p ≥m is a period of S, we always have 1 ≤ per(S) ≤ m. String
S is called primitive iff per(S) = m and S is called periodic if per(S) ≤ m

2 .

Example 1.1. String abracadabrahas two periods: 7 and 10, and per(abracadabra) =
7. On the other hand, strings artur and leszek are primitive and their periods are
5 and 6, respectively. String blablablablablablabl is “highly periodic” and has non-
trivial periods 3, 6, 9, 12, 15, and 18. Clearly, per(blablablablablablabl) = 3 and
blablablablablablabl can be represented as (bla)6bl.
? Work partly done while the author was with the Heinz Nixdorf Institute and Department of
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The following lemma describing basic property of periods of a string is known as
periodicity lemma, see [40].

Lemma 1.1. If string S has two periods p, q, s.t. p + q < |S| then string S has also a
period gcd(p, q).

The notion of a period plays a crucial role in the design of efficient string matching
algorithms. The first linear-time string matching algorithms are due to Knuth, Morris,
and Pratt (called later KMP algorithm) [37], and Boyer and Moore (called later BM
algorithm) [8] explored the periodicity of strings. The periodicity played also a key role
in later developments in string matching including: constant-space linear-time string
matching [21,25,33,35] and optimal parallel string matching [11,15,23,27,30,43,44]. A
careful study of two-dimensional periodicity led to the optimal alphabet-independent al-
gorithms for two-dimensional pattern matching [2,3,4,32,24]. Many other applications
of periodicities can be found in [38,39].

String Matching Problem. Given two strings: pattern P ∈ Σm , and text T ∈ Σn,
where Σ is an alphabet of size ≥ 2. We say that pattern P occurs at position i in text T
iff P [1 . . .m] = T [i . . . i+m−1]. A string matching problem is to find all occurrences
of pattern P in text T .

Almost every string matching algorithm works in two separate stages: pattern pre-
processing and text searching stage. During the first stage the algorithm performs an
analysis of a pattern and computes certain functions that can be used to speed up the
text searching stage. The emphasis in design of efficient string matching algorithms is
on the complexity of the searching stage. We shall briefly sketch the existing results in
this area.

We start with the average-case complexity. In this case, the lower bound was es-
tablished by Yao, see [45]. He used a model in which time complexity is measured
in terms of a number of examined text symbols, where pattern P is arbitrary and text
T is taken uniformly at random from the set of all strings of length n over alphabet
|Σ| ≥ 2. Yao proved that in this model every string matching algorithm must ex-

amine Ω
(

n
m
· log|Σ| m

)
text symbols. The upper bound is due to Knuth et al. [37].

They gave a simple string matching algorithm having the average-case complexity

O
(

n
m · log|Σ| m

)
that matches the lower bound in the model explored by Yao. An al-

ternative optimal on average and linear in the worst-case algorithm was proposed later
by Crochemore et al. in [22].

The complexity of the searching stage is also well studied in the worst-case scenario.
In this model the complexity is expressed in a number of symbol comparisons used by
an algorithm. There are known several linear-time (i.e., O(n + m)-time) string match-
ing algorithms (see, e.g., [7,8,22,28,29,33,37,42], and survey expositions [1,6,20,36]).
Recently, an exact complexity of string matching searching stage has been a subject for
intensive studies. Initially Rivest [41] showed that any searching algorithm makes at
least n−m+1 comparisons in the worst case. This bound was later improved by Galil
and Giancarlo [31], and then by Cole et al. to n + 2

m+3 (n−m) comparisons, see [17].
On the other hand it is known that searching stage in KMP algorithm performs at

most 2 n−m+1 comparisons [37] and the searching stage in BM algorithm uses at most
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3 n−Ω(n/m) comparisons [14]; and these bounds are tight. The 2 n−o(n) barrier was
first beaten by Colussi et al., see [18]. They designed a simple variant of KMP algorithm
that performs at most 3

2 n comparisons. A similar result was obtained independently by
Apostolico and Crochemore [5]. Colussi, Galil and Giancarlo [19] gave an algorithm
that makes at most n + 1

3
(n − m) comparisons in the search phase. This bound was

improved later by Breslauer and Galil [13], who obtained a searching stage (followed
by a linear-time preprocessing phase) that uses n + 4 log m+2

m (n −m) comparisons in
the worst-case scenario. Finally, this bound was improved by Cole and Hariharan in
[16], where they present the searching stage requiring at most n + 8

3(m+1) (n − m)
comparisons, but followed by a quadratic-time preprocessing stage.

Computing the Period. A problem of computing the period of a string is a crucial task
in the pattern preprocessing stage of most of string matching algorithms. It is com-
puted in different forms like a failure table in KMP and BM algorithms, witnesses in
parallel string matching [43,11,12], and 2d-witnesses in 2d-pattern matching [2,4,32].
However a problem of determining the exact complexity of computing the period has
been almost neglected so far. Breslauer et al. proved that one needs 2m − O(m1/2)
comparisons to compute the failure table in KMP algorithm, for details see [9,10]. But
the first attempt to efficient period computation was presented by Ga̧sieniec et al. in
the context of constant-space string matching, see [34]. They designed a procedure that
computes the period of a string of size m using only (1+ε)m comparisons, for any con-
stant ε > 0. In this paper we investigate both the average-case as well as the worst-case
complexity of determining the period of a string.

2 Average-Case Analysis

We start our considerations focusing on the average-case complexity of determining the
period. In what follows we assume that input string is taken uniformly at random from
the set of all strings of length m over alphabet |Σ| ≥ 2. One can easily show that most
of the strings of length m have the period of size m − O(1). Therefore there exists
a straightforward algorithm that computes the period of almost all strings in constant
time. However, we are interested in computing the period of any string rather than the
period for most of strings. We show that this requires significantly more work. We
prove that each algorithm that determines the period of a string of length m requires
examination (even in the best case!) of Ω(

√
m) symbols. This result shows that as in

parallel string matching, compare [12] and [23], searching stage in sequential string
matching is significantly easier than pattern preprocessing (computing the period). The
results of Yao [45] and Knuth [37] mentioned above imply that for m ≈ n and binary
alphabet, the average-case complexity of string matching is Θ(logm), while for the
problem of determining the period is as hard as Ω(

√
m).

We also present an algorithm that almost matches our lower bound for the average-
case complexity. We design a simple algorithm that determines the period of a string

of length m by examining on average O
(√

m · log|Σ| m
)

symbols. We also conjecture

that the average complexity of the problem of determining the period is
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Θ
(√

m · log|Σ| m
)

. Our upper and lower bounds meet for large alphabets (|Σ| be-

ing a polynomial in m), but for binary alphabets the gap is of order
√

logm.
Our average-case bounds can be also interpreted in terms of a communication com-

plexity of computing the period of a string. In this model one party, called Alice, has
a string S of length m and the other party, called Bob, must determine the period of
S by asking for the symbols of S. Our lower bound implies that for every string Bob
must ask on at least Ω(

√
m) symbols and it is easy to see that there are strings for

which Bob must know all m symbols in order to compute the period (for example, this
is the case for every string with period d13me). On the other hand, our upper bound
tells that for most of the input strings Bob can compute the period by asking Alice on

O
(√

m log|Σ| m
)

symbols. In this context, an interesting feature of our algorithm is

that to achieve such low complexity it is enough (for Bob) to ask Alice only in two

rounds. In the first round Bob asks Alice to reveal him Θ
(√

m log|Σ| m
)

symbols at

carefully chosen positions of the input string. After receiving these symbols Bob can
determine the period for most of the strings. In the rare situation when the revealed
symbols do not determine the period, Bob asks Alice to show the remaining symbols.

Theorem 2.1. The average-case complexity of finding the period of string of length m

is at least Ω(
√

m) and at most O
(√

m · log|Σ| m
)

.

2.1 Lower Bound

Consider an algorithm A that determines periods of strings of length m. Let S ∈
Σm be a string for which A returns the value per(S) after inspecting positions Is ⊆
{1, . . . , m} of S. Observe first that the set {per(S) + 1, . . . , m} must be always a
subset of IS . Indeed, if i 6∈ IS for some per(S) < i ≤ m, then the adversary always
could set si 6= si−per(S), contrary to the definition of per(S). Therefore, if per(S) ≤
m−√m, then {per(S) + 1, . . . , m} ⊆ IS , and hence |IS| ≥ √m. Now we consider
the case when per(S) > m−√m. In this case it must be possible to deduce from exam-
ined positions of S that for all integer k < per(S), k is not a period of S. In particular,
this implies that for every value k with m

2 < k ≤ m − √m, there must exist some
i ∈ IS such that i + k ∈ IS . (The requirement that k > m

2 implies that this condition is
necessary. For small k it would be already sufficient that for some i ∈ IS and j ∈ N we
had i+j k ∈ IS .) Since k > m

2
, we have 1 ≤ i ≤ m

2
. Let AS = IS∩{1, . . . , bm

2
c} and

BS = IS \AS . If we denote AS +BS = {i+j : i ∈ AS , j ∈ BS}, then the arguments
above yield {bm

2 c+1, . . . , m−√m} ⊆ AS +BS . Therefore, the pigeonhole principle
implies that

|IS | = |AS |+ |BS | ≥ 2
√

m
2
−√m = Ω(

√
m) .

2.2 Upper Bound

To prove the upper bound we will use the optimal on the average string matching algo-

rithm due to Knuth et al. [37]. Let M =
⌈√

m · log|Σ| m
⌉

. In what follows we will call



416 Artur Czumaj and Leszek Ga̧sieniec

prefix P =< S1, . . . , SM > of S as a pattern, and suffix T =< S2, . . . , Sm > of S as
a text.

Initially we use the algorithm from [37] to find all occurrences of pattern P in text
T . One can easily show that with overwhelming probability pattern P never occurs in
text T . Then, for every k, 1 ≤ k ≤ m −M there is a jk, 1 ≤ jk ≤ M , such that
pjk 6= tk+jk−1. This implies that Sjk 6= Sk+jk , and hence any k = 1, . . . , m −M
cannot be a period of S. Therefore, if P never occurs in T , then per(S) > m−M . In
this case, in order to determine the period of S it is enough to find the longest prefix of P
which is a suffix S of length M . For this purpose we use deterministic KMP algorithm
[37]. Otherwise, if P occurs in T , our algorithm will examine all symbols of S. Since
this event is very unlikely, the case when P occurs in T does not affect the complexity
of the algorithm.

The cost of the search for pattern P in text T using the algorithm of Knuth et al.
[37] is:

O

( |TS |
|PS| · log|Σ| m

)
= O

(√
m · log|Σ| m

)

and the cost of comparing pattern P with a suffix S of length M by KMP algorithm is

O(M) = O
(√

m · log|Σ| m
)

. Therefore, the average-case complexity of the problem

is O
(√

m · log|Σ| m
)

.

2.3 “Oblivious” Algorithm

In this subsection we describe another algorithm which can be modeled in a very sim-
ple, “oblivious” way. Let q = dlog|Σ|(m2)e = Θ(log|Σ| m) and M = d√m · qe =

Θ
(√

m · log|Σ| m
)

. Let us defineA = {1, . . . , M},B = {m−q+1, . . . , m}, and for

every integer i, 1 ≤ i ≤
⌈ d 1

2 (m−q)e
M−q+1

⌉
, let Ci =

{
m−q+1

2
+ i(N − q +1), . . . , m−q+1

2
+

i(M − q +1)+ q−1
}

. Then, if we set IE = A∪B∪⋃
i Ci, then we will prove that the

following algorithm determines the period and examines |IE | = Θ
(√

m · log|Σ| m
)

symbols with probability at least 1− 1
m :

�

�

�

�

(1) Examine the symbols sj with j ∈ IE .
(2) If per(S) cannot be determined after Step 1, then examine all symbols of S.

Theorem 2.2. The average-case complexity of the algorithm above is

Θ
(√

m · log|Σ| m
)

.

To prove the theorem we need the following lemma.
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Lemma 2.1. If the input string is taken uniformly at random from Σm, then its period
is determined after Step 1 of the algorithm above with probability at least 1− 1

m .

Proof. We first show that with probability at least 1 − 1
m , for every k = dm−q+1

2 e,
. . . , m− q, there is j such that the following three conditions hold:

(1) j ∈ Ci for certain i,
(2) j − k ∈ A, and
(3) sj 6= sj−k .

Having that, we know that after Step 1 either 1 ≤ per(S) < dm−q+1
2
e or m− q + 1 ≤

per(S) ≤ m. Once we know that per(S) ≥ m − q + 1, we can easily determine the
period of S by examining symbols Sj with j ∈ A ∪ B. And indeed, one can easily
verify that if per(S) ≥ m−q+1, then per(S) = min{m, min{p ∈ B : ∀ j ∈ A ((j ≤
m− p)⇒ (Sj = Sj+p))}}.

Thus it remains to show that with probability at least 1− 1
m

, for every k∈{dm−q+1
2
e,

. . . , m− q}, there is j ∈ Ci for certain i, such that j − k ∈ A, and Sj 6= Sj−k . Choose
any k from set {dm−q+1

2 e, . . . , m−q} and find i such that dm−q+1
2 e+(i−1)(M −q+

1) ≤ k ≤ dm−q+1
2 e+i(M−q+1)−1. Now observe that for every j ∈ Ci it holds j−k ∈

A. (Indeed: j−k ≥ (dm−q+1
2
e+ i(M − q +1))− (dm−q+1

2
e+ i(M − q+1)−1) = 1

and j−k ≤ (dm−q+1
2 e+i(M−q+1)+q−1)−(dm−q+1

2 e+(i−1)(M−q+1)) = M .)
Let Xk be the event that Sj = Sj−k for each j ∈ Ci. Since for each j ∈ Ci we also

have j − k ∈ A, it is remains to show that

Pr
[∃k : m−q+1

2
≤ k ≤ m− q and Xk = 1

] ≤ 1
m

.

Since the symbols sl for l ∈ Ci and l + k ∈ Ci are chosen independently and uniformly
at random, we have

Pr[Xk = 1] =
∏
j∈Ci

Pr[sj = sj−k] =
(

1
|Σ|

)q

.

Now one can apply the Boole-Benferoni inequality to obtain

Pr
[∃k : dm−q+1

2
e ≤ k ≤m− q and Xk = 1

] ≤
⌈

m− q

2

⌉
·
(

1
|Σ|

)q

.

Since q ≥ log|Σ|(m
2/2), the RHS is at most 1

m
and the lemma follows.

3 Worst-Case Analysis

In this section we show that there exists deterministic algorithm computing the period of
a string S of length m, in time m + o(m). A similar algorithm was used by Ga̧sieniec
et al. in [34] in the context of constant space string matching. Their algorithm uses
O((1 + ε)m) comparisons, for any constant ε > 0. The improvement is possible since
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here we use more space to store information that can be useful while processing an
input string.

The algorithm uses a paradigm of a failure table F , introduced by Knuth, Morris,
and Pratt in [37]. For each position i in string S, value F (i) stands for a length of
the longest prefix of S[1, . . . , i] which is also a suffix of S[1, . . . , i]. Our algorithm
computes entries of table F only for a certain number of positions. Computation of
values for all entries is not feasible due to the lower bound 2m − O(

√
m) proved for

the string prefix-matching problem, for details see [9]. The algorithm uses also, as a
black-box subroutine, on-line comparison based string matching algorithm (called later
BG) due to Breslauer and Galil, for details see [13]. Algorithm BG searches for pattern
occurrences using no more than n + 4 log m+2

m
(n−m) comparisons, and it is followed

by a linear preprocessing stage.
Our algorithm has two stages: preprocessing and actual search for the period of the

input string S. While executing preprocessing stage the algorithm computes complete
failure table F [1, . . . , m3/4] for prefix of string S of size m3/4 and performs complete
linear time preprocessing of BG algorithm on prefix π of size m1/2. The actual search
for the period of string S is performed as follows:

SEARCHING STAGE

(1) Traverse the consecutive symbols of S from left to right and apply on-line string
matching algorithm BG to find the first occurrence of prefix π. If the first occurrence
is found at position i then go to step 2; otherwise, if no occurrence is found, then
process naively the prefix and the suffix of S of size m1/2 each to compute the
period of S (here we use the fact that S has the period of size at least m−m1/2).

(2) Find the longest prefix of S starting at position i by testing consecutive symbols in
S and update failure table F whenever it is possible;
(a) if the longest prefix ends at the end of S, the period of size i has been found,

STOP.
(b) if mismatch x occurs before the end of S (prefix of size x− i occurs at position

i) and value F (x− i) is defined perform shift of size x− i− F (x− i), and if
F (x − i) > m1/4 continue step 2 with new i = x − F (x − i); otherwise go
back to step 1, with starting position i = x− F (x− i).

(c) if a mismatch x occurs before the end of S and value F (x− i) is not defined
(this may happen when x− i > m3/4) perform shift of size x− i−m1/2, and
go back to step 1 with starting position i = x−m1/2.

We will prove the following theorem:

Theorem 3.1. The algorithm computes the period of a string S of length m using m +
O(m3/4) comparisons.

Proof. Assume first that a prefix of string S of size m1/4 is non-periodic (all shifts in

step 2 have size ≥ m1/4

2 , due to periodicity Lemma 1.1). A periodic case is presented
at the end of the proof.

The preprocessing phase is completed using 2m3/4 + O(m1/2) comparisons: com-
puting a failure table for prefix of size m3/4 (use standard KMP algorithm) and prepro-
cessing in BG algorithm on prefix π. We need the following lemma:
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Lemma 3.1. The algorithm computes values in failure table F for all positions j =
m1/2, . . . , m in string S, such that F (j) ≥ m1/2.

Proof. The proof is done by induction on the length of processed prefix S[1, . . . , j].
Assume that after scanning initial j positions in string S the algorithm computed values
in failure table F for all positions i ≤ j, s.t. F (i) ≥ m1/2. Notice that in the beginning
we compute values for all positions i ≤ m3/4. Later, when the algorithm is executed
two cases hold:

(1) while executing step 1 the algorithm searches for the first occurrence of prefix π,
and until the new occurrence is found the values of failure function F at visited
positions are smaller than m1/2 (they won’t be used by the algorithm),

(2) while executing step 2 the algorithm is updating the content of failure table F
(whenever value is ≥ m1/2) and it is capable of doing it due to the inductive as-
sumption.

The execution of the algorithm is a sequence of independent stages u1, . . . , uk. A
new stage begins when the control of the algorithm goes (back) to step 1. Each stage ui,
for i = 1, . . . , k − 1, is associated with a segment (of examined positions) si of string
S of size at least m1/2. Last segment can be shorter, but it does not matter, since due to
its size the last segment can be processed with any (e.g. KMP) linear time algorithm.

Each stage ui, for i = 1, . . . , k − 1 starts with an execution of BG procedure
detecting first occurrence of prefix π. Let si = S[l, . . . , l + |si| − 1] and y be the
position in S aligned with the last symbol of first occurrence of π in si. The cost of
detecting π is bounded by y − l + O( (y−l) log m

m1/2 ). In the remaining part of the stage
KMP algorithm is applied where either symbols are recognized or there is a shift of
length ≥ m1/4 (non-periodicity assumption) in case of a mismatch. Thus the number
of comparisons associated with recognized symbols in the KMP part of stage ui is
|si| − (y− l) and the number of comparisons associated with mismatches is |si|−(y−l)

m1/4 .

Thus in total the number of all comparisons in stage ui is not greater than |si|+ |si|
m1/4 .

There are two types of overlaps between two neighboring segments si and si+1:

– if |si| ≥ m3/4 an overlap can be of size m1/2 (due to missing entry in failure table).
There are O(m1/4) segments (overlaps) of this type.

– if m1/2 ≤ |si| < m3/4 an overlap is of size < m1/4 (precise value in failure table
is used). There are O(m1/2) segments of this type.

The sum of the lengths of all segments Σk
i=1si is bounded by m + O(m1/4) ×

m1/2 + O(m1/2)×m1/4 = m + O(m3/4), which is the sum of the length of string S
and sums of overlaps of type 1 and 2 respectively.

It follows that the total number of comparisons is bounded by

k∑
i=1

|si|(1 +
1

m1/4
) = (m + O(m3/4)) × (1 +

1
m1/4

) = m + O(m3/4).
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Periodic Case.

(1) Prefix of S of size m1/4 and prefix π have different periods p, q respectively. Let
prefix π′ be the longest prefix of S having period p. Steps 1, 2(a), and 2(b) remain
the same. In step 2(b) the shift performed by the algorithm may lead to prefix π′′,
s.t. m1/4 ≤ |π′′| ≤ |π′|. In this case further shifts could be of size p < m1/4 and
the number of mismatches wouldn’t be amortized. When this happens the algorithm
continues trying to extend periodicity p as far as it is possible (updating failure table
F ). Assume that string u is found, s.t. per(u[1, . . . , |u| − 1]) = p and u[|u|] 6=
u[|u| − p]. If S[1, . . . , |π′| + 1] is a suffix of u (i.e. |u| − |S[1, . . . , |π′| + 1]| is
positive and divisible by p and u[|u|] = S[|π′|+ 1]) then continue step 2 with non-
periodic prefix u, otherwise do shift of size |u| − p and go to step 1 with empty
prefix.

(2) Prefix of S of size m1/4 and prefix π have the same period p, s.t. p < m1/4 and let
π′ be the longest prefix of S with period p. In this case the algorithm enters periodic
case directly after step 1 and it performs exactly the same as in case 1 with π′′ = π.
Please note that if π′ > m3/4 preprocessing stage (determining π′) can use more
than O(m3/4) comparisons. However processing of π′ is done with no more than
|π′|+O(m1/4) comparisons and since π′ is a prefix of S the amortization argument
works.

4 Further Comments

Our deterministic algorithm can be modified to compute all periods of a string of length
m with the same worst-case complexity m + O(m3/4). Moreover, if we use our algo-
rithm to process a pattern of size m in string matching problem, information obtained
will allow to search any text of size n in time n + O( n

m1/4 ). The only known lower
bound for computing the period of a string of length m in the worst-case scenario is
m − 1, and it holds when all characters in the strings are identical. Here we have de-
livered upper bound of size m + O(m3/4), however we do believe that the worst-case
complexity of the problem is m + Θ(m1/2). We also claim that the average-case com-

plexity is Θ
(√

m · log|Σ| m
)

, and we leave better estimation of the lower bound as an

open problem.
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